Weighted integral representations of entire
functions of several complex variables

Arman H. Karapetyan

Abstract
In the paper we consider the spaces of entire functions f(z),z € C", sat-

isfying the condition

/ (/ |f(z+ iy)]pdx) ]y\o‘e_"‘mpdy < 4o00.
n Rn

For these classes the following integral representation is obtained:
f(z) = fu+iv)®(z,u + )| " dudv, zeC™,
Cn

where the reproducing kernel ®(z,u + iv) is written in an explicit form as a
Fourier type integral. Also, an estimate for ® is obtained.

Introduction

0.1. It is well known that the Hardy class H?(Rez > 0) is defined as the set of all
holomorphic functions f(z), Rez > 0, satisfying the condition

sup </+OO |f(x+ iy)|2dy> < 400. (0.1)

x>0 —0o0

The following result was established by R. Paley and N. Wiener [1]:
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Theorem 0.1. The class H*(Rez > 0) admits an integral representation of the
form

“+oo
flz) = /0 F(t)e*dt, Rez >0, (0.2)
where F(t) € L?(0; +00).

Theorem 0.1 initiated numerous investigations, where this classical result was
generalized in various directions.

M.M. Djrbashian and A.E. Avetisian [2] (see also [3, Chapter 7]) introduced
Hardy type weighted classes in arbitrary angular domains and established Paley-
Wiener type integral representations for these classes by means of Mittag-Leffler
type kernels

9] Zk
Bl I;) D(n+k/p)
S. Bochner [4](see also [5]) established an analogue of Theorem 0.1 for multidi-
mensional Hardy classes H? over radial tube domains in C™. Later on S.G. Gindikin
[6] extended Bochner’s result in the case of Siegel domains of type two, which are
much more general than radial tube domains. Moreover, in [6, §5] a somewhat
different problem was set and solved: to obtain Paley-Wiener type integral repre-
sentations for classes of functions holomorphic in Siegel domains of type two and
belonging to L? over the whole domain. On the basis of these integral representa-
tions reproducing kernels for the classes were constructed in an explicit form.
In order to give a brief survey of works where S.G. Gindikin’s investigation was
continued and developed, we need some notations.

(0.3)

0.2. For arbitrary z = (21,...,2,) € C" and w = (wy, ..., w,) € C™ set
< z,w>= Z 2, Wk - (0.4)
k=1

Suppose that B C R" is a domain and y(y) > 0,y € B, is an arbitrary continuous
function. We put

V() = [ ey, te R (0.5)

Further, for p,s € (0; +00) we denote by H?_ (Tg) the set of all functions f(z2) =
f(z + iy) holomorphic in the tube domain

Tp={z=a2+iyeC":x€ R"ye€ B} (0.6)

and satisfying the condition

= [ ([ 1+ iglrde) )y < +x. 0.7

Note that for s = 1 the space HE (Tp) = Hf,(Tz) consists of those functions
holomorphic in T, which belong to LP{Tp;v(y)dzdy}. Besides, when B = R", i.e.
Tp = C™, the corresponding spaces are denoted by H?_(C™).
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The following theorem is valid:
Theorem 0.2.

1. Assume that 2 < p < 400,1/p+1/¢ = 1,0 < s < +00 and a measurable
function F'(t),t € R", satisfies the condition

L] |F(t)|qe—q<y’f>dt)8(p_l) A(y)dy < +oo. (0.8)

Then the function

1 )
f(Z) = W \/};n F(t)el<z7t>dt, A TB, (09>
belongs to the space HY (Tg) and

1

s(p—1)
GEE /. ( / n|F(t)|qe‘q<y’t>dt) Y(y)dy < +o0.  (0.10)

ME(f) <

2. Assume that 1 < p <2 and 0 < s < 400. Then each function f € Hg’ﬁ(TB)
admits an integral representation of the form (0.9), where:

—ifp=1, F(t),t € R™, is continuous and satisfies the condition

sup (PR (60} = 7220 < oo 0.1)

—if 1 < p <2, F(t),t € R", is measurable and satisfies the condition
s(p—1) MP
L ipape )™ ygay < 2P0 oo 1jg=1)
B n (277-)28(2 p)
(0.12)
Also, for a.e. y € B we have
f,(t) = F(t)e™<%*>  te R", (0.13)
where fy is the Fourier transform of
fy(x) = f(x +1iy), xe€R"

3. For p=2and 0 < s < o0 the formula (0.9) gives an integral representation
of the whole class H? (Tg), i.e. H? (T) coincides with the set of all functions f(z)
representable in the form (0.9) with a measurable function F'(t),t € R", satisfying
the condition

/B (/n |F(t)|2e—2<y,t>dt)sy(y)dy < +00. (0.14)

Moreover, the Parseval identity holds:

(5 = [ ([ IF@Pe e ar) (). (0.15)

B
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Forn > 1,7(y) = 1(y € B) and p = 2,s = 1 Theorem 0.2 follows from S.G.
Gindikin’s results [6] for Siegel domains.

For n > 1,7(y) = 1(y € B) and under the assumptions 1 < p < 2,5 = 1
orl <p<2s=1/(p—1) the formulated assertions were established by T.G.
Genchev [7-9].

For n = 1,7(y) = 1(y € B) the theorem follows from more general results by
M.M. Djrbashian and V.M. Martirosian [10].

Finally, in the form formulated above, Theorem 0.2 was established in [11, The-
orems 2.3-2.5] and [12, Theorem 2].

It turns out that the supports of the functions F'(t) in Theorem 0.2 (2,3) become
significantly narrower if the domain B C R™ and the weight function v(y), (y € B)
satisfy certain conditions. We mean the following cases:

(a) (see [13]) B =V is a sharp (or an acute) open convex cone in R"™ and

Inv(y)
|y

(b) (see [14]) B = V is a sharp open convex cone in R™ and 7(y) is of a form
o(pv(y)), where py(y) = dist(y,0V),y € V and p(7) > 0,7 € (0;+00), is a
continuous function such that

>0 (yeV);

limyy 4o

In p(7)

lim. .

> 0;

( particularly, p(7) =7 ) ;

(c) (see [15]) B =V is an affine-homogeneous sharp open convex cone (see [6])
in R™ and ~y(y) is defined in accordance with the inner structure of V.

In all these cases we have supp F'(t) C V* | where V* is a cone conjugate to
V. Furthermore, in [13-15] for 1 < p < 2 and under additional conditions on
7(y),y € V and on the parameter s, a reproducing kernel for the class HE_(Ty) was

constructed. In other words, a kernel ®(z,w), z, w € T}, was constructed, such that
for all f € H? (Tv)

1

f(Z) = (271’)"

/Tv fw)®(z,w)y(v)dudv, z€ Ty (w=u+iv). (0.16)

S. Saitoh [16-18] considered and solved, in a sense, a converse problem: given a
domain D C R", integrals of the form

F(2) = @;W [ F@ear, (0.17)

were considered for, in general, arbitrary functions F'(t),t € D. Then, requiring for
holomorphic functions f(z) to belong to Hardy type spaces (including the condition
of square integrability over the domain), S. Saitoh determined the corresponding
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conditions on functions F'(t) and the maximal tube domain in C™ where the func-
tions (0.17) can be extended. For the considered spaces reproducing kernels were
constructed.

It should be mentioned that for the case p = 2,s = 1,7(y) = 1 the results of
[11-15] are close to [16-18].

R.A. Zalik and T. Abuabara Saad [19] considered a case of Theorem 0.2 when
n=1s5=1/(p—1),B=Rand v(y) = |y|*¢ " y € R(a > —1).

Due to this explicit form of 7(y) they obtained an explicit asymptotic behaviour
of v*(t) when || — +o00. As a consequence, the conditions (0.8), (0.11), (0.12) sim-

[

plified. Roughly speaking (see [19]), F'(¢) belongs to a space of type L? {R; e“'tﬁdt}

for some a > 0.
A.M. Sedletskii [20] extended the result of [19] on the case of entire functions
satisfying the condition of type

1
/R ( /R | f(x+z'y)|p\:c|sd:c> Tyl dy < 400, (0.18)

In the present paper for the spaces HY (C")(1 < p < 2), where y(y) = ly|e= " 4 €
R"(ao > —n), reproducing kernels (in the sense of (0.16)) are constructed and appli-
cations are given.

1 Main integral representations

1.1. From now on we suppose that n > 1,1 <p<2 (1/p+1/g=1),0<s <0
and o > —n,0 < 0 < 00,1 < p < 0o. For these parameters put

Y(y) = lyl%e ™™, ye R (1.1)
According to (0.5) we have
v*(t) :/ eV y|ee W dy, te R (1.2)
Rn

Obviously, 7v* is continuous in ¢t € R™ and v*(t) > 0,t € R" .
Further, we shall consider the space H?_(C™), i.e. the space of all entire functions
f(2),z € C™, satisfying the condition

wp=[ ([ Ifa+ zy>|de)8 lyl?e="’ dy < +oo. (1.3)

Below we shall construct reproducing kernels (in the sense of (0.16)) for these
spaces. To this end we establish some auxiliary results.

1.2. First of all, let us obtain an asymptotic behaviour of v*(¢),t € R™.
We put

¢p = mazpy {277 (1 - 2)} = (1)77(1 - %). (1.4)

A
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It is easy to verify that 0 < ¢, < 1.
The following estimates for v*(¢) are valid:

Lemma 1.1.

1. When [t| > 1, then

’}/*(t) < CO?’LSt(TL,O[,p, O') . |t|%60*1/(pfl)cp|t\ﬁ/(pfl). (15)
2. For an arbitrary small ¢ > 0, when ¢ € R", then
7*(15) < const(n,a,p, o, E) . 60*1/@71)cp(1+a)|t\ﬁ/(/371)‘ (1‘5,)
3. For an arbitrary small € > 0, when ¢ € R", then
’7*(t) > const(n,a,p, o, E) . |t|’;%‘f60*1/(;171)cﬂ(l—a)|t\ﬁ/(p71). (16)
4. For an arbitrary small ¢ > 0, when t € R", then
Y (t) > const(n, o, p, o) - e T epl=e)lil/ 07D (1.6")
Proof. Let us write (1.2) in polar coordinates:
* Foo n+a—1_—orf —r<(t> n
v () :/ r e / e "~>"do,(()dr, te R", (1.7)
0 Sn

where S, is the unit sphere in R™ and o, is the surface measure on S,,. Then we
have:

) < const/ prtetert=or"™h g (1.8)

The change of variable o7”~! = z in the right-hand side of (1.8) yields

v (t) < const /+OO PEEEL (BN (jt]—2) g —
0

tl

= const - {/Otl + +OO} = const - {71 (t) +712(8)}- (1.9)

Further, making a change of variable © — |t|x (¢ # 0) in both the integrals ~;
and 75, we obtain:

m 1 n+a+1— — — — —
Vi) = |t pljfll/ gL e e el (Dl 0 (1-z) g
0

*1/(pfl)cp|t‘/3/(p*1)

< const - |t|%e" : (1.10)

p—1

nta (00 ntadlop oo1/(p=1)|gle/ (=1 g1/ (0= 1) (z—
|t / x e’ 1 v @D g,
1

Y5(t) =

If [t| > 1, then |t|”/("~Y) > 1, consequently

n+ta O ntatl-— _ _ _ n+a
72( ) < |t|P+1 /1 . +/:1 pe_g 1/(p=1) 41/ (p 1)(w—1)dl. < const - mﬁ. (1‘11)
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Combining (1.9) - (1.11), we obtain (1.5) when |t| > 1.
The inequality (1.5") is a direct consequence of (1.5).
To establish (1.6), fix a Sufﬁc1ent1y small € > 0. Then find a sufficiently small

n € (0; 3) such that (1 — ) = Further, note that
- < _g(]vCO >= 17 vg(] € Sn

Hence for an arbitrary (o € S, there exists a neighbourhood G(—(y) C S, of the
point —(y such that

—<((>>1—n, V(e G(—C()) (112)

Of course, G(—(py) depends on (g, but

on (G(—Cy)) = const >0, V(€ S,. (1.13)
Combining (1.12) and (1.13), we obtain the inequality

/ 6—<C,t>dan(o > const - e e R™, (1.14)

where the constant does not depend on ¢ .
Consequently, (1.7) and (1.14) give

) > const/ prta=lgo=or? J(A=n)rlt| g, const/ prta—1r[(1—n)[t—orr=1] 5.
After the change of variable or”~! = 2 we have
v (t) > const /+OO AT DYV Anlt=al gy >
0

> const /(1_n)|t 2 (M I (At —a] g
0

Finally, after another change of variable x — (1 —n)|t|x (¢ # 0) we obtain

1(E) 2 const - [(1— )3 [ EE e 0o e 0 0 gy
0

In view of (1.4)

1

1 1
zr1(l—x) > (1 —n)c,, $6(5—5;5+5)C(0;1), d=24(n)>0.

Also,

n+a ]_ n+a

(L= m)t]]>T > (5)%? =4

Hence

nta  __1/(p—1) —2,5:11 p/(p=1)
v*(t) > const - |t|r—Te” (1=m) P~ ot >
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nta S —1/(p=1)(1_ p/(p—1)
> const - |t|e-1e? (1=)eplt] :

The inequality (1.6") immediately follows from (1.6). Thus the lemma is proved.

Remark 1.1.
In [19] for n = 1 a more explicit (compared to (1.5)-(1.6)) asymptotic estimate was
established:

1/(pfl)cp|t‘/3/(ﬁ*1)
)

v*(t) =~ const - |t|3T+11_2<P’:1> e’ [t|] — +o0. (%)

We think that for n > 1 "arbitrary small € > 0 ” can not be omitted.

Remark 1.2.
When p = 2,a = 0, we have
12
Vi(t) = / e~V e~ W 4y = const - e%, teR" (1.15)

This slightly differs from (1.5)-(1.6)(for p = 2, = 0) and coincides with (*)(for
n = 1). Consequently, estimates (1.5)-(1.6) are not explicit. However, this is suffi-
cient for our purposes.

Remark 1.3.
In view of Lemma 1.1 we can give a new interpretation of conditions (0.11) and

(0.12) of Theorem 0.2.
The condition (0.11) is close to the condition of the form

|F(t)] < const - et ™0 1y 4o,

For1<p<2s= Iﬁ we can change the order of integrations in the left-hand
side of (0.12). As a result we obtain

/Rn |E(8)]99* (qt)dt < +oo.
In view of (1.6), this implies the condition
[ 1@ e < oo
R?’L

Further, recall Minkowski generalized integral inequality (¢ > 1):

AL semin) avw)} " < [ ] ey a)}” au),

where (X;u) and (Y;v) are spaces with positive measures and f is an X x Y-
measurable nonnegative function.

For 1 <p<2s= % (when % = s(p — 1)) the application of this inequality to
(0.12) (with B = R"™)implies

s(p—1)
voo> [ ([ IR ar) T gy 2
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> (J, (oI (t)|€_<y’t>dy)th>l/q = (/. |F(t)|q[v*(t)]th>l/q.

In other words,
| IF@y @)t < +oo,

which, in view of (1.6), implies the condition of the form

/R [Pl eon st < oo
1.3. For arbitrary z =z + iy € C" and v € R" set
i<ativt>
7(2t)
In view of Lemma 1.1(4) R, ,(t) € LP(R™) for all 0 < p < oco. Further, set

R.,(t) = (2m)"? t € R". (1.16)

e—p<y+v,t>
n 2

Note that R,(v) is continuous in v € R" and R,(v) > 0,v € R".

1/p
R.(0) = IR-ol0), = 22 @) 0<p<x D

Lemma 1.2. For an arbitrary small € > 0

R.(v) < const(p,n, o, p,0,¢) - exr ATl com e R, (1.18)

R.(v) < const(p,n, o, p,0,¢,y) - e 3T gy ¢ R (1.18)
Proof. In what follows we suppose that € € (0;3) is arbitrary small. Then find a
sufficiently small e, > 0 such that (1 — &)=~ <1+ £. As it follows from (1.6),
Y'(2t) > const - ¢7 ey @ pn,
Hence
[R.(v)]" < const ePlyFolltl—p2e/ (=D =1/ 0=y (1—en) t]e/ =) gy
< -

“+00
_ —p2r/(p=1) g—1/(p—1) — p/(p—1)—1
= const/ - leriplytol=p2 7 co(l=e1)r Y. (1.19)
0

Then note that the last integral is of type (1.8) with parameters oy = 0 instead
of a,p1 = p/(p — 1) instead of p,oy = p2¢/P~ V=1~ (1 — ¢)) instead of o and
t1 = p(y + v) instead of ¢. And since the integral at the right-hand side of (1.8) has
been already estimated (see (1.5')), we have

—1

[R.(0)] < const-ei ' emre/Aluln/ oDy o pn, (1.20)

Now we need some calculations.
First of all, |t1| = p|ly + v|. Further,

1/(pm—1)=p—1p/(pr—1)=p,
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A A p P2 (P (1 — )l =

= p= (Do P 1)p—10(1 — )Y,
p_
c. = (i)l/(m—l)(l _ i) — (p _ 1)p— Z.
p1
P1 P1 p p

[/ = pPly + ol
Thus for z € C™,v € R™, (1.20) implies

[R.(0)] < const - ¢ (== Ute/3)lytel?

< const - e57 (1+e/3)(1+e/3)ly+0l”

< const - 3 1Fy+ol”, (1.21)

It remains to note that (1.21) implies (1.18). As to (1.18'), it directly follows from
(1.18). Lemma 1.2 is therefore proved.

1.4. For arbitrary z,w € C" set

ei<z—@,t>
O(z,w) /n 20 dt. (1.22)
Lemma 1.3.
1. The kernel ®(z, w) is holomorphic in z € C™ and antiholomorphic in w € C™ .
2. For fixed z € C™ and v € R" the kernel ®(z,u + iv), as a function of u € R",
is the Fourier transform of the function R, ,(t).
3. For an arbitrary small € > 0 we have (z =z + i1y € C",w =u+ v € C"):

|®(2,w)| < const(n,a, p, o, ) - ezr ITelyTl”,

Proof. The estimate (1.6) immediately implies the assertions 1 and 2. As for 3,
it easily follows from (1.21) withp=1.

Theorem 1.1. Each function f € H?_ (C") has the integral representation

1

f(Z) = (27‘(‘)”

/ )@z wnw)dudv, z€C (w=utiv),  (1.23)

if the parameter s satisfies the conditions

1 S
- <s, P
P ps—1

Proof. Let f be a function from HE_ (C™). According to Theorem 0.2(2)

<2 (1.24)

1 1<z,t> n
£(z) = W/R F)e<*>dt, z e C", (1.25)
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where F'(t),t € R", is continuous and satisfies (0.11) for p =1, and F'(¢),t € R", is
measurable and satisfies (0.12) for 1 < p < 2. Moreover, for a.e. v € R"

folt) = F(t)e <" te R" (1.26)

where f,(u) = f(u+ ), u € R
Now fix an arbitrary z = x + iy € C™ and set

I(2) = ﬁ [ 7o)z wy(v)dud. (1.27)

Assuming absolute convergence of the integral (1.27), we establish the equality

I(z) = f(z) in the following way:

I(z) = (2i)n [ [t iv)a(z, u+ iv)dudo =
1

= o fo 10 [, R o~

- ﬁ [ A [ G0 Re (e =

1 1<z+iv,t>

= 7/717(1)) /R F(t)e_<”’t>67dtdv =

Gy S ) J 70
1 €i<z,t>

= @ o T
= o J PO =12,

So it remains to show that the integral I(z) converges absolutely. To this end
set

/ Y(v)e 2V dudt =

iz) = /R () /R | fo ()| (2, u + iv)|dudv. (1.28)

An application of the Hélder integral inequality and Lemma 1.3(2) gives:
- 1/q
[ ARG+ i)ldu < o) - ([ (@G u+ ivlidn) =
Rn Rn

= f(v) . (/Rn \R;,U(t)|th>l/q, (I/p+1/q=1),
where
Flo) = (/R |fv(u)\pdu)1/p,v € R". (1.29)

Further, the condition 1 < p < 2 makes it possible to apply the Hausdorff-Young
theorem (see [21,p.247]):

ARl iv)ldu < const- fv) - ([ 1Rt " const- fv) - R.(v),
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where R.(v),v € R", is defined by (1.17). Hence (1.28) implies:

I(z) < const - f(W)R.(v)y(v)dv. (1.30)

Note that the condition f € HE (C™) implies

/R )P y(v)dv < +oo. (1.31)
Therefore we set r = % and apply the Holder integral inequality to (1.30):

1

I(z) < const (/ § [f(v)]psv(v)dv) %

<(/ n[Rz(v)]W(v)dv)% .

In view of (1.31) it suffices to show that

J(z) = /n[Rz(v)]W(v)dv < +o00. (1.32)

Using the estimate (1.18') and (1.1), we have

J(z) < const/ el zm (ke) gy ag=alel” gy (1.33)
Rn

Due to condition (1.24), 3; < 1, therefore the integral at the right-hand side of
(1.33) converges for sufficiently small ¢ > 0. Thus J(z) < +o0, i.e. (1.32) holds.

This completes the proof of the theorem.

Remark 1.4. In fact, the conditions (1.24) are not complicated. For example,
the requirement s > 2/p ensures (1.24).

2 Examples

In this section we discuss the particular case &« = 0,p = 2. Remember (see(1.15))
that in this case

2
[t]

v (t) = const -ete, te R".
Hence in view of (1.22) we have
. _ £]2
O(z,w) = const | e o dt, z,we O™ (2.1)
R?’L
Of course, the constant in (2.1) can be easily computed. It depends only on n and

o.
To calculate the integral in (2.1) let us set w = z = x + iy € C™. Then

- _n
®(2,2) = const | e T Ve T dt =

2 n 2
— const - e’V = const - 7 2k=1 Yk =
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_ao N —%.)2
= const - e~ T 2k=1(zE7) , ze(C"

The last relation means that entire functions ®(z,w), (z,w) € C**, and const -
e Ekzl(zk_“’k)Q, (z,w) € C*", coincide on the set w = %, which is ”the uniqueness
set” in C?". Hence

®(z,w) = const - e 1 D BT e O (2.2)

Consequently, in our case Theorem 1.1 gives:

Theorem 2.1. Each entire function f(z) = f(x + iy) satisfying the condition

[ ([ 15+ i Pde) ey < oo, 23)

has the integral representation

F(z) =const | f(w)e T XrmnGTm o P gugy 2 e C" (w=u+iv), (2.4)
Cn

where the constant depends only on n > 1 and ¢ > 0 and where it is assumed that
1<p<2/1/p<s,ps/(ps—1) < 4.

This theorem has an interesting application:

Theorem 2.2.(see [22],[23],[24],]25],]26],[18],[27]) Each entire function ¢(z) =
o(z + iy) satisfying the condition

/n lo(2)]2e~7* dady < +o0, (2.5)

has the integral representation

p(z) = Const/ p(w)e” e dudy, 2 € C" (w =u+iv), (2.6)
cn

where the constant depends only on n > 1 and o > 0.
Proof. Consider an arbitrary entire function ¢(z),z = z + iy € C" | satisfying
the condition (2.5). Then set

f2) = p(2)e E i, 2= (21, ,2,) € C" 2.7)
Obviously, f(z) is entire function and
F(2)P = l(2) - e Pl = Jp(2)? - el 2ol
Hence in view of (2.5)

/ )P dady < too. (2.8)

Consequently, f is an entire function satisfying (2.3) for p = 2, s = 1 and with 20
instead of o. Therefore (2.4) gives:
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f(2) = const | f(w)e 3 LGP~ 2 1 quiy 2 e O (w=u+iv). (2.9)
cn

The substitution of (2.7) into (2.9)gives

o(z)e 2 2k=1% = const o(w)e 2 Dot Whe™ F 2iem (3 08) =201 gy . (2.10)
cn

It remains to note that after simplifications (2.10) coincides with (2.6).

Remark 2.1. It should be mentioned that in [28] for classes of entire functions
p(z),z € C™, satisfying a condition of type

/ lp(2) P2 e dady < +oo(1 < p < 00; p,0 > 0; > —2n),
cn

integral representations of type (2.6) were established.
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