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Abstract

We study properties of the differences of weighted composition opera-
tors on the disk algebra and will see the equivalence of the compactness, the
weak compactness and the complete continuity of them. Moreover, we char-
acterize the differences of weighted composition operators acting from the
space of bounded analytic functions to the disk algebra.

1 Introduction

Let D be the open unit disk in the complex plane and D its closure. Let A = A(D)
be the disk algebra of all continuous functions on D that are analytic on D. Then
A is the Banach algebra with the supremum norm

‖ f‖∞ = sup{| f (z)|; z ∈ D}.

And denote by H∞ = H∞(D) the set of all bounded analytic functions on D. The
norm of H∞ also is defined by the supremum norm on D.

The object of the study here is the operators induced by multiplying an an-
alytic function and by the composition with an analytic self-map of D. More
precisely, for analytic functions u, ϕ ∈ A with ‖ϕ‖∞ ≤ 1, we define a weighted
composition operator uCϕ on A by

uCϕ f = u·( f ◦ ϕ) for f ∈ A.

The author is partially supported by Grant-in-Aid for Scientific Research (No.20540185),
Japan Society for the Promotion of Science.

Received by the editors September 2008.
Communicated by F. Bastin.
2000 Mathematics Subject Classification : Primary 47B38, 47B33.
Key words and phrases : weighted composition operator, disk algebra, Banach algebra of

bounded analytic functions.

Bull. Belg. Math. Soc. Simon Stevin 17 (2010), 101–107



102 S. Ohno

It is clear that uCϕ is linear and bounded on A.

Multiplication and composition operators have been investigated on various
function spaces by researchers. See [2], [7], and [8]. In [6], MacCluer, Zhao
and the author gave an attention to the differences of composition operators
on H∞. And Hosokawa, Izuchi and the author [5] have continued the study
of properties of the differences to the case of the weighted composition opera-
tors on H∞. They gave the necessary and sufficient conditions for a difference of
two weighted composition operators to be compact on H∞ and simultaneously
showed that conditions of compactness, weak compactness, and complete conti-
nuity are equivalent for a difference of operators. In this paper we consider the
case of the disk algebra. To characterize the compactness, the case of the disk
algebra is different from the case H∞. Indeed we can not use the “weak con-
vergence theorem” (for example, Proposition 3.11 of [2]) in the case of the disk
algebra. In section 2 we show the equivalence of the compactness, the weak com-
pactness and the complete continuity in the case of the disk algebra. Moreover,
in section 3, we characterize the differences of weighted composition operators
acting from the space of bounded analytic functions to the disk algebra.

2 Compact differences of weighted composition operators

In this section, we shall give necessary and sufficient conditions for a difference
of two weighted composition operators to be compact on A and simultaneously
show that conditions of compactness, weak compactness, and complete continu-
ity are equivalent.

Let T be a bounded linear operator on a Banach space. Recall that T is said
to be (weakly) compact if T maps every bounded set into relatively (weakly) com-
pact one, and that T is said to be completely continuous if T maps every weakly
convergent sequence into norm convergent one. In general, every compact op-
erator is completely continuous. But the converse is not always true. A Banach
space X is said to have the Dunford-Pettis property if every weakly compact oper-
ator on X becomes completely continuous. See [3] for more information on the
Dunford-Pettis property.

Our results involve the pseudo-hyperbolic metric. For z, w ∈ D, the pseudo-
hyperbolic distance between z and w is given by

ρ(z, w) =

∣

∣

∣

∣

z − w

1 − zw

∣

∣

∣

∣

.

For ϕ ∈ A with ‖ϕ‖∞ ≤ 1, let Γϕ = {ζ ∈ ∂D : |ϕ(ζ)| = 1}. Our main result in
this section is the following.
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Theorem 1. Let u, v ∈ A and ϕ, ψ ∈ A with ‖ϕ‖∞ ≤ 1, ‖ψ‖∞ ≤ 1. Then the
following conditions are equivalent:

(i) uCϕ − vCψ is compact on A.

(ii) uCϕ − vCψ is weakly compact on A.

(iii) uCϕ − vCψ is completely continuous on A.

(iv) The following three conditions hold.

(a) If ζ ∈ Γϕ and lim
z→ζ

ρ(ϕ(z), ψ(z)) 6= 0, then u(ζ) = 0.

(b) If ζ ∈ Γψ and lim
z→ζ

ρ(ϕ(z), ψ(z)) 6= 0, then v(ζ) = 0.

(c) If ζ ∈ Γϕ ∩ Γψ, then u(ζ) = v(ζ).

Proof. The implication (i)⇒(ii) is clear. Since Chaumat [1] showed that A has the
Dunford-Pettis property, the implication (ii)⇒(iii) is also clear.

Suppose that (iii) holds. We shall prove (iv). To prove (a), we can find out a
sequence {zn} in D satisfying the following properties: as n → ∞,

(1) zn → ζ ∈ Γϕ.

(2) ϕ(zn) → ϕ(ζ).

(3) ϕ(ζ)
ϕ(zn)− ϕ(ζ)

1 − ϕ(zn)ϕ(ζ)
→ λ for some constant λ with modulus one.

(4)
ϕ(zn)− ψ(zn)

1 − ϕ(zn)ψ(zn)
−→ σ 6= 0.

Then define the functions { fn(z)} on D by

fn(z) =

(

ϕ(ζ)
ϕ(zn)− z

1 − ϕ(zn)z
− 1

)(

ϕ(ζ)
ϕ(zn)− z

1 − ϕ(zn)z
− λ

)

×

(

ϕ(zn)− z

1 − ϕ(zn)z
− σ

)

.

Obviously fn ∈ A and ‖ fn‖∞ ≤ 8.
We can easily check that fn(z) → 0 for z ∈ D as n → ∞. So, by [4: Exercise

IV.13.37], fn converges weakly to 0 in A.
Thus we have

‖(uCϕ − vCψ) fn‖∞ ≥ |(uCϕ − vCψ) fn(zn)|

= |u(zn)λσ − v(zn) fn(ψ(zn))|.

Since Cϕ − Cψ is completely continuous on A and fn(ψ(zn)) → 0 as n → ∞, then
u(zn) → 0 = u(ζ). We obtain the condition (a).

A similar argument follows that the condition (b) holds.
Next suppose ζ ∈ Γϕ ∩ Γψ. We can find out a sequence {wn} in D satisfying

the following properties: as n → ∞,
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(5) wn → ζ.

(6) ϕ(wn) → ϕ(ζ).

(7) ϕ(ζ)
ϕ(wn)− ϕ(ζ)

1 − ϕ(wn)p(ζ)
→ λ for some constant λ with modulus one.

By the conditions (a) and (b), it is sufficient to consider only the case that
ρ(ϕ(wn), ψ(wn)) → 0 as wn → ζ. For the above sequence {wn}, define the func-
tions

fn(z) =

(

ϕ(ζ)
ϕ(wn)− z

1 − ϕ(wn)z
− 1

)(

ϕ(ζ)
ϕ(wn)− z

1 − ϕ(wn)z
− λ

)

.

Then fn ∈ A and ‖ fn‖∞ ≤ 4. And we also can obtain that fn(z) → 0 for each
z ∈ D and so fn converges weakly to 0 in A. Since uCϕ − vCψ is completely
continuous on A, then ‖(uCϕ − vCψ) fn‖∞ → 0 as n → ∞.

On the other hand,

‖(uCϕ − vCψ) fn‖∞

≥ |u(wn) fn(ϕ(wn))− v(wn) fn(ψ(wn))|

≥ |u(wn)− v(wn)||λ| − 2‖v‖∞‖ fn‖∞ρ(ϕ(wn), ψ(wn)).

Thus if n → ∞, we obtain u(wn)− v(wn) → 0, that is, the condition (c).
Next we show the implication (iv)⇒(i) holds. Let fn ∈ A and ‖ fn‖∞ = 1. By

the normal family argument, there exist a subsequence { fnk
} of { fn} and a func-

tion g analytic on D such that fnk
converges to g uniformly on compact subsets

of D. Here we have

sup
z∈D

|g(z)| ≤ 1.

Now define a function G on D by setting

G(z) =



















−v(z)Cψg(z) z ∈ Γϕ \ Γψ

u(z)Cϕ g(z) z ∈ Γψ \ Γϕ

0 z ∈ Γϕ ∩ Γψ

(uCϕ − vCψ)g(z) otherwise.

We first show that G is continuous on D. Indeed G is continuous on D \ Γϕ ∪ Γψ.

For ζ ∈ Γϕ ∩ Γψ, let {zn} be a sequence in D converging to ζ such that
|ϕ(zn)| → 1, |ψ(zn)| → 1. Then we have

|(uCϕ − vCψ)G(zn)|

≤ |u(zn)− v(zn)|‖G‖∞ + 2‖v‖∞‖G‖∞ρ(ϕ(zn), ψ(zn)).

So, if ρ(ϕ(zn), ψ(zn)) → 0, then we obtain limzn→ζ(uCϕ − vCψ)G(zn) = 0 = G(ζ).
If ρ(ϕ(zn), ψ(zn)) 6→ 0, by the conditions (a) and (b), u(ζ) = v(ζ) = 0. Thus

we also have limzn→ζ(uCϕ − vCψ)G(zn) = 0 = G(ζ).
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For ζ ∈ Γϕ \ Γψ, let {zn} be a sequence in D converging to ζ such that
|ϕ(zn)| → 1, |ψ(zn)| 6→ 1. So ρ(ϕ(zn), ψ(zn)) 6→ 0. Then we have

|(uCϕ − vCψ)G(zn) + v(ζ)Cψ g(ζ)|

≤ |u(zn)|‖G‖∞ + |v(zn)CψG(zn)− v(ζ)Cψ g(ζ)|.

So by (a), we obtain limzn→ζ(uCϕ − vCψ)G(zn) = −v(ζ)Cψ g(ζ).
For ζ ∈ Γψ \ Γϕ, we can prove the continuity of G by the similar way as the

above. After all, G is continuous on D and so G ∈ A.

To show that (uCϕ − vCψ) fn converges uniformly to G on D, we may assume
that for some ε > 0, ‖(uCϕ − vCψ) fn − G‖∞ > ε > 0 for every n. Then there exists
a sequence {zn}n in D such that

(8) |u(zn) fn(ϕ(zn))− v(zn) fn(ψ(zn))− G(zn)| > ε for every n.

This implies that max{|ϕ(zn)|, |ψ(zn)|} → 1 as n → ∞. Here we may assume
that |ϕ(zn)| → 1 and ψ(zn) → w0 for some complex number w0. Moreover we
may assume that

ρ(ϕ(zn), ψ(zn)) → r as n → ∞.

Suppose that r > 0. If |w0| = 1, by (a) and (b) we have u(zn) → 0 and v(zn) → 0.
On the other hand, G(zn) → 0 as n → ∞ by the definition of G. This contradicts
(8). If |w0| < 1, by (a) we have u(zn) → 0 and v(zn) fn(ψ(zn)) → v(ζ)g(ψ(ζ)) as
n → ∞. So −v(zn) fn(ψ(zn)) − G(zn) → 0. Also this contradicts (8). Hence we
obtain r = 0. Then we have |ψ(zn)| → 1 as n → ∞ and

|u(zn) fn(ϕ(zn))− v(zn) fn(ψ(zn))− G(zn)|

≤ |u(zn)− v(zn)|‖ fn‖∞ + 2‖v‖∞ρ(ϕ(zn), ψ(zn)) + |G(zn)|.

This shows that u(zn) fn(ϕ(zn)) − v(zn) fn(ψ(zn)) − G(zn) → 0. This fact also
contradicts (8). Thus we get the implication (iv)⇒(i).

We here give an example that both weighted composition operators are not
compact but their difference is compact on A. Indeed we can present the same
example functions as in [5]. That is, let σ(z) = (1 + z)/(1 − z) and ϕ(z) =

(σ(z)1/2 − 1)/(σ(z)1/2 + 1) be a lens map. And let ψ(z) = 1 −
√

2(1 − z). Then
ϕ(±1) = ±1 and ψ(±1) = ±1. Then

lim inf
z→−1

ρ(ϕ(z), ψ(z)) = 1.

On the other hand,

lim inf
z→1

ρ(ϕ(z), ψ(z)) = 0.

We take functions u, v in the disk algebra, u 6= v such that u(1) = v(1) = 1 and
u(−1) = v(−1) = 0. Then neither uCϕ nor vCψ is compact, but by Theorem 1
uCϕ − vCψ is compact on A.
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3 Weighted composition operators from H∞ to A

Suppose T : H∞ → A is a bounded operator. Then it is known that T is weakly
compact and so complete continuous. So in this section we discuss when
uCϕ − vCψ : H∞ → A is bounded.

Theorem 2. Let u, v ∈ A and ϕ, ψ ∈ A with ‖ϕ‖∞ ≤ 1, ‖ψ‖∞ ≤ 1. Then the following
conditions are equivalent:

(i) uCϕ − vCψ : H∞ → A is bounded.

(ii) The following three conditions hold.

(a) If ζ ∈ Γϕ and lim
z→ζ

ρ(ϕ(z), ψ(z)) 6= 0, then u(ζ) = 0.

(b) If ζ ∈ Γψ and lim
z→ζ

ρ(ϕ(z), ψ(z)) 6= 0, then v(ζ) = 0.

(c) If ζ ∈ Γϕ ∩ Γψ, then u(ζ) = v(ζ).

Proof. Suppose that uCϕ − vCψ : H∞ → A is bounded. For ζ ∈ Γϕ \ Γψ, |ϕ(ζ)| = 1
and |ψ(ζ)| < 1. So, for f ∈ H∞, vCψ f is continuous at ζ and so is uCϕ f . As

|ϕ(ζ)| = 1, we can a sequence {zn} in D such that zn → ζ, ϕ(zn) ∈ D and
|ϕ(zn)| → 1. Further we may assume that this sequence is an interpolating se-
quence. Taking an interpolating Blaschke product B with zeros {zn}, B has an
essential singularity at ϕ(ζ). Thus u(ζ) = 0 because uCϕB is continuous at ζ.

For ζ ∈ Γψ \ Γϕ, the similar argument implies that v(ζ) = 0.
For ζ ∈ Γϕ ∩ Γψ, firstly assume that limz→ζ ρ(ϕ(z), ψ(z)) = 0. Then, noting

ϕ(ζ) = ψ(ζ) in this case, for f ∈ H∞, we have

|(uCϕ − vCψ) f (z) − (uCϕ − vCψ) f (ζ)|

≥ |(u(z) − v(z)) f (ϕ(z)) − (u(ζ) − v(ζ)) f (ϕ(ζ))|

− |v(z)|| f (ϕ(z)) − f (ψ(z))| − |v(ζ)|| f (ϕ(ζ)) − f (ψ(ζ))|

≥ |(u(z) − v(z)) f (ϕ(z)) − (u(ζ) − v(ζ)) f (ϕ(ζ))|

− 2‖v‖∞‖ f‖∞ρ(ϕ(z), ψ(z)).

So

lim
z→ζ

(u(z) − v(z)) f (ϕ(z)) = (u(ζ) − v(ζ)) f (ϕ(ζ)).

Here we can take any function f which is not continuous at ϕ(ζ), so we have
u(ζ) − v(ζ) = 0.

Next assume that limz→ζ ρ(ϕ(z), ψ(z)) 6= 0. Then we have an interpolating
sequence {ϕ(zn)} ∪ {ψ(zn)} and take an interpolating Blaschke product B with
zeros {ϕ(zn)} ∪ {ψ(zn)}. It needs u(ζ) = v(ζ) = 0 for (uCϕ − vCψ)B to be con-
tinuous at ϕ(ζ).

Consequently we summarize these results to the condition (ii).
The converse implication is clear.
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We notice the boundedness of uCϕ − vCψ : H∞ → A is equivalent to the com-
pactness of uCϕ − vCψ : A → A. Moreover we can easily obtain the following.

Theorem 3. Let u, v ∈ A and ϕ, ψ ∈ A with ‖ϕ‖∞ ≤ 1, ‖ψ‖∞ ≤ 1. Then the following
conditions are equivalent.

(i) uCϕ − vCψ : H∞ → A is bounded.

(ii) uCϕ − vCψ : H∞ → A is compact.

(iii) uCϕ − vCψ : H∞ → A is weakly compact.

(iv) uCϕ − vCψ : H∞ → A is completely continuous.

(v) uCϕ − vCψ : A → A is compact.

We can prove the implication (iv)⇒(v) by the same method as in the proof of
Theorem 2.2 of [5] and the implication (v)⇒(i) by the same way as in the proof of
Theorem 2 above.
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