On Doi-Hopf modules and Yetter-Drinfeld
modules in symmetric monoidal categories
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Abstract

We study entwining structures on a monoidal category C and their cor-
responding categories of entwined modules. Examples can be constructed
from lax Doi-Koppinen and lax Yetter-Drinfeld structures in C. If C is sym-
metric then lax Yetter-Drinfeld structures appear as special cases of lax Doi-
Koppinen structures, at least if we work over a so-called lax Hopf algebra. In
this case the corresponding categories of entwined modules are isomorphic,
and this generalizes a well-known result of Caenepeel, Militaru and Zhu [15].
In particular, our theory applies to Doi-Koppinen and Yetter-Drinfeld struc-
tures in symmetric monoidal categories. We present some examples of en-
twining structures in monoidal categories coming from actions and coactions
of a weak Hopf algebra.

1 Introduction

Various notions of modules appear in Hopf algebra theory. Doi-Hopf modules
and Yetter-Drinfeld modules are defined as vector spaces with an action and a
coaction, with a compatibility relation that is different in both cases. In [15], it
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was shown that Yetter-Drinfeld modules are special cases of Doi-Hopf modules.
This allows to transport properties of Doi-Hopf modules to Yetter-Drinfeld mod-
ules, and, in particular, it leads to generalizations of the Drinfeld double construc-
tion. Similar results have been applied for Hopf-group coalgebras [8], weak Hopf
algebras [16], quasi-Hopf algebras in [10] and weak 7t-coalgebras in [20].

The aim of this paper is two-fold. First, we will generalize this result to Hopf
algebras in braided monoidal categories. Some of the results mentioned above
appear as special cases. It also leads to new results, if we apply it to Hopf-group
coalgebras and monoidal Hom-Hopf algebras, as these are Hopf algebras in a
suitable symmetric monoidal category, see [14, 13]. On the other hand, we want
to construct non-trivial examples of entwining structures in monoidal categories
or, equivalently, of monoidal wreath structures, see [9].

In Section 2, we recall the diagrammatic notations for the structure of a braided
Hopf algebra and for the (co)action of a (co)algebra on an object in a module
category. In Section 3 we introduce the notion of (right) entwining structure in
a monoidal category and show that giving an entwining structure is equivalent
to giving a (co)algebra structure in a suitable monoidal category of transfer mor-
phisms through a (co)algebra (Proposition 3.2). Then we show that particular
examples of entwining structures can be obtained from lax Doi-Koppinen struc-
tures, abbreviated as DK-structures. These are triples (B, A, C) consisting of an
algebra A, a coalgebra C and an object B which is at the same time an algebra and
a coalgebra and that acts on C and coacts on A in such a way that the structure
morphisms are respectively coalgebra and algebra morphisms in C. In the situ-
ation where B is a bialgebra, C is a B-module coalgebra and A is a B-comodule
algebra, we recover the classical notion of DK structure. Furthermore, particular
examples of lax DK structures can be obtained from lax Yetter-Drinfeld structures
(abbreviated YD structures) over a lax Hopf algebra. A lax Hopf algebra is an
object B admitting an algebra and a coalgebra structure in C such that Idg has an
inverse Sg in the convolution algebra Hom(B, B) that is an anti-algebra and an
anti-coalgebra endomorphism of B. Actually, a simple inspection shows that this
condition is not needed in the proof of the fact that any lax YD structure induces
a lax DK structure (Proposition 3.9). In turn, we need this extra condition in the
proof of our main result, namely Theorem 4.6.

We point out that our definition of an entwined module is given in the frame-
work of module categories. This new approach will be used in Section 5, where
we will show that the category of Doi-Hopf modules over a DK (monoidal) struc-
ture can be identified with the category of weak Doi-Hopf modules introduced in
[2]. Unfortunately, in the weak case Theorem 4.6 does not apply since we don’t
know whether a weak Hopf algebra is a lax Hopf algebra in a suitable symmetric
monoidal category. Nevertheless, Theorem 4.6 can be used as a source of inspi-
ration for the definition of a weak Yetter-Drinfeld module over a weak bialgebra
and then, moving backwards, we can prove a weak version of Theorem 4.6. Fi-
nally, note that the theory performed in the weak case gives particular non-trivial
examples of entwining structures in monoidal categories of bimodules, and this
achieves our second aim.
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2 Preliminaries

2.1 Hopf algebras in braided monoidal categories

A monoidal category is a category C together with a functor ® : C xC — C,
called the tensor product, an object 1 € C called the unit object, and natural
isomorphisms 2 : ® o (® x Id) — ® o (Id x ®) (the associativity constraint),
I: ®o(1xId) — Id (the left unit constraint) and 7 : ® o (Id x 1) — Id (the right
unit constraint). In addition, a has to satisfy the pentagon axiom, and / and r have
to satisfy the triangle axiom. We refer to [19, XI.2] for a detailed discussion. In
the sequel, for any object X € C we will identify 1 ® X = X = X ® 1 using Ix
and rx. In addition, all the results will be proved for strict monoidal categories
(i.e., for monoidal categories for which all g, | are r are the identity morphisms).
Then the results remain valid in the case of an arbitrary monoidal category, since
every monoidal category is equivalent to a strict one, see [19] for more detail.

Also
X

X X X Y
1,0, p= A and v= "
X Y V4 Y Z
will be the diagrammatic notation for the following morphisms in C: Idx : X —
X, f: X=>Y,pu: XQY—=Zandv: X > YR®Z
In a monoidal category C we can define algebras and coalgebras. An algebra
in C is an object A of C endowed with a multiplication m, : A® A — A and
unit morphism 7, : 1 — A such that 11, is associative up to the associativity
constraint a of C and m 4 o (QA ®Idy) = myo(Idg ® EA) = Id 4. We will write
AA 1

ma="J andy, = 7.

A A
Similarly, a coalgebra in C is an object C of C together with a comultiplication
Ac: C = C®Cand a counit g- : C — 1 such that A is coassociative up to the
coassociativity constraint a and (¢ ® Id¢) 0o Ac = Ide = (Idc ® e¢) 0 Ac. We use
C C
the diagrammatic notation Ac = 1 andec = 4.

CcC 1
The switch functor T : C x C — C x C is defined by 7(X,Y) = (Y, X). A
prebraiding on a monoidal category C is a natural transformationc: ® - ®o T,
satisfying the conditions

XY Z XY Z
@ exyoz= [\ and ®) exorz= L @)
Y 7z X ZXY
XY

(see [19, XIIL.1]), where cx y := <, for any two objects X and Y of C.

Y X
A prebraiding c is called a braiding if it is a natural isomorphism. In this case
Y X

we denote c;(,ly := < and call C a braided monoidal category. One of the main
XY
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properties of a braiding ¢ on a monoidal category C is given by the equality

XY Z XY Z

@ - @ 22)

ZY X ZY X

which holds for any objects X, Y and Z of C. It is considered as the categorical
version of the Yang-Baxter equation.
The naturality of ¢ means that (¢ ® f)eyn = cuv(f ®g), forany f: M — U,
X Y

g:N — VinC. In particular, for T € Cand \__J :X®Y — ZinC, we have

TXY

L7 & e K \5 e

X
In a similar way, for a morphism ,—\ between X and Y ® Z, we have that
Y Z
XT
7

X % X ; 24

TY Z YZT

For a braided monoidal category C, let C'" be equal to C as a monoidal cat-
egory, with the mirror-reversed braiding cx y = c;lx It is well known that '
is also a braided monoidal category. We call C symmetric if C = C'", as braided

monoidal categories. When C is symmetric we denote < = < = <.

If A and A’ are two algebras in a braided monoidal category then there are
two algebra structures in C on A ® A’. Namely, we denote by A @ A’ the object
A ® A of C endowed with the multiplication (m4 ® m /) o (Idg ® car 4 ® Id 4/)
and tensor product unit morphism. Then, with this structure, A ® + A’ becomes
an algebra in C (see, for instance, [21, Lemma 2.1]). The second algebra structure
in C on A ® A’, denoted in what follows by A ®__ A’, is obtained by considering
A and A’ algebras in C'. Since C'™ = C as a monoidal category we obtain that
A ®_ A’ is an algebra in C with the multiplication (m4 ® m /) o (Id4 ® c;"lA, ®
Id 4/) and tensor product unit morphism.

There is a notion of opposite algebra in a braided monoidal category. More
precisely, if A is an algebra in a braided monoidal category C then A°PT is the
object A endowed with the new multiplication m4 o c4 4 and original unit mor-
phism. Then one can easily see that A°P™ is an algebra in C, called the c-opposite
algebra associated to A. Replacing C by C'" we obtain A°P~, the object A en-
dowed with the multiplication m 4 o C;LlA and the same unit morphism as that of
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A, and we call it the ¢~ !-opposite algebra associated to A. For further use, we
denote

AA AA

M gopt = Mp0CA A= S and  m gop- :onc;llA = S . (2.5)
@ Q
A A

Likewise, if C and C’ are two coalgebras in a braided monoidal category then
C ® C’ has two coalgebra structures in C. We denote by C ®* C’ the coalgebra in
C having the comultiplication given by (Id¢c ® cc ' ® Id¢r) o (Ac ® Acr) and the
tensor product counit morphism. Analogously, C ®~ C’ is the coalgebra in C with
comultiplication (Id¢ ® CE,%C ®Ider) o (Ac ® Acr) and the tensor product counit
morphism as counit.

Next, we recall the notions of a bialgebra and Hopf algebra in a braided
monoidal category. A bialgebra in C is a fivetuple (B, mp, 7 B,AB,gB), such that
(B, mB,nB) is an algebra and (B, Ag, €g) is a coalgebra such that Ag : B — B® B
and g5 : B — 1 are algebra morphisms. B ® B has the tensor product algebra
structure (using the braiding on C), and 1 is considered as an algebra in C with the
multiplication and unit map both equal to the identity morphism of 1. For later
reference, we give explicit formulas for the axioms of a bialgebra B: g1, = Id;,

and
B B B B B B B . B B B
WZU’E:I:E, rﬂ:m'
B B B
B B B B B B B B
(2.6)

B B 1 B B
B B B BB 5~ 1 BB
:I: P :II, :II’ = .
B A 1 E) B B
B B B B B B B B

A Hopf algebra in a braided monoidal category C is a bialgebra B in C together
with a morphism S : B — B in C (the antipode) satisfying the axioms

B B B
T
S - . 2.7
B B B

It is well-known, see [21, Lemma 2.3], that the antipode S of a Hopf algebra B in
a braided monoidal category C is an anti-algebra and anti-coalgebra morphism,
in the sense that

B B B B
=
(a) =00,
-
B B

B B

1 T
=4 and (b) =00,
I A TRe

B B B B

B
—T. (28
1

= }@—o | =
|»—\| o—@{og
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2.2 Modules and comodules in module categories

Let C be a monoidal category. A right C-category (also known as a module cate-
gory over C) is a quadruple (D, ¢, ¥, r), where D is a category, ¢ : D xC — D
isa functor,and ¥ : ¢o (0 xId) - oo (Idx ®)andr: oo (Id x1) — Id are
natural isomorphisms such that the diagrams

Yonox,y,z

(Mo X)oY)oZ ZXY (moX)o(Yoz) , (Mol)oX L ome1eX)

Tgﬂ,X,YOIle Tldmoaxryfz k \legﬁolx
I'on<
MXRY,Z MmEEX

(Mo (XDY))0Z L ano(X0Y) 2 2) X

commute, for all Mt € D and X, Y, Z € C. Obviously C is itself a right C-category,
with ¢ = ®, and ¥ and r the natural identities (recall that we assumed that C
is strict). In fact, the above mentioned coherence theorem can be extended to
C-categories, and this enables us to assume, without loss of generality, that ¥ and
r are natural identities.

Let D be a right C-category, and consider an algebra A in C. A right module
in D over A is an object Mt € D together with a morphism vgy : Mo A — M such
that vop o (Idgp o 77 A) = 19y and such that the diagram

Von old A

(MoA)o A Mo A
llem/A/Al lVSR
Mo <A®A)Idgm<>mA£m0A - m

commutes. Let D4 be the category of right modules and right linear maps in D

over A. The right module structure on 9 € D4 will be written symbolically as
m A M A
vom = P .WhenD = C, \__J will be a shorter notation for the right A-module

m M
structure morphism of 9 in C. Furthermore, in this case one can define left
A N
A-modules, too. For simplicity, we denote by \__J the morphism that defines

on an object N of C a left A-module structure in C.
We can also define the dual notion of right comodule in a right C-category D
over a coalgebra C in C. The category of right comodules and right colinear maps

in D over C will be denoted as D. The right comodule structure on M € D¢ will
m m
be written as poy = ~ . When C = D we denote the morphism pgy by .

mC m o C
Likewise, we can define left C-comodules in a monoidal category C. In this case
N
we will denote by /— the morphism that defines on an object 91 of C a a left

C-comodule structu(i‘e irglﬁ C.

Finally, if A, B are algebras in a monoidal category C (respectively if C, D
are coalgebras in C) then we can define (A, B)-bimodules (respectively (C, D)-
comodules) in C. They are left A and right B-modules (respectively, left C and
right D-comodules) such that
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A MB AM B N N
o - e L=/ - es
M M C ND CN D

3 Entwining structures defined by lax Doi-Koppinen and lax
Yetter-Drinfeld structures

Throughout this section, C is a monoidal or a braided monoidal category. As we
have seen, we can assume that C is strict, without loss of generality. Entwined
structures over a field were introduced by Brzeziriski in [5]; in [18], this notion
was generalized to symmetric monoidal categories. In fact the assumption that C
has a symmetry is not needed.

Definition 3.1. A right entwining structure in C is a triple (A, C, ¢), where A is

an algebra in C, C is a coalgebrain C,and ¢ : C® A -+ A ® C is a morphism in
CA
C, which we denote by iy = {_, such that the following equalities hold:

AC
CAA CAA

C
C
(@) @%:Lj L0 =3,
A C AC ac A
CA Cc A C A C A
(c) m _ Q‘% and (d) ﬁ:i_. (3.1)
A

ACC ACC A

We call an entwining structure (A, C, ¢) in C trivial if A = 1 and ¢ = Id¢, or
ifC=1and ¢ =Idy.

Next, we show that any entwining structure in C can be viewed as a trivial
entwining structure in a different monoidal category. The next result is essentially
due to Schauenburg [22] and has its roots in a paper of Tambara [23]. Also, our
result is slightly more general than in [22] because we do not assume that the
entwining map ¢ is an isomorphism in C.

Let us start by presenting some concepts and constructions. Similar to
[22, Definition 4.2] we define the category of transfer morphisms through an al-
gebra (or a coalgebra) as follows.

For an algebra A in C, we consider the category T4 of right transfer mor-
phisms through A. The objects are pairs (X, x 4) with X € C and x4 :
X®A - A® X amorphism in C such that (3.1.a) and (3.1.b) are fulfilled (with
C replaced by X). A morphism in T4 between (X, ¥x 4) and (Y, Py 4) is a mor-
phism y : X — Y in C such that (Idg @ p) opx 4 = Pyao (p®1Idy). Taisa
strict monoidal category, with unit object (1,1d4) and tensor product
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(X, ¥x,4)0(Y, ¥y,a) = (X QY, Pxey,a),
with Uxoy,A = (LPX,A & Idy)(ldx & l/)ylA). (3.2)

We leave it to the reader to introduce the monoidal category T of right trans-
fer morphisms through the coalgebra Cin C.

Proposition 3.2. Let C be a monoidal category.

i) If Aisanalgebrain C then (C, ¢ 4) is a coalgebrain X 4 if and only if (A, C, Pc a)
is a right entwining structure in C.

ii) If Cisacoalgebrain C then (A, ¢ ) is an algebrain T© if and only if (A, C, Pc 4)
is a right entwining structure in C.

Consequently, (A,C,y) is a right entwining structure in C if and only if
((1,1da), (C,¥),1d) is a trivial entwining structure in Ty or, equivalently, ((A, ),
(1,1dc¢),1d) is a trivial entwining structure in T C.

Proof. Straightforward. The verification of all these details is left to the reader. =

For C = (M, the category of vector spaces, we obtain the classical definition
of an entwining structure [5]. In this case, it is well known that a class of exam-
ples is given by the Doi-Koppinen structures (DK for short) over k. This can be
generalized to entwining structures in braided monoidal categories.

Assume that C is a braided monoidal category, and that B is an object in C
which is both an algebra and a coalgebra (but not necessarily a bialgebra) in C.
A right ¢*1-module coalgebra over B is a coalgebra C in C which is also a right
B-module such that the structure map C ® B — C is a coalgebra morphism from
C ®* B to C. Similarly, a right c*!-comodule algebra over C is an algebra A in C
which is also a right B-comodule such that the structure morphism A - A ® B
is an algebra morphism from A to A ®+ B. For example, in the c-case, C is a

coalgebra and a right B-module in C, respectively A is an algebra and a right

1
C B cp = 1

B-comodule in C, such that ? = & 1, respectively = I_I , and the

1
1 - A B AB

following equalities hold:

C B C B A A AA
@) j _ % , tesp. (b) W _ i . (33)
CcC C C A B A B

Note that for the c~!-case we have to replace in the above equalities the braiding

g with its inverse g .

In a similar way, we can define the notions of left c*!-module coalgebra and
left c*1-left comodule algebra over B.




Doi-Hopf modules and Yetter-Drinfeld modules 97

Definition 3.3. Let C be a braided monoidal category and B an object of C which
has both an algebra and a coalgebra structure in C. If A is a right c*!-comodule
algebra over B and C is a right c*!-module coalgebra over B, respectively, then
we call the triple (B, A, C) a lax c*!-right Doi-Koppinen (DK for short)-structure
in C. If B is a bialgebra in C then we simply say that (B, A,C) is a c*!-right
DK-structure in C.

Proposition 3.4. Let C be a braided monoidal category, B an object of C which has both
an algebra and a coalgebra structure in C, and A € CB and C € Cp. Define

c A c A
. @ and g @ 6
A C A C

Then the following assertions hold:

(i) If (B, A, C) is a lax c-right DK-structure in C then (A, C, ) is a right entwining
structure in C.

(ii) If (B, A,C) is a lax ¢~ 1-right DK-structure in C then (A,C,¢_) is a right
entwining structure in C.

Proof. 1t suffices to prove (i), as (ii) is (i) applied to C'". The computation

c A A c A A

)

c o4 4 cC A A
(23)x2 (23) (23)
ﬁ k
A C A C { }

A C AC

c A A

cC A A c oA A
C A A
cecy (23) (23) (33b)
\ 7
rﬁ ( A C
AC A C
S

AC
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shows that (3.1.a) is satisfied. In a similar way, we have that

C A C A

| /g >

C

c A

(2.3)x2 24) ( (33.0)

A CC

A C C

and this shows that (3.1.c) is satisfied. It is easy to see that (A, C, ) satisfies
(3.1.b,d), and this completes the proof. n

If C is symmetric then lax DK-structures in C can be obtained from lax Yetter-
Drinfeld structures (abbreviated as Y D-structures) in C defined over lax Hopf
algebras.

Definition 3.5. Let C be a braided monoidal category. A lax Hopf algebra in
C is a sextuple (B, mp,1,,Ap,1,,Sp) consisting in an algebra (B, np,7,) and a
coalgebra (B, Ag, €g) structure on an object B of C, and an anti-algebra and anti-
coalgebra endomorphism Sg of B satisfying (2.7).

It is clear that a braided Hopf algebra is a lax Hopf algebra. Let C be a braided
monoidal category and B an object of C which is both an algebra and coalge-
bra in C. A (c,c)-bimodule coalgebra over B is a coalgebra C in C which has a
B-bimodule structure such that C is both a left and right c-module coalgebra over
B. Similarly, we can define (c,c™!), (¢c71,¢) and (¢!, ¢~ 1)-bimodule coalgebras
over B in C, respectively. Likewise, a (c, ¢)-bicomodule algebra in C is an algebra
A of C endowed with a B-bicomodule structure such that A is simultaneously
a left and right c-comodule algebra over B. In a similar manner one can define
(c,c™1), (c7%,¢) and (¢!, c1)-bicomodule algebras over B in C, respectively.

Definition 3.6. Let C be a braided monoidal category and B € C such that B
is both an algebra and a coalgebra in C. If C is a (c, ¢)-bimodule coalgebra and
A is a (c, c)-bicomodule algebra over B in C, then we call the triple (B,C, A) a

c

lax E) Y D-structure in C (the first row of the matrix refers to the bicomodule

algebra structure, while the second row refers to the bimodule coalgebra structure
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1 1
.. . C C C C
over B). In a similar way we define lax (c_l o) (c_l 1 Y D-structures

in C. If B is a bialgebra in C then the word lax will be omitted. Also, in the
particular case when C is symmetric monoidal we simply say that (B,C, A) is a
(lax) YD-structure in C.

First, we show that any (¢!, ¢)-bimodule coalgebra can be viewed as a c-right
module coalgebra.

Lemma 3.7. Let C be a braided monoidal category, B an object of C which has both an
algebra and a coalgebra structure in C, and C a (¢!, ¢)-bimodule coalgebra over B in C.
Then C with structure defined by

C B°P+ B
C Bt ®B

__/ = (3.5)
C
C

is a c-right module coalgebra over BT @7 B in C.

Proof. C is aright B°P" ®_ B-module since

C_Br B B°P+ C_Bv B BOW

Bop+ BoPt B C BOP+ B BP* B
CGCB
CGBCB

C Bop+ B Bop+

C BOer B BPt B C BOer B B°P* B

CEBCB
CEBC

In the equality (%), we used the definition of m°P*. We also have that

C
J e
4k
C

since C € pCpand cx; = ¢y x = Idx, for any object X of C (see [19, Prop. XIII.1.2]).

(2.3)x2

C
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Next, we prove that the structure map C ® " (B ®* B) — C defined above is
a coalgebra morphism in C. This follows from our next computation. At the very
beginning we use (2.1) (a), and in (*), we use the fact that C is a ¢~ !-left module
coalgebra over B.

(24)
CEBCB (2_2) )
S

C

In a similar way, we have

C
C BB

C B B
vTCBB
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Here we used successively that C is a left c~!-module coalgebra, C is a right
c-module coalgebra, and cc; = Idc. [ |

Our next aim is to show that a bicomodule algebra over a lax Hopf algebra
gives rise to a right comodule algebra.

Lemma 3.8. Let C be a braided monoidal category, B a lax Hopf algebra in C and
A a (c71,c)-bicomodule algebra over B. Then A is a c-right comodule algebra over
B°P* @7 B in C via the structure morphism P, A= AR B°P* ® B given by

A

0, = . (3.6)

O
AB B

Proof. We first check that A is a right B ® " B-comodule.

A A
;
AeBe (24)x2
?W AeBcBg (2.4) B
®
fﬁ ({ ® /W
B B BB B ©) | ©® |6
A B B B B ABBBB
A
A A A
B ( 2.4 * 28.b
Ace (24 > () s Ly ’
®
®©O
/ Cé(@ &
® |G . ABBBB
ABBBB A BBBB A BBBB

and this is exactly what we need. Note that in (*) we used the naturality of the
braiding c twice.
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We show next that p , is an algebra map from A to A ® (BPT ®@_ B). Itis
easy to check thatp , respects the unit morphisms. We also have that

A A

]l = =©©
®

A BP*+ B (CS)

A Bop+ A Bop+
A A

L A

] Y
L T

BOp+ B
A A

o
4 ) A A A A
¥ j@
S
@>§9 ®6 ©
AR
A B®T B A goﬁ B ©

A BoPt B

In the first equality we used the fact that A is a ¢~ !-left comodule algebra over B;
in the second equality we used the naturality of the braiding ¢ and the fact that
A is a c-right comodule algebra over B; in the third equality we used (2.8.a), the
naturality of the braiding ¢ and the definition of the multiplication of B°P* in (2.5);
in the fourth, fifth and sixth equality we used (2.3); in the seventh equality we
used (2.4); in the eight equality we used (2.2); in the final equality th naturality of
c was used twice. Finally, using (2.8.b), the naturality of the braiding ¢, c; 4 = Id4
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and the fact that A is a B-bicomodule, we compute

A

4 A A
A
{]- _ ﬁ _ ﬂ _T.
A
: A A A
A
and this finishes the proof. m

Applying Lemmas 3.7, 3.8 and Proposition 3.4 we obtain the following result.

Proposition 3.9. Let B be a lax Hopf algebra in a symmetric monoidal category C. To
any right lax YD-structure (B,C, A) in C we can associate a right lax DK-structure
in C, namely (B°? ® B,C, A). Consequently, any lax Y D-structure (B,C, A) over a
lax Hopf algebra B produces a right entwining structure (A, C,¢) in C, where i can be
explicitly computed using (3.4), (3.5) and (3.6).

4 Entwined modules - a module categorical approach

Let A be an algebra in a monoidal category C. To A we have associated the
monoidal category T4, called the category of transfer morphisms through A.
Then it came out that there is a bijective correspondence between right entwin-
ing structures in C and coalgebras in ¥4. On the other hand, to a right entwin-
ing structure (A, C,¢) in C, we can associate the category of entwined modules
C(1)G. The objects are right A-modules and right C-comodules in C for which the
right C-comodule morphism structure is right A-linear or, equivalently, for which
the right A-module morphism structure is right C-colinear. The morphisms in
C ((p)g are the morphisms in C which are right A-linear and right C-colinear.

Based on these observations and with the help of the notion of C-category we
will see that entwined modules can be viewed as comodules over a coalgebra in
the category of transfer morphisms through an algebra in C. First we generalize
the classical notion of entwined module.

Definition 4.1. Let C be a monoidal category, let D be a right C-category and let
CA
(A,C,p = X ) be a right entwining structure in C. An object 9 € D is called

A C
a right entwined module with entwining map ¥ if 9 is a right module in D over
A, aright comodule in D over C and the following compatibility relation holds:

ma

= = % 4.1)
i

om C m C

D()G will be the category of right entwined modules with entwining map ¢
and right A-module and right C-colinear morphisms.
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Remark 4.2. Observe that Definition 4.1 does not cover all categories of Hopf mod-
ules defined over Hopf algebras and their generalization. For example, the cate-
gory of Doi-Hopf modules over a quasi-Hopf algebra H (see [7]) has not such a
description. This is because in the quasi-Hopf case a right DK-structure consists
of a right H-comodule algebra 2 (in the sense of Hausser and Nill [17]) which is
associative and a right H-module coalgebra C (in the sense of [12]) which is coas-
sociative up to the reassociator of H which is, in general, not trivial. Therefore
(H, 2, C) does not produce a right entwining structure in a certain monoidal cat-
egory. Nevertheless, in the forthcoming paper [11] we will see that the notion of
entwining structure in a monoidal category can be generalized. Then, using the
point of view suggested by the result below we will define a more general cat-
egory of entwined modules, unifying in this way most of the Doi-Hopf module
categories known so far.

Proposition 4.3. Let C be a monoidal category, (A, C, ) a right entwining structure in
C and D a right C-category.

(i) If M € Dy and (X, Px ) € T then Mo X € Dy with the structure

IFEUI,X,A IdOIPX,

VoX ((9)?0X)<>A—>9ﬁ<>(X®A)—> o (A®X)

-1
sz, AX vgnold

—= (931<>A)<>X—>SUI<>X> .
The associated functor from D 4 X T 4 to D4 turns D 4 into a right T 4-category,.

(ii) The category of entwined modules D ()G coincides with the category of right co-
modules in D 4 over the coalgebra (C, ) in T 4.

Proof. In diagrammatic notation, we have that vop,x = F % i , hence

m X
MX A A gﬁ XAd4 MX A A
m X m X =
] m X
= 7T = :l:‘: and = = P
X mox X i
m X m % m X
by (3.1.a). All other details are left to the reader. [ |

Example 4.4. Let (B, A,C) be a lax c-right DK-structure in a braided monoidal
category C, and let D be a right C-category. The category Dj.,(B)§ of entwined
modules in D corresponding to the right entwining structure in C defined by (3.4)
is called the category of lax right Doi-Hopf modules in D over B.

Now we introduce the braided version of the category of Yetter-Drinfeld mod-
ules.
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Definition 4.5. Let (B, A, C) be a lax (E E) Y D-structure in a braided monoidal

category C, and let D be a right C-category. An object 9t of D is called a lax right
Yetter-Drinfeld module if M € Dy, M € DC and the following compatibility
relation between these structures holds:

m A
m A
7% — : (4.2)
m C
m C

Then yDlaX(B)g will be the notation for the category of lax right Yetter-Drinfeld
modules in D over B, and right A-linear and right C-colinear morphismes.

Theorem 4.6 is the braided version of the main result in [15], and tells us that
YD1.x(B)§ is a category of entwined modules, at least if we work over a symmet-
ric monoidal category C.

Theorem 4.6. Let D be a right C-category with C symmetric monoidal. If B is a
lax Hopf algebra in C and (B, A,C) is a lax YD-structure in C then YD (B)§ =
Diax(B @ B)S.

Proof. By Example 4.4 and Proposition 3.9 an object 9t of Dy, (B°P ® B)S is aright
module in D over A and a right comodule in D over C such that

m A
ma ||
= = . 4.3)
i
m (S
m C

Therefore it suffices to show that (4.2) and (4.3) are equivalent. The following
computation shows that (4.2) implies (4.3). Observe that (x) follows from the
naturality of the braiding ¢ and the fact that ¢c; x = cx; = Idx, and that the last
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equality follows from the unit and counit axioms.
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A
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A

uk

m C

and this ends the proof. In the last equality we also used the fact that ¢ x =
cx1 = Idx, forall X € C. m

5 Monoidal entwining structures defined by weak Hopf algebra
actions and coactions

The aim of this Section is to present examples of entwining structures in monoidal
categories obtained from actions and coactions of a weak bialgebra. Then we re-
late our results to some existing results on Doi-Hopf modules and Yetter-Drinfeld
modules over a weak Hopf algebra.

Let k be a field. Recall from [4] that a weak bialgebra is a k-module H together
with a k-algebra structure (H, m, ) and a k-coalgebra structure (H, A, €) such that
A is multiplicative and the following relations hold

L3Rz =1101L11 1y =11 @111, ® 1y, (5.1)
e(ghl) = e(ghi)e(hal) = e(gha)e(ml), V g,h,1 € H. (5.2)

11 ® 1, is a second copy of A(1), 1 is the unit of H and A(h) = hy ® hp, h € H.
It is known that the category of right H-(co)representations is monoidal; this can
be explained easily using the following arguments, as presented in [3].

The endomorphisms ¢;,¢; : H — H, e5(h) = e(hly)1y, €:(h) = €(11h)1, are
idempotent. Their images

Hi:={he H|Ah) =1,h®1,} and Hy:= {h € H|A(h) =1, @ h1,},

called the target and source subspace of H, are subalgebras of H.
If H a weak k-bialgebra then so is H°P, and it can be easily seen that

eP(h) = e(1,h)1; = &(h) and eP(h) = e(h1y)1, == &(h),

for all i € H. Note that the map ¢; restricts to an anti-algebra isomorphism from
H; to H; with inverse &, while ¢, restricts to an anti-algebra isomorphism from
H; to Hs with inverse &;.

Now, if M is a right H-module then M becomes an H;-bimodule via 7 -m - r =
me(r)r = mr'g(r), for all m € M and r,v’" € H;. Furthermore, H; is a right
H-module via r <h = ¢;(rh), forall r € Hy and h € H. Then (Mpy, ®p,, H;) is
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monoidal in such a way that the forgetful functor from Mg to g, My, turns into
a monoidal functor.

We call a coalgebra C in My a right H-module coalgebra. The next result
says that this notion is equivalent to the notion of weak H-module coalgebra, as
introduced in [2].

Proposition 5.1. If H is a weak k-bialgebra then C is a right H-module coalgebra if and
only if C has a right H-module structure and a coalgebra structure (C, Ac,ec) in yM
that are compatible in the following sense,

Ac(C . ]’l) =c1-h1 ®cp-hy, and (5.3)
ec(c-e(h)) =ec(c-h), YceC, heH. (54)

Proof. First let (C,A,e) be a coalgebra in Mpy. We have a well-defined map
Ac : C = C® C given by

A(C) = Cl'gs(lz) ®1 - C) = Cl'gs(lz) ®Cz-§t(11) = Cl'll X Cz-lz,

for all ¢ € C. Moreover, (C,Ac, ec := eg) is a k-coalgebra, a right H-module and
the conditions in the statement are satisfied.

Conversely, if (C, Ac,ec) is a k-coalgebra and a right H-module obeying (5.3)
and (5.4) then C becomes a right H-module coalgebra via the comultiplication

A CLC®C—>C®HSC and the counit ¢ : C — H; given by ¢(c) =
ec(c-1p)1y, forallc € C. n

The monoidal structure on the category M is defined in a similar manner.
In this case the key observation is the fact that H is an Hs-coring. Indeed, it is
well-known that

A: HA~H9H—Hoy H

together with € := s defines a coalgebra structure on H within the monoidal
category p,/Mpy,. This fact allows us to define a right corepresentation over a
weak bialgebra:

Definition 5.2. A right comodule over a weak k-bialgebra H consists in a right
comodule over the Hs-coring H. Otherwise stated, a right comodule over H is a
right Hy-module M together with a right H;-module map o™ : M — M @y, H
such that, via the canonical identifications in g, My, we have

(0™ @p, 1d)p™ = (Idy @5, A)p™ and (Idy @, &5)p™ = Idy.

A morphism f : M — N between two right comodules over H is a right
Hs-module map satisfying (f @y, Idy)p™ = pMf. The category of right comod-
ules over H and right H-comodule maps is denoted by M.

Although a right comodule M over H is not necessarily a left Hs-module,
one can easily see that M ®p, H is a left Hs-module by defining r - (m ®p_ h) =
m g, th, forallr € H;, m € M and h € H. Observe that this action is well-
defined because of the Hs-bimodule structure of H. Using this observation and
specializing [1, Proposition 1.1] for a weak bialgebra we obtain the following re-
sult.
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Proposition 5.3. Let H be a weak bialgebra and M a right comodule over H via the
structure morphism p : M — M @y, H, p™(m) := m) @y, m), for all m € M.
Then there is a unique left Hs-module structure on M making oM a left Hs-module mor-
phism. Namely, r - m = m gy - &5 (rm ), for allr € Hs and m € M.

Furthermore, with this additional structure,

(1) M becomes an Hg-bimodule;

(2) pM becomes an Hs-bimodule map;

(3) Im(pM) C {in QnYi E M@y, H | L7 xi ®p,yi = L% @p, &(r)Yi,
l 1 l V r e Hs};
(4) any morphism in MH becomes an Hg-bimodule map.

We are now able to describe the monoidal structure of MH, when H is a weak
k-bialgebra.

For X,Y € M¥ we have seen that X,Y are H;-bimodules, and so we can
define their tensor product as being X ®@p, Y, the tensor product in the monoidal
category of Hs-bimodules. If we endow X @y Y with the right H-coaction pX®#HsY
given by

X @Y 3 x®n,y — (X0) @H,Y(0)) @1, X1)Y (1) € (X @R, Y) ®p, H

then this coaction is well-defined and determines on X ®p, Y a right comod-
ule structure over H. Furthermore, in this way we have a monoidal category
(/\/lH, ®Hn,, Hs), where the unit object Hs is a right comodule over H via the triv-
ial coaction Hs > r — r ®p, 1 € Hs ® g, H. This monoidal structure is designed
in such a way that the forgetful functor from M to My, becomes a monoidal
functor.

An algebra in the monoidal category M will be called a right H-comodule
algebra. As the reader might expect, this notion is equivalent to the notion of
right weak comodule algebra over H, in the sense of [2]. The next result is the
(improved) right version of [6, Proposition 3.9].

Proposition 5.4. Let H be a weak k-bialgebra. Then to give a right H-comodule algebra
is equivalent to give a k-algebra A with unit 1 such that A is a right H-comodule in 4 M,
the comodule structure morphism p : A — A ® H is multiplicative and p(1) € A ® Hy.

Proof. We sketch the proof, leaving further detail to the reader.
If A is a right comodule algebra over H then H is a k-algebra with multiplica-
tion
ARA—> ARy A2 A

and unit 1, where (A,m4,1) stands for the algebra structure of A in MHP, In
addition, if A > a — BA (a) = ay ®n, ag1y € A®@p, H denotes the right coaction

of the Hy-coring H on A then A 3 a — p(a) :== aj - 11 ®ayy -1 € AQ His
well-defined and satisfies the requirements in the statement.

Conversely, let A be a k-algebra and A > a — p(a) = ag ®@any € A®H
a multiplicative map that endows A with a right H-comodule structure in ;M
such that p(1) € A ® H;. Then A is a right H;-module via a - r = e(apyr)ag),
tora € A and r € H;, and a right H-comodule via the structure morphism
AELI#—)BA(Q) =4 ®Hsa<1> €A®Hs H. ]
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Let H be a weak k-bialgebra, A a right H-comodule algebra H and C a right
H-module coalgebra. We call (H, A, C) a right Doi-Koppinen (DK for short) struc-
ture over H.

Proposition 5.5. If (H, A, C) is a right DK structure over a weak k-bialgebra H then
(A, C,p) withy : C®y, A - A®py, C defined by

Y(c®p, a) = ag p,c-apy, VacA ceC,

is a right entwining structure in g Mp,.

Proof. This follows after we specialize [9, Proposition 5.13] to a weak bialgebra.
m

It is immediate that the bifunctor ®p, defines a right g M p_ -category struc-
ture on Mp,. If we consider the associated category of entwined modules
My, () as in Definition 4.1 then by the comments made after the proof of [9,
Prop. 5.13], see also [6, Theorem 3.11 & Prop. 4.1], we obtain that My (¢)g is
isomorphic to the category of weak Doi-Hopf modules M (H) in the sense of [2]
and to the category of Doi-Koppinen modules over (H, A, C) in the sense of [6].

An alternative approach to Doi-Hopf modules over a weak bialgebra is the
following.

Proposition 5.6. Let H be a weak k-bialgebra and A a right H-comodule algebra. Then
My, the category of right A-modules in (M is a right M y-category via the functor
ot My x My — My defined as follows. If M € M 4 and X € My then Mo X :=
M ®p, X, where M is a right Hg-module via mxr = m - (1-r), forallm € M and
r € H, and where X inherits the left Hs-module of H, i.e., v - x = x - &(r), forallr € H,
and x € X. Mo X € M 4 with the right A-action, m € M, x € Xand a € A,

(m @p, x)-a=m-aq) S, x-aq),
where BA(a) = a9y @H, 4(1)- ¥ is defined by the right unit constraint r of Mp.
Furthermore, ?C isa cEzlgebra in My, that is, a right H-module coalgebra, then a
right comodule over C in M 4 is precisely a right Doi-Hopf module over H in the sense

of [6].

Proof. We only prove that ¢ is well-defined. To this end we compute

(m@pr-x)-a=mepx &) a=m-ag Qu,x- &(r)an
=m-(r-ag) ®n x-ag) =m-((1%-r)ag) ®n x-ay) =

(ﬂ’l >I<1’) 0) QH, X - a1y,

forallm € M, x € X and r € H;s. Note that we used in the fourth equality the
fact that the multiplication of A is Hs-balanced.
It follows now that M ¢ X is a right A-module and that for any f : M — M’ in
Myand g : X — X' in My the morphism f ¢ ¢ := f ®p, g isin M 4, as required.
Now let C be a coalgebra in Mp. Then a right comodule over C in M4 is a
k-vector space M equipped with the following structure:
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- M is a right A-module in ;M inheriting the right H;-module structure from
the right A-action, thatis, mxr =m- (1-r), forallr € Hsand m € M;

- C coacts on M to the right in the sense that there exists o™ : M — M @y, C
in My, such that the following relations hold, B

(BM ®Hs Idc)BM = (IdM ®Hs A)BM, (IdM ®Hs g)BM = IdM, and

p" (m - a) = m) - a) ©n. @) - aq),

for all m € M and a € A, where we denoted p™(m) = m) @p, m ), for all

m € M. But this is nothing else than a right (H, A, C) Hopf-module in the sense
of [6]. [ |

We will now show that particular examples of DK structures over a weak
bialgebra H can be constructed from YD structures over H, at least if H has an
antipode. This means that there is a k-linear map S : H — H such that

S(l’ll)]’lz = ES(I’[) , hls(hz) = Et(]’l) and S(hl)hzs(hg) = S(h),

tor allh € H. To this end we need the notions of bicomodule algebra and bimod-
ule coalgebra over a weak bialgebra. A left comodule algebra over a weak bialge-
bra H is an algebra in the monoidal category M of left H-corepresentations.
But this time we have to deal with ®p, rather than ®p,. Therefore we have
to move to the category of vector spaces in order to unify the left and right
version. Proceeding as in Proposition 5.4, we can show that giving a left H-
comodule algebra A is equivalent to giving a k-algebra with unit 1 and a left
H-comodule structure on A in M such that the comodule morphism struc-
ture A 5 a — Ag(a) = a_®ap € H® A is multiplicative and satisfies
Aa(l) € Hy ® A. Thus by an H-bicomodule algebra we mean a k-algebra A
with unit 1 which is an H-bicomodule via some morphisms A4 : A - H® A
and p4 : A — A ® H that are multiplicative and such that A4 (1) € H; ® A and
0A (1) EAR® Ht.

Likewise, by an H-bimodule coalgebra C we mean a k-coalgebra C that is an
H-bimodule, and for which A is an H-bilinear morphism and the counit satisfies
e(h-c) =¢(es(h)-c)ande(c-h) =e(c-e(h)), forallc € Cand h € H.

If H is a weak bialgebra, A an H-bicomodule algebra and C an H-bimodule
coalgebra then we call the triple (H, A, C) a right weak YD structure over H.

Proposition 5.7. Let H be a weak Hopf algebra and (H, A, C) a right weak YD structure
over H. Then A with A > a — p(a) := a() @ (S(a_y)) ®a@)) € A® (HP @ H) is
a right weak HP ® H-comodule algebra and C with the action given by ¢ - (W @ h) =
W .-c-h, forall c € Cand h,h' € H, is a right weak H°® ® H-module coalgebra.
Consequently, a right weak (H, A, C) YD structure defines a right weak DK structure
(H°? @ H, A, C), and therefore a right DK structure (H? @ H, A, C).

Proof. Itis well-known that the antipode of a weak Hopf algebra is an anti-algebra
and an anti-coalgebra endomorphism of H. From here it is immediate that p
defines a right H°P ® H-comodule structure on A, and that p is multiplicative.
Since S(Hs) C Hy, (H°? ® H); = H; ® Hy and

p(1) = 1<0>[0] ® (S(1<O>[_1]) ® 1<1>) = 1[0]<o> ® (S(l[—l}) ® 1[0](1>)’
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it follows that p(1) € (H°? ® H);. Hence A is a right weak H°P ® H-comodule
algebra.

It is easy to verify that C is a right H°P ® H-module, and that A is right HP ®
H-linear. We have also that ¢; of H°P ® H is & ® ¢€;, and since

e(c- (&(h)@er(h)) = e(@(h') - c-e(h)) =
e(es(&(W))-c-h)=¢H -c-h)=¢(c- (K -h)),

we conclude that C is a right weak H°P ® H-module coalgebra. m

Definition 5.8. Let H be a weak Hopf algebra and (H, A,C) a right weak YD
structure over H. The category of entwined modules corresponding to the right
weak DK structure (HP ® H, A, C) will be denoted by YD(H)§ and called the
category of right (A, C)-Yetter-Drinfeld modules over H.

For the sake of simplicity, we will describe the weak version of YD (H )g, see
the comments made after the proof of Proposition 5.4. A right weak (A, C)-Yetter-
Drinfeld module over H is a k-vector space M that is at the same time a right
A-module and a right C-comodule such that

(m-a){o} & (ma){l} = Mo} - 4(0) ®S(a(_1)) UYL VmeM,acA, (5.5)
where M 5 m — mygy ® myy € M ® Cis the right coaction of C on M.

Proposition 5.9. For a vector space M that is at the same time a right A-module and a
right C-comodule, (5.5) is equivalent to the following two relations:

(m . a[o}){o} ® a[_l] : (m : a[o}){l} = TTZ{O} : a<0> & Tﬂ{l} : LZ<1> , VmeM , ac A,'(5.6)
Moy @ mryy = Moy - 1<0> ®@myqy - 1<1> , Vme M. (5.7)
Proof. In the definition of a weak left H-comodule algebra A the condition A4 (1) €

H; ® A is equivalent to (Idg ® A4)Aa(1) = 11 ® 1312 ® 1g) and to (Idy ®
/\A))\A(l) =11® 121[_1] & 1[0]. We then have

apo) @ s(aj_q)) = ap) @ e(ap_qy12)1y = apg 1) @ e(a_q 11—y 12) Ty
=l @@y l-a)l-2 = (@) @ el(@lo)(-y)1[-1) = alpo) ® 1),
foralla € A. In a similar way, ag ® &(a_1)) = 1jga ® 1|_y}, foralla € A.
Now assume that (5.5) holds. Using the identity S o & = ¢;, we compute that
(5.5)
(m - o)) oy @ gy - (m - ajo)) 1y = 1m0} - 4(0) ® a(—2)S(a(—1)) - My - aqa)
Mo} Aoy @ &tla)) My -aq1) = mgy g0y @ S(E(a))) - My - aq)
=m0y - L(0)a) © S(L(—1)) - mypy - Lyagy = myoy - gy @ myay - agy,

forallm € Mand a € A, as desired. With the help of this equality and of the fact
that A4 (1) € Hs ® A we deduce that

Mgy @ mypy = (m- 1)y ® (m- 1)y
(55)
=" myoy - L), @ S(L_y)) - g1y - 1),
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(m - 1po)) o3 ® S(1—g)) 11y - (- 1)) 1
= (m-1g) 0y ®es(L_q)) - (m - L))y
= (m- 1oy @ 1=y - (m - L)) 1y =m0y - Lo) @ myay -1y,

and this finishes the proof of the direct implication. The converse can be proved
as follows:

mioy - ao) @ S(a(-1)) - mpy-aqy = (m-ap)) oy @ S(aj_g))a_q) - (m - ag)) (1
(m - agg)) oy @ es(aj_qy) - (m - apg) 1y = (m - aljg)) oy © 1j—q) - (m - alyg)) (ny
= (m-a)gy -1y ® (m-a)y -1y = (m-a)goy ® (m-a)y. m

Remark 5.10. Theorem 4.6 was our source of inspiration for the definition of Yetter-
Drinfeld modules over a weak Hopf algebra. Moving backwards, by Proposi-
tion 5.9 it makes sense to define weak right Yetter-Drinfeld modules over a weak
bialgebra: all we have to do is to replace (5.5) with (5.6) and (5.7). If we do this
then in the case when H is a weak Hopf algebra we can identify the category
of right weak Yetter-Drinfeld modules with a category of weak right Doi-Hopf
modules. This identification can be regarded as the weak Hopf algebra version
of Theorem 4.6 and at the same time as a generalization of [16, Corollary 3.3].
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