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Abstract

Let us consider a Banach function space X. The Köthe dual space can be
characterized as the space of multipliers from X to L1. We extend this char-
acterization to the space of multipliers from X to Lp in order to define the
Köthe p-dual space of X. We analyze the properties of this space so as to
use it as a tool for studying p-th power factorable operators. In particular,
we compute q-concavity for these spaces and type and cotype when X is an
AM-space. As main applications, we give a characterization for Hilbert
Banach function spaces, as well as a factorization for p-th power factorable
operators through an Lp,∞-space.

1 Introduction and preliminaries

Generalized duality was investigated in 1989 in [15] as spaces of multipliers (see
also [2]). A complete bibliography on this topic can be found in the recent papers
[10, 11]. The point of view of these papers and the references therein is in general
oriented to the study of structural aspects and representation of these spaces of
multipliers. The purpose of the present paper is to investigate some geometric
aspects of these spaces. To be precise, we study p-concavity, type and cotype of
multipliers from Banach function spaces to the space of p-integrable real-valued
functions with respect to a positive and finite scalar measure. The advantage
of using these spaces lies in the fact that they inherit some geometry from the
Lp-space, for example the p-convexity (see e.g. [2, Lem. 5.1]). We will also de-
fine the natural operator associated with an operator T : X → E and the Köthe
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p-dual Xp so as to define the Köthe p-adjoint of T. As applications we will use
the properties of the so-called p-th power factorable operators and easy proper-
ties of spaces of multipliers in order to factorize the Köthe p-adjoint through an
Lp-space. We will see that a p-th power factorable operator may factorize through
Lp-spaces and Lp,∞-spaces. Also, we will show that the Köthe r-dual space of a
p-convex Banach function space is q-concave for every q ≤ 1 such that 1

r = 1
p +

1
q .

Computing type and cotype for some Köthe p-dual of an AM-space and applying
Kwapień’s Theorem we will obtain a characterization of Hilbert spaces as Köthe
2-dual space and some examples of operators can be written as Köthe p-adjoint
operators. We provide an example by using some results of [15] for Orlicz spaces,
and results of [9] for the Riesz transform.

Let (Ω, Σ, µ) be a complete σ-finite measure space and L0 the space of µ-
measurable real-valued functions defined on Ω that are equal µ-a.e.. A (quasi-)
Banach function space X is a linear subspace of L0, with complete (quasi-)norm
‖ · ‖X, so that for each g ∈ X and h ∈ L0 with |h| ≤ |g| µ-a.e., implies that h ∈ X
and ‖h‖X ≤ ‖g‖X. Other authors use this space, with slight differences, see e.g.
[2, 4, 14, 16]. An element h ∈ X is a weak unit if it is such that h > 0 µ-a.e., and it
is a weak order unit if it is such that g ∧ nh ↑ g for every g ∈ X+. For instance if
χΩ ∈ X, then it is a weak order unit and L∞ ⊆ X (see [16, Prop. 2.2(iv)]). Clearly,
a weak order unit is a weak unit. Given 1 ≤ p ≤ ∞, we denote the conjugate of p
by p′ := p

p−1 . We write BX for the unit ball of X.

Let 1 ≤ p < ∞. Recall that a Banach function space X is p-convex if there is a
constant Kp such that for every finite set f1, . . . , fn ∈ X, the inequality
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holds. Let 1 ≤ q < ∞. It is said that X is q-concave if there is a constant Kq such
that
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holds. The following definitions can be found in [14, Defn. 1.e.12] and also in
[5, Sec. 7.7]. The Rademacher functions are in L2[0, 1] and are defined by

rk(t) := (−1)j , t ∈

[
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[

, j = 0, . . . , 2k − 1 , k = 1, 2, 3, . . . .

Let E be a Banach space. We say that E has type p ∈ [1, 2] if for every x1, . . . , xn ∈
E exists C ≥ 0
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And has cotype q ∈ [2, ∞] if for every x1, . . . , xn ∈ E exists C ≥ 0
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Every Banach space has cotype ∞ and type 1 [14, p. 73]. Let us recall Kwapień’s
characterization of Hilbert spaces [13]: X is isomorphic to a Hilbert space if and
only if has type 2 and cotype 2. See [19, Chap. 3] for more details and applica-
tions.

Let 1 ≤ p < ∞ and X a Banach function space, we call the p-th power space
of X the space

X[p] := { f ∈ L0 : | f |1/p ∈ X} ,

equipped with the quasi-norm ‖ f‖X[p]
:= ‖| f |1/p‖

p
X. This space is a Banach

function space if and only if X is p-convex with constant 1 (see e.g.
[16, Prop. 2.23(iii)]).

Recall that given two Banach function spaces X and Y over the same measure,
the space of multipliers from X to Y is defined by

XY := {g ∈ L0 : gX ⊆ Y}.

The seminorm ‖ f‖XY := sup
g∈BX

‖ f g‖Y , gives a Banach function space structure for

XY when the µ-a.e. order is considered and X has weak unit (see [15, Prop. 2]).
For more details we refer the reader to [2, Sec. 2]. Notice that the Köthe dual X′ of

X may be characterized by X′ := XL1
. We will use the following characterizations

of order continuity and Fatou properties (see [14, p. 28–30] for more details). A
Banach function space X is order continuous if and only if X′ = X∗, where X∗

denotes the topological dual space, and is Fatou if and only if X′′ = X.

The Köthe p-dual space was introduced in [8, Defn. 2.1] and is defined by
Xp := XLp

. Observe that the classical Lebesgue space Lp is obtained as a particu-
lar case when X = L∞ (see Lemma 2.1(4)). By definition, when X has weak unit,
the norm in Xp is

‖ f‖Xp := sup
g∈BX

‖g f‖p .

For example, let 1 ≤ r ≤ p ≤ ∞ and q ≥ 1 be such that 1
r = 1

p + 1
q . Then

Lq = (Lp)r where the spaces are based on a σ-finite measure (see [15, Prop. 3]).
It is important pointing out that the expression Xp may be trivial, for example
(Lr)s = {0} whenever r < s and the measure µ is non-atomic. A sufficient con-
dition can be found in [20, Thm. 1.8], in which is established for the case of
non-atomic measure that XY = {0} if

inf{p ≥ 1 : X is p-concave } < sup{p ≥ 1 : Y is p-convex } . (3)

For instance, if X is a Banach function space such that the inclusion L∞ ⊂ X is
proper, then X∞ = {0}, since L∞ is ∞-convex.

Let us define now a class of operators that will be relevant in the paper
[16, Defn. 5.1].
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Definition 1.1. Let 1 ≤ p < ∞, X an order continuous quasi-Banach function
space with weak order unit χΩ, and E a Banach space. We say that an operator
T : X → E is p-th power factorable if there exists an operator T[p] : X[p] → E, which
equals T over X ⊆ X[p]. In other words, the following diagram commutes

X T //� _

i[p]
��

E

X[p]

T[p]

>>⑤⑤⑤⑤⑤⑤⑤

where i[p] is the natural continuous inclusion.

The following relations will be useful throughout the paper. The main prop-
erties of X[p] were presented in [16, Sec. 2.2] for the case of finite measure, which
implies in their definition of quasi-Banach function space, that χΩ is a weak or-
der unit in X (see also [20, Sec. 3]). We have replaced the requirement of finite
measure by the requirement of χΩ ∈ X. Let us recall some of them.

Proposition 1.2. Let X be a quasi-Banach function space such that χΩ ∈ X.

1. Let 0 < p, q < ∞. Then X[p] [q]
= X[pq].

2. Let p ∈ (0, ∞). Then, X is order continuous if and only if X[p] is order continuous.

3. If 0 < p ≤ q < ∞ we have that X[p] ⊆ X[q], in particular X = X[1] ⊆ X[p] for all
1 ≤ p < ∞ and X[p] ⊆ X for all 0 < p ≤ 1.

4. Let 0 < p < ∞. (X[p])
′ = (XLp

)[p].

The main duality identification involving X[p] and Xp is the last property (4).

The following represents an example of a geometric property that is inherited
by the multiplier space and will be useful in what follows. It was established
without proof in [2, Lem. 5.1], see also [20, Prop. 3.1].

Lemma 1.3. Let X, Y be Banach function spaces where X has a weak unit and let
1 ≤ p ≤ ∞. If Y is p-convex, then XY is p-convex with the same constant.

2 The Köthe p-dual space

In [15, Sec. 2, Cor. 1], [10, Sec. 2] and references therein we can find lists of simple
properties involving general spaces of multipliers. Let us now compile some of
these properties for the setting of Köthe p-dual and p-th power spaces of Banach
function spaces and using our own notation.
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Lemma 2.1. Let X and Y be Banach function spaces with weak unit.

1. If 0 < p ≤ q ≤ ∞, then Xq ⊆ Xp.

2. If 0 < p ≤ ∞ and X ⊆ Y then Yp ⊆ Xp.

3. If 0 < p ≤ q ≤ ∞, then (Xp)q ⊆ (Xq)p.

4. Let 0 < p ≤ ∞, then Lp = (L∞)p.

The proof is straightforward.

Lemma 2.2. Let X be a Banach function space such that χΩ ∈ X.

1. If 1 ≤ p < ∞, then Xp ⊆ (Xp)[p] ⊆ X′.

2. If 0 ≤ p ≤ q < ∞, then (X[p])
q = (Xpq)[p] and (Xq)[p] = (X[p])

q/p.

3. If 1 ≤ p ≤ q ≤ ∞, then (X[p])
q ⊆ Xp.

4. If s ≤ r ≤ t and 1 ≤ p ≤ q ≤ ∞, then

(X[q])
t ⊆ (X[q])

r ⊆ (X[p])
r ⊆ (X[p])

s .

5. If rq ≤ tp and 1 ≤ p ≤ q ≤ ∞, then (X[p])
t ⊆ (X[q])

r.

6. Let q ≤ r, p ≤ ∞ be such that 1
q = 1

p +
1
r . If X ⊆ Lr, then Lp ⊆ Xq.

7. Let 0 < p, q ≤ ∞, then Xp =
(

(X[1/q])
pq
)

[q]
. In particular X′ =

(

(X[1/q])
q
)

[q]
.

8. Let 1 ≤ p ≤ ∞, then Xp ⊆ (X[p])
′ ⊆ X′.

9. Let 1 ≤ p ≤ ∞ and let Y be a Banach function space such that χΩ ∈ Y, then
Y ⊆ Xp if and only if X ⊆ Yp.

10. Xp ⊆ Lp.

11. Xp = Lp if and only if X = L∞.

Proof. From (1) to (5) are easy using Proposition 1.2 and Lemma 2.1. Let us prove
the rest.

(6) We use Hölder’s inequality

‖ f‖Xq = sup
g∈BX

‖g f‖q ≤ sup
g∈BX

‖g‖r‖ f‖p = sup
g∈BX

‖gχΩ‖r‖ f‖p = ‖χΩ‖Xr‖ f‖p ,

hence Lp ⊆ Xq, which completes the proof.
(7) We proceed directly using the definition of Köthe dual space. Lp = (L1)[1/p],

then apply properties (1) and (4) of Proposition 1.2

Xp = ((Xp)[1/q])[q] = ((X[1/q])
(Lp)[1/q])[q] = ((X[1/q])

((L1)[1/p])[1/q])[q] =
(

(X[1/q])
pq
)

[q]
.
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(8) Apply Proposition 1.2(3) and Lemma 2.1(2).

(9) By hypothesis and Proposition 1.2(4) we have that Y[p] ⊆ (Xp)[p] = (X[p])
′,

hence X[p] ⊆ (X[p])
′′ ⊆ (Y[p])

′. Let g ∈ Yp. Then, for some C > 0, it holds

‖g‖Yp = ‖|g|p‖
1/p

(Yp)[p]
= ‖|g|p‖

1/p

(Y[p])
′ ≤ C ‖|g|p‖

1/p
X[p]

= C ‖g‖X .

The converse is analogous.

(10) Let be f ∈ Xp, since χΩ ∈ X then f = f χΩ ∈ Lp. In order to prove the
continuity we consider the following inequalities

‖ f‖p = ‖ f χΩ‖p = ‖χΩ‖X

∥

∥

∥

∥

∥

f
χΩ

‖χΩ‖X

∥

∥

∥

∥

∥

p

≤ ‖χΩ‖X sup
g∈X\{0}

∥

∥

∥

∥

∥

f
g

‖g‖X

∥

∥

∥

∥

∥

p

= ‖χΩ‖X sup
g∈BX

‖ f g‖p = ‖χΩ‖X‖ f‖Xp .

So Xp ⊆ Lp.

(11) We only need to show that Xp = Lp implies that X = L∞. It follows from
the statement (9), since Lp ⊆ Xp implies that X ⊆ (Lp)p = L∞. Then X = L∞.

Example 2.3. Let Lp(m) (L
p
w(m)) denote the space of (weakly) p-integrable real-

valued functions with respect to the vector measure m. Standard works on this
topic are [7, 16], see [6] for the case p = 1. By Lemma 2.2(2) we have

L
p
w(m) = (L1

w(m))[1/p] =
(

L1
w(m)′′

)

[1/p]
= ((L1

w(m)′)[1/p])
p
=
(

(L
p
w(m))

p)p

Applying [2, Prop. 5.3] we obtain that L
p
w(m) is Fatou and p-convex with constant

one.

Let us now study operators defined on Köthe p-dual spaces. They provide a
natural p-th power factorization, for 1 ≤ p < ∞, as the next diagram shows

Xp
� _

k[p]
��

� �
κp // X′ � � κ // X∗ T // E∗

(Xp)[p] (X[p])
′

66

?�

OO (4)

The next definition and lemma were introduced in [8].

Definition 2.4. Let 1 ≤ p < ∞. Let X be a Banach function space, E a Banach
space and T : E → X an operator. Then we define an operator Tp : Xp → E∗ as
Tp := T′|Xp , that we will call Köthe p-adjoint operator.

The following lemma gives an easy example of p-th power factorable opera-
tors. Now, we provide an expression for the extension map, which will be useful
in the sequel.
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Lemma 2.5. Let 1 ≤ p < ∞ and T : E → X be an operator, where X is a quasi-
Banach function space that contains χΩ and Xp is order continuous. If p ≥ 1, then
the Köthe p-adjoint operator Tp is p-th power factorable, and the extension operator is
(Tp)[p] = (i[p] ◦ T)∗ = T∗ ◦ i∗[p].

Proof. The first assertion is immediate from (4) (see [8, Prop. 2.2]). For the second
assertion, by definition of Köthe p-adjoint we have Tp = (Tp)[p] ◦ k[p], where

k[p] : Xp →֒ (Xp)[p] is the canonic inclusion and (Tp)[p] is the unique extension.

On the other hand i[p] : X →֒ X[p] is canonic and so is (i[p])
∗ : (X[p])

∗ = (X[p])
′ =

(Xp)[p] →֒ X∗, since X is order continuous by Proposition 1.2(2), so is X[p]. Then,

by uniqueness of the extension, we have that (Tp)[p] : (X[p])
′
(i[p])

′

→֒ X∗ T∗

→ E∗.

Remark 2.6. Let us comment the factorization of T2 : X2 → E∗. Under the re-
quirements of Lemma 2.5. On one hand, the previous Lemma 2.5 asserts that
T2 = (T2)[2] ◦ i[2]. On the other hand by [20, Prop. 3.1] X2 is 2-convex. If X is

4-convex, hence X[2] is 2-convex, and so (X2)[2] = (X[2])
′ is 2-concave (see e.g.

[4, Lem. 2]). Therefore i[2] : X2 → L2 → (X2)[2] (see [14, Cor. 1.f.15(iii)]). In con-

sequence T2 factors through a Hilbert space. In general, when X is (pp′)-convex,
and T is a positive operator, i.e Tx ≥ 0 for every x ≥ 0, by means of [4, Cor. 5] we
can conclude that Tp factors through an Lp-space (see [5, Sect. 18.6]).

Example 2.7. Let (R, Σ, µ) be a finite measure space. Let ϕ be an Orlicz function,
i.e. convex, continuous, increasing and unbounded, defined on [0, ∞), so that
ϕ(0) = 0. The Orlicz space is defined by

Lϕ := { f ∈ L0 : inf{λ > 0 :
∫

R

ϕ(| f (ω)|/λ) dµ ≤ 1} < ∞} .

The one-dimensional Riesz transform R : Lϕ → Lϕ, defined by

(R f )(x) := c
∫

R

x − y

|x − y|
f (y) dµ(y) ,

where c := Γ(1/2)
π1/2 , is continuous (see [9, Thm. 3.11]). Let 1 ≤ p < ∞ and let

Lϕ := (Lϕ0)2p. For a suitable ϕ0, it is an Orlicz space again over a non-atomic,
finite and positive measure. To be precise, thanks to [15, Thm. 4], ϕ0 can be chosen
as an Orlicz function such that (A): (uv)2p ≤ ϕ0(u) + ϕ(v) for every u, v ≥ 0, and

(B): u1/(2p) ≤ ϕ−1(u)ϕ−1(u) for every u ≥ 0. Lϕ is Fatou and 2p-convex, as we
have seen. Let us choose p = 1. Then by [2, Prop. 5.3]

Lϕ = (Lϕ0)2 ⊆ (Lϕ0)′ = Lϕ1

where ϕ1 satisfies (A) and (B) for ϕ0 and 2p = 1. The Riesz transform R : Lϕ1 →
Lϕ1 has Köthe 2-adjoint R2 : Lϕ → Lϕ0 , and R2 is again a Riesz transform. In
virtue of the remark above, it factors through a Hilbert space.
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Remark 2.8. In order to summarize the relations and spaces that we considering
in this paper we present the following diagram, for 1 ≤ q ≤ p < ∞ and u, v > 1.
X is a Banach function space over a finite measure and E is a Banach space and
T : E → X is an operator.

X′

T′❧❧
❧❧❧

❧❧❧
❧

vv❧❧❧
❧❧❧

❧❧❧
κ

tt❤❤❤❤
❤❤❤❤

❤❤❤❤
❤❤❤❤

❤❤❤❤
❤❤❤❤

❤❤❤❤
❤

T′
❘❘❘

❘❘❘
❘❘❘

((❘❘
❘❘❘

❘❘❘
❘

κ

**❱❱❱
❱❱❱❱

❱❱❱❱
❱❱❱❱

❱❱❱❱
❱❱❱❱

❱❱❱❱
❱❱

X∗
T∗

// E∗ Xp
. �

>>⑥⑥⑥⑥⑥⑥⑥⑥⑥
� _

k[p]
��

� � //Tpoo Xq
0 P

``❆❆❆❆❆❆❆❆❆

Tq //
_�

k[q]
��

E∗ X∗
T∗

oo

(Xp)[p]

(Tp)[p]

bb

� � // (Xq)[q]

(Tq)[q]

<<

(X[p])
∗

* J

i∗[p]

WW✴✴✴✴✴✴✴✴✴✴✴✴✴✴✴✴✴✴✴

(X[p])
′

(Tp)′✷✷✷✷✷✷✷✷✷

YY✷✷✷✷✷✷✷✷✷

? _κoo � � // (X[q])
′

(Tq)′
☞☞☞☞☞☞☞☞☞

FF☞☞☞☞☞☞☞☞☞

� � κ // (X[q])
∗

4�

i∗
[q]

GG✎✎✎✎✎✎✎✎✎✎✎✎✎✎✎✎✎✎✎

(X[p])
u

?�

OO

� � //oo _?

0 P
κp

aa❉❉❉❉❉❉❉❉❉❉

(X[q])
v

?�

OO

. �
κq

==④④④④④④④④④④

3 Some geometrical aspects

The geometric structure of the space of multipliers is strongly connected with the
notions of concavity and convexity (see e.g. [14, Sect. 1.c, 1.d and 1.e]). Let us
now study the p-convexity, q-concavity, type and cotype of the spaces Xr. Let us
state a first corollary.

Corollary 3.1. Let 1 ≤ p < ∞. Suppose that E is a p′-convex Banach lattice, X is a
quasi-Banach function space that contains χΩ and Xp is order continuous. If Tp : Xp →
E∗ is positive, then it factors through the space Lp.

Proof. On one hand, from [14, Prop. 1.d.4(iii)], E∗ is p-concave then by [14, Prop.
1.d.9], Tp is p-concave too, since Tp is positive. On the other hand thanks to
Lemma 1.3 we have that Xp is p-convex, thus Maurey-Rosenthal’s Theorem
(see e.g. [4, Cor. 5]) ensure us that Tp factors by Lp.

Hence in case that T′ is positive and E is ∞-convex, e.g. if E = L∞, T′ will be
p-factorable for every p ≥ 1, i.e. it factors through Lp, whenever T′(X′) ⊆ L1. It
is clear, since in this case T : L∞ → X, and so T′ : X′ → L1.

Let p ∈ [1, ∞], it is well-known that Xp is p-convex with constant 1.
(see e.g. [20, Prop 3.1]). However, this result does not hold for the p-concavity.
For instance (Lp)p = L∞, which is not p-concave for p < ∞. This theorem
sheds some new light on the p-concave case. In fact it is a generalization of
[14, Prop. 1.d.4(i)], see also [12]. The proof is adapted from [18, Lem. 2.2], which
is deduced directly from the definitions. Recall that if X has not weak unit, then
we only can define a seminorm for XY ([15, Prop. 2]).
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Theorem 3.2. Let 1 ≤ r, p, q ≤ ∞ be such that 1
r = 1

p +
1
q . Given X and Y, two Banach

function spaces, such that Y is r-concave and X is p-convex with weak unit, we have that
XY is q-concave.

Proof. Since X has weak unit, XY is a Banach function space and the definition
of q-concavity can be applied. We assume without loss of generality that the
involved concavity and convexity constants are equal to 1. On one hand, let us
take n ∈ N, f1, . . . , fn ∈ XY and g1, . . . , gn ∈ BX. Thanks to [15, Prop. 3] it is clear
that ℓq = (ℓp)r, so for an element (τi)i ∈ ℓq

‖(τi)i‖q =
(

∑
i

|τi|
q
)1/q

= sup
(λi)i∈B

ℓp

(

∑
i

|λiτi|
r
)1/r

. (5)

On the other hand, since X is p-convex with constant 1, if (λi)i ∈ Bℓp , (note that
λigi ∈ X) we have

∥

∥

∥

( n

∑
i=1

|λigi|
p
)1/p∥

∥

∥

X
≤
( n

∑
i=1

‖λigi‖
p
X

)1/p
=
( n

∑
i=1

|λi|
p‖gi‖

p
X

)1/p

≤
( n

∑
i=1

|λi|
p
)1/p

≤ 1 , (6)

hence
(

n

∑
i=1

|λigi|
p)1/p

∈ BX. So, applying (5), that Y is r-concave and (6), we

obtain

( n

∑
i=1

‖ figi‖
q
Y

)1/q
= sup

(λi)i∈B
ℓ

p

( n

∑
i=1

|λi|
r‖ figi‖

r
Y

)1/r
= sup

(λi)i∈B
ℓ

p

( n

∑
i=1

‖λigi fi‖
r
Y

)1/r

≤ sup
(λi)i∈B

ℓp

∥

∥

∥

( n

∑
i=1

|λigi fi|
r
)1/r∥

∥

∥

Y
≤ sup

(λi)i∈B
ℓp

∥

∥

∥

( n

∑
i=1

|λigi|
p
)1/p( n

∑
i=1

| fi|
q
)1/q∥

∥

∥

Y

≤ sup
g∈BX

∥

∥

∥
g
( n

∑
i=1

| fi|
q
)1/q∥

∥

∥

Y
=
∥

∥

∥

( n

∑
i=1

| fi|
q
)1/q∥

∥

∥

XY
. (7)

Let ε > 0. Choose functions {g1, . . . , gn} ∈ BX such that ‖ fi‖XY ≤ ‖ figi‖Y +

ε/(n1/q) for each i = 1, . . . , n. Then applying (7)

( n

∑
i=1

‖ fi‖
q

XY

)1/q
≤
( n

∑
i=1

(

‖ figi‖Y +
ε

n1/q

)q
)1/q

≤
( n

∑
i=1

(

‖ figi‖Y

)q
)1/q

+
( n

∑
i=1

( ε

n1/q

)q
)1/q

=
( n

∑
i=1

(

‖ figi‖Y

)q
)1/q

+ ε ≤
∥

∥

∥

( n

∑
i=1

| fi|
q
)1/q∥

∥

∥

XY
+ ε ,

for every ε > 0, which yields us that XY is q-concave.
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Remark 3.3. The referee suggested the following alternative proof of theorem
above under assumption that Y has Fatou property. Let 1 ≤ p, q, r ≤ ∞ with
1/r = 1/p + 1/q. If X is p-convex and Y is r-concave, both with constant 1, then
Y is r′-convex and so by [11, Thm. 3] we get that X ⊙ Y′ is q′-convex because
1/q′ = 1/r′ + 1/p, where X ⊙ Y′ denotes the pointwise product of Banach func-
tion spaces in the sense of the cited paper. Then by [11, Cor. 3] and Fatou property
of Y we have with equality of the norms

(X ⊙ Y′)′ = XY′′
= XY ,

which gives that XY is q-concave.

This theorem sometimes fails without the assumption of p-convexity for X.

Example 3.4. Let 1 ≤ r, p, q < ∞ be such that 1
r = 1

p + 1
q . Let X := Ls for

1 ≤ r ≤ s < p, which is not p-convex, then (Ls)r = Lt, where 1
t = 1

r −
1
s (Y is Lr

in the previous theorem). Then 1
t = 1

r −
1
s = 1

q +
1
p −

1
s , and so 1

t −
1
q = 1

p −
1
s < 0

since s < p. Therefore, q < t, and so (Ls)r = Lt cannot be q-concave.

Remark 3.5. Let 1 ≤ q < p ≤ ∞. For the case of Lebesgue spaces we have
(Lq)p = {0}, but this is not in general true. Take r > q ≥ 1 and choose s ≥ 1 so
that 1

s = 1
q −

1
r . Then, for p ∈ (q, s) and X := Lr, we conclude that Xq = Ls and

so (Xq)p = Lt 6= {0}, where 1
t = 1

p −
1
s .

The following corollary provides conditions to obtain (Xq)p = {0} when
q < p.

Corollary 3.6. Let 1 ≤ q < p ≤ ∞ and let r > 1 such that 1
p <

1
q −

1
r . Let X be a

r-convex Banach function with weak unit and based over a non-atomic measure. Then
(Xq)p = {0}.

Proof. By the previous theorem Xq is s-concave for some s ≥ 1 such that 1
q =

1
r +

1
s . Since 1

p <
1
q −

1
r = 1

s , we obtain that s < p and the measure is non-atomic.

Then the requirement (3) is satisfied, since Lp is p-convex, and (Xq)p = {0}.

To finish we will use the 2-Köthe dual space in order to find a simple char-
acterization for Hilbert spaces. The proof of the following theorem uses the
type and cotype inequalities for Lp spaces, which has type min{2, p} and co-
type max{2, p} (see [5, Prop. 8.6] or [14, p. 73]). Recall that a Banach func-
tion AM-space such that satisfies ‖ f ∨ g‖ = max{‖ f‖, ‖g‖} for f , g > 0, where
( f ∨ g)(ω) := max{ f (ω), g(ω)}. We show that we can provide a direct proof by
using this abstract axiomatic definition, instead of writing the direct result for the
case X = L∞. We will see in Corollary 3.8 that in fact, the AM-space involved is
L∞.



Generalized Köthe p-dual spaces 285

Theorem 3.7. Let 1 ≤ p ≤ ∞. Let X be a Banach function space with weak unit, which
is an AM-space. Then Xp has type min{2, p} and cotype max{2, p}.

Proof. Since X has weak unit, XY is a Banach function space and the definition of
type or cotype can be applied. The proof is divided in 2 parts.
Step 1: Type. Recall that the norm in Xp is ‖ f‖Xp = sup{‖ f g‖p : g ∈ BX}. If

f1, . . . , fn ∈ Xp and ε > 0 we claim that there exists g ∈ BX such that

∥

∥

∥

∥

n

∑
k=1

rk(t) fk

∥

∥

∥

∥

Xp

≤

∥

∥

∥

∥

g
n

∑
k=1

rk(t) fk

∥

∥

∥

∥

p

+ ε2 , t ∈ [0, 1] , (8)

where the election of g ∈ BX does not depends on the election of t ∈ [0, 1]. Let us
define ψn : [0, 1] → Xp by

ψn(t) :=
n

∑
k=1

rk(t) fk .

By definition of the Rademacher functions, ψn has at most 2n values, since rk is
defined on 2k subdivisions of the same length of [0, 1] for k = 1, . . . , n. So, it is not
hard to realize that rn define the number of possible values of ψn. Let us select

tj ∈
[ j

2n
,

j + 1

2n

[

for j = 0, . . . , 2n − 1, (e.g. tj := j
2n ). Then ψn(t) = ψn(tj) for

t ∈
[ j

2n
,

j + 1

2n

[

. By definition, for each j ∈ {0, . . . , 2n − 1} there exists gj ∈ BX

such that ‖ψn(t)‖Xp ≤ ‖gjψn(t)‖p
+ ε2 for every t ∈

[ j

2n
,

j + 1

2n

[

. Let us define

g := |g0| ∨ · · · ∨ |g2n−1|. Since, X is an AM-space we have that

‖g‖X = max{‖g1‖X, . . . , ‖g2n−1‖X} ≤ 1 .

On the other hand |gj| ≤ |g|, thus |gjψn(tj)| ≤ |gψn(tj)| for all j = 0, . . . , 2n − 1.
Then |gjψn(t)| ≤ |gψn(t)| and ‖gjψn(t)‖p

≤ ‖gψn(t)‖p for every j = 0, . . . , 2n − 1,

t ∈
[ j

2n
,

j + 1

2n

[

. Let t ∈ [0, 1], then there exists j such that ψn(t) = ψn(tj). There-

fore (8) holds.

Let us now compute taking into account that (1) is satisfied in Lp.

(

∫ 1

0

∥

∥

∥

∥

n

∑
k=1

rk(t) fk

∥

∥

∥

∥

2

Xp

dt

)1/2

≤

(

∫ 1

0

∥

∥

∥

∥

n

∑
k=1

rk(t)g fk

∥

∥

∥

∥

2

p

+ ε2 dt

)1/2

≤

(

∫ 1

0

∥

∥

∥

∥

n

∑
k=1

rk(t)g fk

∥

∥

∥

∥

2

p

dt

)1/2

+

(

∫ 1

0
ε2 dt

)1/2

≤ C

( n

∑
k=1

‖g fk‖
p
p

)1/p

+ ε ≤ C

( n

∑
k=1

sup
g∈BX

‖g fk‖
p
p

)1/p

+ ε

≤ C

( n

∑
k=1

‖ fk‖
p
Xp

)1/p

+ ε .
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Since ε > 0 is arbitrary, we can assert that Xp has the same type as Lp, i.e.
min{2, p}.

Step 2: Cotype. Let f1, . . . , fn ∈ Xp. For each k ∈ {1, . . . , n}, choose 0 ≥ gk ∈ BX

such that ‖ fk‖Xp ≤ ‖gk fk‖p +
ε

n1/p . Let us define g0 := g1 ∨ · · · ∨ gn. Since X is

an AM-space, g0 ∈ BX, gi ≤ g0 and gi| fi| ≤ g0| fi|, hence ‖gi fi‖p ≤ ‖g0 fi‖p for

i = 1, . . . , n. Therefore, by (2) for Lp we have that

( n

∑
k=1

‖ fk‖
p
Xp

)1/p

≤

( n

∑
k=1

(

‖g0 fk‖p +
ε

n1/p

)p
)1/p

≤

( n

∑
k=1

‖g0 fk‖
p
p

)1/p

+ ε

≤ C

(

∫ 1

0

∥

∥

∥

∥

g0

n

∑
k=1

rk(t) fk

∥

∥

∥

∥

2

p

dt

)1/2

+ ε

≤ C

(

∫ 1

0
sup
g∈BX

∥

∥

∥

∥

g
n

∑
k=1

rk(t) fk

∥

∥

∥

∥

2

p

dt

)1/2

+ ε

≤ C

(

∫ 1

0

∥

∥

∥

∥

n

∑
k=1

rk(t) fk

∥

∥

∥

∥

2

Xp

dt

)1/2

+ ε .

Which proves that Xp has cotype max{2, p}.

Corollary 3.8. Let H be a Banach function space such that χΩ ∈ H. Then H is isomor-
phic to a Hilbert space if and only if there exists a Banach function AM-space X, such
that H = X2.

Proof. Assume that H is isomorphic to a Hilbert space, hence H = H∗. On one
hand, let us prove that H2 is an AM-space. By Lemma 2.2(9) taking X := H2 and

Y := H, we have trivially that H ⊆ (H2)
2
. Thus, by Lemma 2.2(10) we have that

H ⊆ (H2)
2
⊆ L2 , (9)

hence Lemma 2.1(6) (taking X = H, q = 1 and p = r = 2), implies that

L2 ⊆ H′ ⊆ H∗ = H . (10)

Then, H = L2, thus H2 = (L2)
2
= L∞, which is an AM-space. On the other hand,

inclusions (9) and (10) state that H = (H2)
2
. So choose X := H2.

For the converse, by the previous Theorem 3.7, we have that X2 has type 2
and cotype 2. Applying Kwapień’s Theorem we obtain the result.

The Nikishin’s Theorem provides the last application of the paper. We recall
that the vector measure associated to an operator between Banach function spaces
T : X → Y, where X is order continuous, is denoted by mT : Σ → E and defined
by mT(A) := T(χA), for every A ∈ Σ. We refer the reader to [16, Chap. 4]
for more information and main properties about this concept. Recall also that a
Banach function AL-space is such that satisfies ‖ f + g‖ = ‖ f‖+ ‖g‖ for f , g > 0
and f ∧ g = min{ f , g} = 0.
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Corollary 3.9. Let X and Y be two Banach function spaces over a positive measure, such
that X is order continuous and χΩ ∈ X. Let T : X → Y be a p-th power factorable
operator. If L1(mT) is Fatou and is either q-concave for some q < ∞ or an AL-space,

then the (range) extension X
T
→ Y

i
→֒ L0 factorize through an Lmin{2,p},∞-space.

Proof. Assume first that L1(mT) is q-concave for some q < ∞. If p > 2, T is also
r-th power factorable for any r < p, then let us choose 1 ≤ p ≤ 2. Thanks to The-

orem 5.7 in [16], T is extended to the space Lp(mT), via the integration map I
(p)
mT

.

We have that Lp(mT) is p-convex and L1(mT) is q-concave, then Lp(mT) is also
r-concave for an r < ∞, and then it has type min{2, p} ([14, Prop. 1.f.3(ii)]). Then
we can assert that Lp(mT) has type min{2, p}. Finally, we apply the Nikishin’s

Theorem (see e.g. [21, Thm. III.H.6]), and obtain that i ◦ I
(p)
mT

factorize through a

Lorentz space Lmax{2,p},∞, hence so is i ◦ T.

Suppose now that L1(mT) is an AL-space. Then L1(mT)
′ is an AM-space

([1, Thm. 10.15]). Then, since L1(mT)
′ is Fatou by Lemma 2.2(7), we have

Lp(mT) = (L1(mT)
′′)[1/p] =

(

(L1(mT)
′)[1/p]

)p
.

Then, applying Theorem 3.7 above we obtain that Lp(mT) has type min{2, p}.
Again Nikishin’s Theorem gives the result.

Notice that compactness of the integration map ImT implies that L1(mT) is an
L1-space and so an AL-space ([17, Thm. 1 and 4]). Therefore, this gives an exam-
ple of the corollary above. Other conditions to obtain that L1(m) is an AL-space
can be found in [3].
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[13] Kwapień, S. Isomorphic characterizations of inner product spaces by orthog-
onal series with vector valued coefficients. Studia Mathematicae, 44:583–595,
1972.

[14] Lindenstrauss, J. and Tzafriri, L. Classical Banach Spaces II. Springer-Verlag,
Berlin, 1979.

[15] Maligranda, L. and Persson, L.E. Generalized duality of some Banach func-
tion spaces. Indagationes Mathematicae, 51(3):323–338, 1989.

[16] Okada, S., Ricker, W.J., and Sánchez-Pérez, E.A. Optimal Domain And Inte-
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