Right inverses for partial differential operators
on spaces of Whitney functions

Tomasz Cias

Abstract

For v € R" let K be a compact set in IR” containing a suitable smooth sur-
face and such that the intersection {tv + x : + € R} N K is a closed interval
or a single point for all x € K. We prove that every linear first order differ-
ential operator with constant coefficients in direction v on space of Whitney
functions £(K) admits a continuous linear right inverse.

1 Introduction

In this paper we consider linear partial differential operators P(D) with constant
coefficients on the space of smooth Whitney functions £(K) on a given compact
set K C R". By surjectivity of P(D) on the space £(IR") of smooth functions on
R" (see [3, Cor. 3.5.2]) it follows that P(D) on £(K) is surjective as well (see also
[1, p. 40]). In other words, for all f € £(K) the equation

P(D)g = f

has a solution ¢ € £(K). Now we can ask if it is possible to give solutions in
a continuous and linear way. More precisely, we are interested in the following
problem: does P(D) admit a continuous linear right inverse, i.e., an operator
S : E(K) — E(K) such that P(D) o S = id g(x)? So far, we know very little, and
even there is no negative example.
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We say that a compact set K C IR" has the extension property if there exists
a continuous linear extension operator E : £(K) — £(R"), i.e., E satisfies the
identity rx o E = id ¢ k), where rg : E(R") — £(K) is the continuous restriction
operator (for the precise definition see Section 2). It is well known (see Prop.
2.1 below) that for K with the extension property every linear partial differential
operator P(D) with constant coefficients on £(K) has a continuous linear right
inverse. Compact sets with this property are very well characterized in terms
of so called property (DN) (K has the extension property if and only if £(K)
has the property (DN); see [2, Th. 3.3] or [8, Folgerung 2.4]) but a geometric
characterization is still not known.

The case of compact sets without the extension property is much more com-
plicated and to our best knowledge there is no (nontrivial) results in that case so
far. In this paper we consider compact sets K and partial differential operators
P(D) such that there exists a continuous linear right inverse S for P(D) on & (R")
so that S (Zx) C Ik (Zk stands for the ideal of functions flat on K). Hence the
operator

Sf := rx(SF)

is defined independently of the choice of the extension F € £(R") of f € £(K)
and defines a continuous linear right inverse on £(K) for a given differential
operator (see Propostion 3.12). It appears that in the case of first order differ-
ential operator with constant coefficients in direction v € R"” we can obtain such
a S if a compact set K contains a suitable smooth surface and it is so that the in-
tersection {tv + x : t € R} NKis a closed interval or a single point for all x € K
(v-normal sets with a smooth surface defined in 2.2). This is the main result of
this paper (Theorem 3.1).

We divide the proof in a few steps. We start with the case of normal set in di-
rection e; which contains the zero surface. Then using composition operators we
pass to normal sets containing a smooth surface. The last step - right inverse in
the case of v-normal sets with a smooth surface - is the result of a “rotation”,
i.e.,, the compostion with an appriopriate orthogonal linear map. Composing
obtained in this way rigth inverses we get a right inverse in the case of compact
sets which are normal in several directions simultaneously (Corollary 3.3).

2 Preliminaries

Let us fix n € IN and let £(IR") denote the space of smooth functions on R" with
its natural Fréchet space topology. For an index & = (ay,...,a,) € INj we write
D* := Dj'...Dy", where D; : £(R") — E(R"), D; := E)ixj' More generally, for
P € Cixy,...,xy] a polynomial of degree N, we consider the partial differential
operator P(D) : £(R") — £(R"),

D*pP
P(D):= Y| ﬁ[)“,
ooy
where |a| = a1+ ...+ ay, a! = ag!-...-a,!l. In particular, for a fixed

v =(v1,...,0,) € R", the directional derivative Z]’-’:1 v;D; is denoted by D.
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For a compact set K C R" we define the restriction operator rx : £(R") —
[Tpeny C(K),
rkF := ((DPF) [k) e,
and by Zx we denote the ideal of smooth functions which are flat on K, namely
Tk := kerrg. Let £(K) denote the space of Whitney functions on K,

EK):={f= (fﬁ)ﬁelNg :rkF = f for some F € &(R")}.

The topology in £(K) is defined as the finest topology such that the restriction
operator rg : E(R") — &£(K) is continuous. It is easy to see that £(K) with
this topology is a Fréchet space. For more information about spaces of Whitney
functions, we refer to [2] and [5].

We introduce partial differential operators D;, D%, P(D) and D, on £(K) using
the same notation as in the case of the space £(IR"). In this way we denote D; f :=

(FP*) peng, DU = (fF**) peny, P(D) i= Ljajen TH2D* and D, == L, v;D

! j’
where ¢; is the vector in R" which j-th coordinate equals 1 and the others equal 0.
The following result is well known (for the proof see also [1, Prop. 6.1]).

Proposition 2.1. Let K be a compact set in R with the extension property. Then every
linear partial differential operator P(D) with constant coefficients admits a continuous
linear right inverse.

Proof. Let D'(R") denote the space of distributions on R” with compact sup-
port. If ¢ € D'(R") is a fundamental solution for P(D) : D'(R") — D'(R"),
E: E(K) — £(R") is a linear continuous extension operator and 1 is a test func-
tion so that ¢ = 1 on a neighborhood of K, then

Sf=rx(o*(p-Ef))
is a continuous linear right inverse for P(D) on £ (K). n

Let ||x|| :== (14 x%)% denote the euclidean norm of x € R"”. We denote by
(x,y) := Y} _1 Xxy the scalar product of vectors x,y € R". For v € R" let

HY = {x e R": (x,0) = 0}

be the hyperplane in R" orthogonal to v containing 0. In particular, for
j=1,...,n wewrite

H" = {x € R": (x,¢;) = 0}.

Let K, C Hz(,n) be compact and let ¢, P, : Ky = R, ¢ < ¢p,. We denote

K(Ky, o, Py) = {tv+x:x € Ky, t € [po(X), Pp(x)]}.

Definition 2.2. Let v1,...,v, € R". We say that a set K C R" is (vy,...,7)-

normal if there exist compact sets K, C HZ(,Z) and functions ¢y,,, P, : Ko, = R,
$v,, < Po,, such that K = K(Ky,,, o, Pu,,) for m = 1,..., k. Futhermore, if there
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exist 7y, € £(Ky,, ) such that ¢, < 72m < ¢y, form =1,...,k, then we say that
Kis (vy,...,v¢)-normal with a smooth surface. In particular, if ¢,, <0 < 1, for
m = 1,...,k, then we say that K is (vy, ..., v;)-normal with the zero surface. If
v = ey,..., 0 = e, forsomely,..., I € {1,...,n}, then we write for simplicity
(I, ..., Ix)-normal instead of (e, ..., elk)—normal. If k = 1 we write v-normal (j-
normal) for appropriate v € R" (j € {1,...,n}).

In view of Proposition 2.1, the problem of the existence of a continuous linear
right inverse for P(D) on £(K) is interesting only for compact sets without the ex-
tension property. We give below examples of such sets which are simultaneously
in the class described in Definition 2.2.

Example 2.3. (i) Let K1 := {(x1,%2) € R?:0<x1 < 1,0 < xp < exp(—1/x1)} and
K := {(x1,x0) € R?:0 < x; < 1,x5 < xp <xf+exp(—1/x1)}, wheres > 1is
not rational. Then Kj, K; are compact, (1,2)-normal sets with a smooth surface
(K7 has even the zero surface) and they do not have the extension property (see
e.g. [2, Ex. 3.12 and Ex. 4.15]).

(ii) Let f: R"~! — R be a smooth function and let K := {(xq,...,x,_1, f(x1,...,
Xp—1)) € R" : (x1,...,x,-1) € Ko}, where Ky is an arbitrary compact set in
R"~!. Then one can easily check that the space £(K) does not have a continuous
norm (consider functions (x, — f(x1,...,x,-1))", r € IN) so, clearly, it does not
have the property (DN) (see [6, p. 359] for definition). Hence, from the Tidten’s
characterization (see [8, Folgerung 2.4]), K does not have the extension property
and, obviously, K is a compact, n-normal set with a smooth surface.

3 Right inverse in the case of v-normal sets

Let us formulate our main result.

Theorem 3.1. Let A € C, v = (vy,...,0,) € R", v # 0and let K C R" be a
compact, v-normal set with a smooth surface. Then the differential operator Z]’-’:l viD; —

A 2 E(K) — E(K) admits a continuous linear right inverse.

We can easily pass from the case of the first order differential operator to par-
tial differential operators of any given order using the following lemma.

Lemma 3.2. Let P € C[xq,...,xy), P = Py - ... Py for some polynomials Py, ..., P €
C[x1,...,xy) and let K € R" be compact. Then P(D) : £(K) — £(K) has a continuous
linear right inverse if and only if every P;(D) has a continuous linear right inverse.

Proof. Let S be a continuous linear right inverse for P(D). Then
P](D) o(Py(D)o...o P]-_l(D) o P]-_H(D) o...0%(D)oS)=P(D)oS =id £(K)r

hence Pi(D)o...oP;_1(D)o Py 1(D)o...oP(D)oSisacontinuous linear right
inverse for P;(D).

Conversly, if S; is a continuous linear right inverse for P;(D), then Sxo...0 5y
is a continuous linear right inverse for P(D). u
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Corollary 3.3. Let Py, ..., Py be complex polynomials of one variable, vy,...,v, € R"
and let K C R" be a compact, (vy, ..., vy)-normal with a smooth surface set. Then

P(D) = P1(Dy,) o ...0P(Dy,)
admits a continuous linear right inverse.

Proof. Follows from Theorem 3.1 and Lemma 3.2. n

In the case of compact set whithout a smooth surface and without the exten-
sion property our method fails. It would be worth to solve the following problem.

Problem. Give an example of compact, 1-normal set K in R" which has no smooth
surface, without the extension property and such that Dy : £(K) — £(K) admits a
continuous linear right inverse.

In order to prove Theorem 3.1 we need several lemmas. First, we explain
commutativity of differential operators with other types of operators. It is easy
to prove the following lemma.

Lemma 3.4. Let K C R" be a compact set. Then P(D) o rx = rg o P(D) for every
polynomial P € C[xq,...,xy,].

Let us recall that for a smooth function ® : R" — IR" the composition operator
Co : E(R") — £(R") is defined by the formula CoF = F o ®.

Lemma 3.5. Let @ : R" — R" be a smooth function and let K C R" a be compact set.
Then Co (IQJ(K)) C Ik.

Proof. Follows from the Faa di Bruno formula (see e.g. [7]). ]

The preceding lemma allows us to define a composition operator Ce x
E(P(K)) — £(K), N

Cq;/[(f = VK(Cq>F),
where F is arbitrarily choosen function from £(IR") with r¢(x)F = f. One can
show that if ® is a smooth bijection with the smooth inverse, then Cg x is a con-
tinuous isomorphism with the inverse C;}K = Co-1,0(k)-

Proposition 3.6. Let ® : R" — IR" be a smooth bijection with the smooth inverse
and let K C R" a be compact set. If Q(D) o Co1,9x) = Co-1,0(x) © P(D) and
S : E(K) — &£(K) is a contionuous linear right inverse for P(D) : £(K) — E(K), then
So : E(P(K)) = E(P(K)), So := Cp1,0(k) © S © Cox is a continuous linear right
inverse for Q(D) : £(P(K)) — E(P(K)).

Proof. Sg is continuous as it is a composition of continuous operators. Clearly,
Q(D) o Se = Q(D) 0 Cp-1,9(x) © S © Cox = Co-19(x) © P(D) 0 S0 Cox
= Cq)—llq:,(K) o Cq),K = ld g(q)(K))

which means that Sg is a continuous linear right inverse for Q(D). n
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Lemma 3.7. Letj € {1,...,n}, A € C be fixed, and let ¥ = (¥1,...,¥,) : R" - R"
be a smooth bijection such that

v _ 1 I=]
Df‘*”‘{o i IA]
For a compact set K C R" let Cy := Cy g be a composition operator. Then

Proof. For f € E(Y(K)) let F be its smooth extension, that is r¢(x)F = f. By
Lemma 3.4, we get

D](C\Ff) :D]‘(T’K(F OT)) = VK(D]‘(F O‘P)) = i’K(lii((DlF) O‘P)D]"Pl)

=rk((DjF) o ¥) = Cy(ry(x)(DjF)) = C¥(Dj(r¢x F)) = C¥(D;f),
hence
(D]—/\)OCY=D]OCY—)\C\IJICYoD]—CyO)\ICYO(D]—/\) |

Lemma 3.8. Let A € C, u,v € R", u,v # 0and let A : R" — R" be a linear bijection
such that Au = v. For a compact set K C R" let C,-1 := Cy-1 g be the composition

operator. Then
(Dv — /\) e} CA—l - CA—l e} (Du — /\)

Proof. Clearly, Ao C,-1 = Cy10A. For f € E(A71(K)) set F € £(R") such that
rA_l(K)F = f. By Lemma 3.4,
(Do Cyt)(f) = DulCporf) = Dalr (Fo A1) = r(Du(F o A7)
and, on the other hand,
(CA*1 © Du)(f) = CAfl(Duf) = CAfl(Du(”Afl(K)F)) = CAfl(”Afl(K)DuF)
= rx(D,Fo A7),
hence it remains to observe that (A~ is linear) D,(Fo A~1') = D,Fo A1, n

Now we shall construct a right inverse on £(R"). Forj € {1,...,n}and A € C
we introduce the linear map S; ) : £(R") — E(R"),

X .
GaP)) = [P,

0
where xUt) = (xq,..., Xj1,t, Xjs1, -, Xn).
Lemma3.9. Letj € {1,...,n}, A € Cand F € E(R"). Then

D*(Sj\F) = S;A(DF)
for a with a; = 0 and
Biaa Pl 1HBi—1-1 a
D;'D*(Sj,F) = l[(;) A'D;" D*F 4 APiS; ,(D"F)

for a with aj = 0 and B; > 0.
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Proof. Let! # j. Then
(Dl(S] /\F))( ) D /Xj F( (.t )) (X]—f)dt /xj Dl (F(x(j,t))e/\(x]‘—t))dt

0
_/ (DyF) (xUD)eA-1gt,

hence by induction we get the first formula.
Now applying induction with respect to §; we will show that

D;'(SjaF) = Y A'D" F 4+ APIS),F.
For B; = 1 we obtain

j

0GP =y

— F(x)e MieMi + A / TP UD)e M M = F(x) + A(S;AF)(x).
0

F(xUt))e=Mqt - e“f)

Let us assume that

Bi—1, = P p 13
D}’ (SjAF) = Z /\D’ F 4 ABTIG I F.

Then

Bi & Bi—1,& P 1Pi—1=2 —1g
D/’ (SjaF) =Dj(D;’ " (SjaF)) = D]-< ) A'D/ F+ AP SMF)
I=0
:3] IB]

= Y MDY 4 AP (F 4 A5, F) = b ADITTIE £ ABIS) .
I=0

Finally, we have
Biya a Bia il Pl 1AB—1=1 1« Bic «
D'D*(Sj\F) = D}’ (Sj\(D"F)) = } , A'D;’  D"F+APiS;,(D"F)

for a with a; = 0 and B; > 0. m

Proposition 3.10. Let j € {1,...,n}, A € C and let K be a compact, j-normal set with
the zero surface. Then operator S ) is a continuous linear right inverse for the differential

operator D; — A : E(R") — E(IR") such that gj,A(IK) C Zk.
Proof. Let F € £(R"). By Lemma 3.9 (for §; = 1), we get

((Dj = A) o §j)F = F
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hence §] A is aright inverse for D; — A. Now we shall show that §] A is continuous.
Let (F,)nen be a sequence in £(R") such that

lim F, =F and lim S;3F, =G

n—o00 n—o00
for some F,G € £(R"). This implies that (F;),enN is uniformly convergent on
every compact subset of R”. Therefore, for fixed x € R" the sequence
(Fu (xU))e? (%) _'))nelN of smooth functions in one variable is uniformly conver-
gent on the interval [0, x;] (or [x;, 0] if x; < 0). Hence

~ X; ) X ‘
(SjaF)(x) = / ]F(x(],t))e/\(xj—t)dt _ / " im Fn(x(],t))e)\(xj—t)dt
0 0 hn—o

Xj

= lim | F,(xU)e*®dt = lim (S;\F,)(x) = G(x).

n—oo Jo n—o00

By the closed graph theorem, §] A is continuous. Inclusion §] A(Zx) C Ik follows
immediately from the formulas given in Lemma 3.9. [ ]

Now we get results which allow to transfer solutions from simpler cases to
more complicated ones. Firstly, let us recall a simple lemma about factoriza-
tion of linear maps beetwen locally convex spaces by the quotient map (see e.g.
[6, Prop. 22.11]).

Lemma 3.11. Let T : X — Z be a linear map beetwen locally convex spaces, Y be a
closed subspace of X and q : X — X/Y be the quotient map. Let us also assume that
Y C ker T. Then there exists exactly one linear map S : X/Y — Z such that T = Sogq.
Moreover, S is continuous if and only if T is continuous.

Proposition 3.12. Let S be a continuous linear right inverse for the differential operator
P(D) : E(R") — E(R™) and let K C R" be a compact set such that S(Zx) C Zg. Let
us define operator S : £(K) — E£(K),

Sf = VK(gp),

where F € E(R"), rxF = f, is arbitrarily choosen. Then S is a continous linear right
inverse for the differential operator P(D) : £(K) — E(K).

Proof. By Lemma 3.4,
(P(D) 0 $)f = P(D)(r(SF)) = rx(P(D)(SF)) = rxF = f

hence S is a right inverse for P(D). From S(Zx) C ZIx we get that S is well
defined and its definition does not depend on the choice of the extension F of
f. Moreover, Iy C ker(rg o §) and, of course, we have rg o S=So rk. Now
applying Lemma 3.11 to the continuous operator rx o S and the quotient map rx
we obtain continuity of S. m
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Lemma 3.13. Let j € {1,...,n} and let K C R" be a compact, j-normal set with a
smooth surface. Then there exist a compact, j-normal set Ko C R" with the zero surface
and a smooth bijection ® = (P, ..., D,) : R" — R" with the smooth inverse such that

o1 (1 1=]
v ={ g 17]

and ®(Ky) = K.

Proof. We have K = K(K;, ¢;, ;) for some real valued functions ¢;, ¢; defined
on a compact set K;. Let 7; € £(K;) satisfies ¢; < 'y? < ¢;and setT; € E(R"),
rkIj = ;. Let us define @ = (®y,...,®,) : R" — R” by the formula

CI)(X) = (xll' . 'Ixj—]_/xj + rj(x(jlo)),xj+1,. . .,xn).

Clearly, ® is smooth bijection with the smooth inverse and

1y [ = TU0) i 1=,
¢ (%) {xl i 147,

hence

1 if I=j
i Js
D, —{o it 1]
Let Ky := @~ !(K). Itis easy to see that Ky = K(Kj, ¢ — ’)/?,l/)]' - ’y?). Moreover,
¢ — ’y? <0< y;— 'y?, hence Kj is a j-normal set with the zero surface. Finally,

Ky is compact as a continuous image of compact set K and since ® is a bijection,
we have ®(Kp) = &(®1(K)) = K. m

Lemma 3.14. Let u,v € R", ||u|| = ||v|| = 1 and let K C R" be a compact, v-normal
set with a smooth surface. Then there exist a compact, u-normal set K' C R" with a
smooth surface and a linear bijection A : R" — R" such that Au = vand A(K') = K.

Proof. By the Steinitz theorem and the Gram-Schmidt orthogonalization proce-
dure, there is an orthogonal bijection A : R" — R", with Au = v (i.e,, AT = A1
where AT is the conjugate operator for A). Then, it is easy to see that A and
K’ := A71(K) have desired properties. ]

Now we are ready to prove the main result.

Proof of Theorem 3.1. Case of v = e; for some j € {1,...,n}, K with the zero
surface: Combining Propositions 3.10 and 3.12 we get a right inverse §; for
D; — A on £(K).

Case of v = ej forsome j € {1,...,n}, K with an arbitrary smooth surface: By
Lemma 3.13, there exist a compact, j-normal set Ky C R" with the zero surface
and a smooth bijection ® = (®q,...,P,) : R" — R" with the smooth inverse
such that L g

-1 _ 1 =7
Di®, _{ 0 if 1#]
and ®(Kp) = K. By Lemma 3.7,

(D] — /\) (o] CQ_l,K — Cq>_1’K (@] (D] — )\).



156 T. Cias

Now applying Proposition 3.6 to the function @, the set Ko, the operator D; — A
and the operator S; ) : £(Kg) — &(Kp) from the previous case, we conclude that
Co-1©Sj,1 0 Co k, is a continuous linear right inverse for D; — A : £(K) — £(K).

Case of ||v]| = 1, K with an arbitrary smooth surface: By Lemma 3.14, there
exist 1-normal set K’ C IR” with a smooth surface and a linear bijection A : R" —
R" such that Ae; = v and A(K’') = K. By Lemma 3.8,

(DZJ — A) O CA—l == CAfl (@] (Dl — A)
From the previous case we obtain a continuous linear operator
S+ E(K') — E(K') such that (D1 — A) oS’ = id g(xy. Thus, by Proposition
3.6,54 := C4-105" 0Cy is a continuous linear right inverse for D, — A : £(K) —
£(K).

General case: Easily follows from the previous case. n
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