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Abstract

In this paper, we prove that if the positive part u ™ (x) of a harmonic func-
tion u(x) in the upper half space satisfies a fast growing condition, then its
negative part u~ (x) can also be dominated by a similar growing condition.
Meanwhile, u(x) can be represented in terms of the modified Poisson inte-
gral and a harmonic function vanishing on the boundary.

1 Introduction and Results

Let R"(n > 3) denote the n-dimensional Euclidean space with points x = (x/, x;),
where x’ = (x1,%, -+ ,x,_1) € R" ! and x, € R. The boundary and closure of
an open set D of R" are denoted by 9D and D respectively. The upper half space
is the set H = {(x/,x,) € R" : x, > 0}, whose boundary is 0H. We identify
R" with R"~! x R and R"~! with R"~! x {0}, writing typical points x, ¥ € R" as
x=(x',x0), y =, yn), wherey’ = (y1,y2,- -+ ,yn_1) € R""! and putting

n
xoy=Y xy =%y + %y, x| = VXX |¥|=VH A

j=1

For r > 0, let B(r) denote the open ball with center at the origin and radius r
in R". We use the standard notations ™ = max{u,0}, v~ = — min{u, 0} and [d]
is the integer part of the positive real number d. In the sense of Lebesgue measure
dx' = dxy---dx,_1 and dx = dx'dx,. Let ¢ denote (n — 1)-dimensional surface
area measure and d/9dn denote differentiation along the inward normal into H.
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The classical Poisson kernel for H is defined by

2xy

Poy’) = wp|x —y'["

where w, = 2712 /T (1/2) is the area of the unit sphere in R”. It has the expansion

© oy lxlk n /x-y
iy = 5 2 (10,

= waly'| K |x[|y']

where C]’:/ 2(t) is a Gegenbauer polynomial([7]). The series converges for
|y'| > |x|. Each term in the series is a harmonic function of x and vanishes on
oH.

To obtain the integral representations of harmonic functions on H, as in [3, 5,
8], we use the following modified Poisson kernel defined by

P(x,y") when |y/| <1,
Pm(x/y/) = N vm—1 2xa|x* A3 [ xy /
Ply) =TI iy (pifr)  whenly/| >1
for a nonnegative integer . The new kernel Py, (x, y') will be of order |y/|~ (™)
as |[y/| — oo.
Put

Un(x) = | P,y vy

where u(y’) is a continuous function on dH.
For any nonnegative real number §, we denote by Ag the space of all measur-
able functions f(y) on H satisfying

yalf(y)|dy
/H 1+ |y|n+/3+2 <

and By the set of all measurable functions g(y') on 0H such that

/ gW)ldy"
o 1+ [y ["TF "

We also denote by Cg the set of all continuous functions u(x) on H, harmonic on
H with u™(y) € Agand u™(y') € Bg.
We say that u is of order A if

. log (supHmB(r) |u|>
A = limsup .
r—00 logr

If A < oo, then u is said to be of finite order (see Hayman-Kennedy [4, Defini-
tion 4.1]).

In case A < oo, about the solution of the Dirichlet problem with continuous
data in H, we refer readers to the following two results.
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Theorem A.(see [1, 6]) If u(x) < Oand u € Cﬁ, then there exists a constant
¢ < Osuch that u(x) = cx, + [, P(x,y")u(y’)dy forall x € H.

Using the modified Poisson kernel Py (x,y’), Siegel-Talvila (cf. [5, Corollary
2.1]) proved

Theorem B. If u is a continuous function on 0H satisfying [, u(y)]
(1+|y'|) " ™dy’ < oo, then Uy, (x) is a classical solution of the Dirichlet prob-
lem on H with u.

Motivated by above results, we consider the integral representations for har-
monics of infinite order. To do this, we define a nondecreasing and continuously
differentiable function p(R) > 1 on the interval [0, +00). We assume further that

/
gop = limsup P'(R)Rlog R

msu o(R) <1 (1.1)

Remark. For any € (0 < € < 1 — ), there exists a sufficiently large positive
number R such that r > R, by (1.1) we have

p(r) < p(e)(Inr)Te.

For any positive real number «, we denote by (LU), the space of all measur-
able functions f(y) on H satisfying

/ yn|f(]/)’dy < o0 (1.2)
H

14+ ’y|p(\y|)+n+zx+1

and (LV), the set of all measurable functions ¢(y’) on dH such that

/a WOy _ (13)

H1+ ’y/|p(\y’\)+n+tx—1

We also denote by (CH), the set of all continuous functions u#(y) on H, harmonic
on H with ut(y) € (LU)y and u™ (y') € (LV),.
Now we have

Theorem. If u € (CH), , then the following properties hold:

D u € (LV),.

(I) The integral Uj,(|,/|)+4)(x) is absolutely convergent. It represents a har-
monic function on H and can be continuously extended to H such that
U[p(‘y/‘)ﬂ} (Zl) = M(Z/) for any z' e J0H;

(IIT) There exists a harmonic function % (x) which vanishes on dH such that
u(x) =h(x) + U[p(‘yq)w](x) for all x € H.
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2 Lemmas
Lemma 1.(see [5]) There exists a positive constant M such that
[P (x, )| < M |x|™|y'| 7"
for x € H and iy’ € H satisfying |y'| > max{1,2|x|}.
The following Lemma (see [9, Lemma 1]) generalizes the Carleman’s formula

(referring to the holomorphic functions in the half space) to the harmonic func-
tions in H, which is essentially due to T. Carleman (see [2]).

Lemma 2. If R > 1 and u(y) is a harmonic function on H with continuous
boundary on 0H, then we have

11
_(R / () (—— — =)\dy'

m-(R)+ (yeara<lyl <R} (y)(!y’l” R
1 1 C2

- R / T d - ’
e+ (R) + {y’eaH:1<|y/|<R}u (y)(|y’|” R”) YT Re

where

_ nYn
m(R) = /{]/GH:Iy—R} v ) R”Hda(y)’
= (= at) + "5 Yo,

{yeH:|y|=1}
au(y)>
= — R —— d .

= (yeH:|y|=1} <ynu(y) I on o(y)

3 Proof of Theorem

Since u € (CH),, we obtain by (1.2)

" mi(R) g n/{ itly) (3.1)

X < 09,
1 Re(R)+a CH: lyl>1 p(|x])+n+a+1
yeH: y[>1} |y

where m (R) is defined in Lemma 2.
We have by (1.3)

1 1
() dy'dR
/ Re(R /{y eaH1<|y|<R}u \ )(’y/’n Rn) /

%) 1 1
= ' (y / dRdy/
{y'€oH:|y'|>1} (y ) /| Rp( +a ( |y |n Rn) y

n ut (y') :
=01 ey Jy oot <2 52
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From (3.1), (3.2) and Lemma 2, we see that

1 o , 1 1 ,
Re(R)+a/2 dy' dR
Re(R)+a/2 /{y’eaH:1<y’<R} (Y ly'|" R”) Y

—on [T 1 1 1
- dRdy’
{y’eaH:\y’|21}u (y )/y| Re(R )—HX/Z(’y/’n Rn) y

®© 1
S/l Rp(R)+zx/2m ( dR / Re(R +zx/2( 1+Rn)dR

1 o1 1 ,)
Y — —)dy" |dR < co.
Re(R)+a/2 (/{y’eaH:1<|y’|<R}u W )(!y’!” R”) y ~
Set . . .
_ o(ly'|)+n+a—1 b
I(a) = |y11$oo!}/| /|, RP(R)+IX/2(|y’|" o JAR.

By the L'hospital’s rule and Remark, we have

which yields that there exists 1 > 0 such that

© 1 11 €1
— |dR >
/|y’ Re(R)+a/2 (!y | R”) = |y [Py D+nta—t

for any |y/| > 1.
Thus

— (4]
8 / u (]/ ) dxl
{y'early|>1} |y [o(y' DHnta—]

R 1 1
< ~(/ / ( )de < oo,
‘Ay/e%ﬂyf@l}u v) | Re(R)+a/2\ Jy/[r — R# S

Then (1) is proved from |u| = u™ +u~.
To prove (II). For any k > kg = [2R] + 1, there exists a positive constant M(R)
dependent only on R such that

k—zx/Z(zR)p(k+1)+zx+1 < M(R) (3.3)

from Remark.
For any x € H and |x| < R, we have by (1.3), Lemma 1 and (3.3)

- lo(ly'|)+a]+1
/ (2|)/C|[)(| Mraltn u(y')|dy’
k=kg /Y EOH:k<]y'|<k+1} |y’ |le(y
0o (ZR)p(k+1)+Dc+1 / 2|u(y/)| dy/
= ke/2 {y'comk<|y/|<k+1} 1+ |y |PUy'D)+a/2+(n-1)
/
< 2M(R) u(y")| 4y < oo

{ycan:ly'|>kg} 1+ |y’ |y D+a/2+(n-1)
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So U[y(|y|)+a) (%) is absolutely convergent. Now we shall prove the boundary

behavior of Uj,(|,/|)44)(x). For fixed z’ € 9H, we choose a number t > |z[ + 1 and
write

Uy (y/)+a] (X) = X(x) = Y(x) + Z(x),
where

X — P(x, v Ndy'
(= [ sy P 1 ey

[o(y'|+a)] -1 2y ’x’k 1 0 /)
Y(x) = ”7/ C2 < Yy )u "d /,
= L T Jyenayien e sl ) OO

/

20 = [ sy D) (o9 (4 )y

Note that X(x) is the Poisson integral of u(y’) xp(;) (y'), where xp;) is the char-
acteristic function of B(t). So it tends to u(z') as x — z’. Clearly, Y(x) vanishes
on 0H. Further, Z(x) = O(x;,), which tends to zero as x — z’. Thus the function
Ulo(ly/|)+a) (*) can be continuously extended to H such that Ujy(|()1q](2') = u(z')
for any z’ € 0H. (II) is proved.

To prove (III). Consider the function u(x) — Ujy(jy/|)44)(x). Then it follows
that this is harmonic on H, vanishes on dH and can be continuously extended
to H. Applying Schwarz Reflection Principle ([1, p.68]) to u(x) — Upp(ly')+a) (%),
we obtain that there exists a harmonic function /(x) on H such that h(x*) =
—h(x) = —(u(x) — Ujp(y|)+a(x)) for x € H, where * denotes reflection in 9H
just as x* = (x', —x,). Thus u(x) = h(x) + Upy()y|)4a)(x) for all x € H, where
h(x) is a harmonic function on H and vanishes continuously on 0 H. We complete
the proof of Theorem.
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