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Abstract

Let M be an n-dimensional complete non-compact hypersurface in R?*!
and assume that its mean curvature lies between two positive numbers. De-
note by A and A the Laplacian operator and the second fundamental form of
M, respectively. In this paper, we show that if 3 < n < 5 and if Ind(A +|A?)
is finite, then M has finitely many ends. We also show that if 2 <n <5 and
if Ind(A + |A|?) = 0, then M has only one end.

1. Introduction

The well-known Bernstein theorem [1] states that the only complete minimal graphs
in R? are planes. As a natural generalization, it was shown independently by Do
Carmo-Peng (3], Fischer Colbrie-Schoen [5], and Pogorelov [12] that a complete sta-
ble minimal surface in R* must be a plane. Later Gulliver [6] and Fischer-Colbrie [4]
proved independently that a complete immersed minimal surface in R?® with finite
index is conformally equivalent to a compact Riemann surface with finitely punc-
tures and in particular, it must have finitely many ends. In the higher dimensional
case, Cao-Shen-Zhu [2] proved that a complete, immersed, stable minimal hypersur-
face M™ of R""! with n > 3 has only one end. Recall that a minimal submanifold
is stable if the second variation of its volume is always nonnegative for any nor-
mal variation with compact support. Recently, Li-Wang generalized the result of
Gulliver and Fischer-Coolbrie for finitely many ends to higher dimensional minimal
hypersurfaces in Euclidean space. They proved in [10] that a complete, immersed
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minimal hypersurface in R"™!(n > 3) with finite index must have finitely many
ends.

In this paper, we study the similar topological properties for hypersurfaces with
mean curvature bounded between two positive numbers. Before stating our results,
let us fix some notation.

Let M be a complete non-compact hypersurface in R***. Denote by A Laplacian
operator acting on functions on M. Let |A|*> be the square of the length of the
second fundamental form A of M. Let D; C Dy C --- be an increasing sequence of
exhausting compact domains in M. Denote by Indz(D;) the index of L = A + |AJ?
on D; which is the number of negative eigenvalues of the eigenvalue problem

{ (A4 |A2)f +\f =0 on D;,
flap, = 0.

Set
Ind(L) = lim Indy(D;).

71— 00

Our first result is the following finiteness theorem for ends of complete hyper-
surfaces in R™*

Theorem 1.2. Let M™"(3 < n < 5) be a complete, non-compact, immersed
hypersurface in R, Assume that there are two positive constants H;,i = 1,2,
such that the mean curvature H of M satisfies Hy < |H| < Hy. If Ind(L) is finite,
then M has only finitely many ends.

We then prove the following

Theorem 1.3. Let M"(2 < n < 5) be a complete, non-compact, immersed
hypersurface in R and denote by H the mean curvature of M. Assume that
Ind(L) = 0. If there are two positive constants H;,i = 1,2, such that Hy < |H| < Hj,
then M has only one end.

2. Proofs of the Results

Before proving the Theorems, we list some facts we need.

Lemma 2.1. ([9], [10]) Let M be a complete Riemannian manifold. Let H% (M)
be the space of bounded harmonic functions with finite energy and denote by H'(L?(M))

the first L*-cohomology group of M. Then the number of non-parabolic ends of M
is bounded from above by dim H% (M) < dim H'(L*(M)) + 1.

We can estimate by using Lemma 2.1 the number of ends of a non-compact
hypersurface in R**! if we can prove that all its ends are non-parabolic. It has been
shown by Cao-Shen-Zhu [2] that this is indeed the case if the hypersurface is minimal.
Now we want to show that this is also the case for non-compact hypersurfaces M
with mean curvature bounded between two positive numbers and finite Ind(L). In
order to see this, let us first prove the following
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Lemma 2.2. Let M™ C R™ be an oriented complete non-compact submanifold.
Assume that the mean curvature vector H of M satisfies |H| < Hy < +oo. Then
each end of M™ has infinite volume.

Proof. We will use the methods in [2] and [14]. Take an arbitrary point p € M,
without loss of generality, we can assume that p = 0. Let X be the position vector
in R"*! and let A be the Laplacian operator acting on functions on M. We have
from |H| < H, that

A(IXf) = 2n(1+ < H,X >) (2.1)
> 2n(1 - [H[X])
> 2n(1 — Ho|X)).
Let d be the distance function on M from 0 ; then we have

d > |X|u (2.2)

For s > 0, let B(s) be the geodesic ball of M of radius s with center 0. If we denote
by n the outward unit normal of dB(s), then we have
o|XJ?
On

= 2<X,n> (2.3)
2| X | ar
2s.

IA A

Thus, we obtain by integrating (2.1) over B(s) and using the divergence theorem
that

2n(1 — Hos)V(B(s))

IN

on /B (1= Hod) (2.4)
n [ (1= HolX)
/. A (XE)

_ / oIX[?
~ JoaBs) On

< 2 S
OB(s)

— 25A(0B(s)),

where A(0B(s)) and V(B(s)) denote the area of 0B(s) and the volume of B(s),
respectively.
Set V(s) = V(B(s)). Since

IN

IN

AWDB(s) = SV () o

we have from (2.4) that

Sgrv(r) >n(l— Hps)V(s) |rzs ,
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that is

Fix an arbitrary ¢ > 0. For any s > t, we get by integrating the above inequality
from ¢ to s that

V(s) s
V) > nlog; —nHy(s — 1),

log

which gives

Therefore for any s > 0, we have

t—0

V(s) > lim {V(t) (j) e"Ho<st>} (2.6)
— u)n8n€_nHOS7
where w,, is the volume of the unit ball in R™. In particular, we have

V((B(g,1)) > wpe ™, Vg e M, (2.7)

where B(q,r) is the open geodesic ball of radius r with center ¢q. Let E be an end of
M and assume that F is a connected component of M \ €2 for some compact 2 C M.
If F has finite volume, choose a positive integer T" such that

wpe 0T > vol(E). (2.8)

Take a point x € E and a y € JF such that d(x,y) = d(z,0F) > 2T. Let 7 be a
minimizing geodesic from x to y; then B(y(0),1), B(y(2),1),..., B(y(2(T — 1)), 1)
are disjoint and are contained in E. Thus we have

vol(E) > ng(v@z),m
> Twne_”Ho,

which contradicts to (2.8). This proves the infinity of vol(£).
Now we can prove the following

Lemma 2.3. Let M™(n > 2) be a complete immersed non-compact hypersurface
in R". Assume that Ind(L) < +oo. If the mean curvature H of M satisfies
0 < Hy < |H| < Hy < 400, then each end of M is non-parabolic.

Proof. Let A denote the second fundamental form of M. Since Ind(L) is finite,
one can use the same arguments in [4] to prove that there exists a compact set Q C M
such that Ind, (M \ ©2) = 0. We can assume that Q C B(p, Ry) for some p € M and
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Ry > 0. The monotonicity of eigenvalues [4] implies that Ind. (M \ B(p, Ry)) is also
zero. Thus for all compactly supported function ¢ € Hy 2(M \ B(p, Ro)), we have

[ AP < Vol (2.9)
M\B(p,Ro) M\B(p,Ro)

Take an end E of M. By choosing the above Ry properly, we can assume without
lose of generality that F is a connected component of M \ B(p, Ry). For x € M, let
d(x) = d(x,p) and for R sufficiently large, set Egr = F N B(p, R). Assume that fg
is the solution of the equation

Afr=0, on Eg,
fR = 1, on 8E,
fr=0, on ENJB(p, R).

The maximum principle implies that fz is uniformly bounded between 0 and 1.
Since [z, |V frl* < [, |V f|? for R' > R, there is a universal constant C' such that

| vl <c
Egr

Therefore by passing to a subsequence, still denoted by { fr}, we can find a harmonic
function f on E such that

lim fr(x) = f(x), z € FE.

R—+o00

From the construction we have

flor = 1. (2.10)

Furthermore, f satisfies the bounds
0<f<l.

Let us prove that f is non-constant, which will imply the non-parabolicity of E
(Cf. [7], [8], [9]). For fixed R > R; > Ry, let ¢ be a non-negative cut-off function
satisfying the following conditions

¢_ 1 on ER\ER17
10 on OF,

and
|VQ/J|2 S Cly
for some positive constant C;. We change the definition of ¥ fg to be zero at the

other ends of M and also in '\ Er. This will be continuous and, properly choosing
fr and v, can be even C*.
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Let A, ..., A\, be the principal curvatures of M; then we have

AP = YN (2.11)

n
=1
1

2 (2 AZ)Q

v

(AVA1]
=
T

Using (2.9) and (2.11), integration by parts and the fact that fr is harmonic, we
get

[ u? < = [ V@hP
_ an%(/ERNwFf}%Jr;/ER<V(¢2)7V(f§)>
+/ER w2\Vle2>
= g o IVU S
< 75}12 o, f#-

Thus, for a fixed R; satisfying Ry < R; < R we have

fa< — f2. 2.12
/ER\ERl R = nH? Er, R (2.12)

Assume now that f is a constant. Then f must be identically 1 because of its
boundary condition. Taking R — oo in (2.12), one gets

Ch
V(ER) — V(Eg,) < THIQV(ERJ-

Since R > R, is arbitrary, we conclude that E has finite volume. This contradicts
to Lemma 2.2 and completes the proof of Lemma 2.3.

Now we are ready to prove the main results in this paper.

Proof of Theorem 1.2. We will prove that M has finite first L>-Betti number, i.e.
dimH'(L*(M)) < oo, which, combining with Lemma 2.1 and Lemma 2.3 will imply
that M has finitely many ends. For any L? harmonic 1-form w on M, let h = |w| be
the length of w and denote by w* be the vector field dual to w. It follows from the
Bochner formula that

1
iAhQ = Ric(w*,w*) + |Vwl|?, (2.13)

where Ric is the Ricci curvature of M and Vw denotes the covariant derivative of
w.
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By using the same arguments as in the proof of Theorem 5 in [10], we have

(2.14)

If we denote by ey, ..., e, the orthonormal principal directions of M corresponding
to the principal curvatures Ay, ..., A,, then we have from the Gauss equation that

Ric(e;,ej) =0, 1 <i#j<n,

and for any 1,

Ric(e;, €;) (Z )\k.) f = (Z )\k> A
ki

Observe that

2
n 1 n
oo £ ) e S a(5)

1,k k=1,k#i =1,k
Hence
AP+ N D =
k=1k+#i
> Ai+(>\ +f Z )\k) —4( > Ak) :
k=1ki 2, 1,k k=1,ki
But

N————
V]

ot (3

k=1,ki 1,k
It then follows from n < 5 that

AP+ N >
k=1,ki

2
n 1
k*( 5 3 A’“) +(1_4>(Z A’f)
k=1,k£i 2 n— k=1,k£i

Thus the Ricci curvature of M is bounded from below by —|AJ* and so we have

v
g
2%

>

e

Ric(w*,w*) > —|AP|w*|? (2.15)
= —|A]*R%

Combining (2.13)-(2.15), we obtain

[Vh[?

Ah > —|APh+ M
z AP+ o

(2.16)
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Since M has finite index, we know from the proof of Lemma 2.3 that the inequality
(2.9) holds. By choosing 1) = ¢h in (2.9) with ¢ being a non-negative compactly

supported function on M \ B(p, Ro), we arrive at

[ AP
M\B(p,Ro)

< / |V¢\2h2+2/ oh < Vb, Vh >
M\B(p,Ro) M\B(p,Ro)

VAP
M\B(p,Ro)

- / |V¢\2h2—/ N
M\B(p,Ro) M\B(p,Ro)

Substituting (2.16) into (2.17), we get

/ FIVHE < (n-1) [ Vo[2h2.
M\B(p,Ro) M\B(p,Ro)

The inequality (2.9) also implies that

1
/ $h? < 2/ ¢2\A]2h2
M\B(p,Ro) nHy JM\B(p,Ro)

1
V(oh)|?
nH? /M\B(p,Ro) [V(eh)

2 2 2 212
h Vo|°h”).
7 o (O TVRE V6

<

<

Thus we deduce from (2.18) and (2.19) that

9
< —/ Vo|?h2.
- H? M\B(ILRO)’ ¢l

For R > Ry + 1, we take a ¢ satisfying the following conditions

{ 07 on B(pa RO)

/ ¢2h2
M\B(p,Ro)

(b: 17 OHB(p,R)\B(p,RO—{—l)

0, on M\ B(p,2R),

Cs, on B(p, Ry + 1)\ B(p, Ro)
Vo| < { CzR_l, on B(;]o, 2R) \ B(p, R(;

for some constant C5 > 0. It follows by substituting this ¢ into (2.20) that
o< G 0
B(p,Ro+1)\B(p,Ro)

+C4R72 h2.
B(p,2R)\B(p,R)

/B(p,R)\B(p,RoJrl)

Since h € L?, we obtain by taking R — oo that

h? < 04/ h?.

/M\B(paRo-H) B(p,Ro+1)\B(p,Ro)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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Thus we have

/ h? = / h? + / h? (2.22)
B(p,R0+2) B(p,R0+1) B(p’R0+2)\B(p7R0+1)

< Cs / h?.
- B(p,Ro+1)

According to the Sobolev inequality in [11], we have for compactly supported func-
tions g on M, with Vg € L'(M),

n—1

([107) " < cotm) [ (¥l +IgllER)
< Cq(n, Hy) /M(|Vg] + lg])-

2(n—1)

Let f be a compactly supported function on M. By replacing g by f™»—2 , and
finally squaring the inequality obtained, we arrive at

n—2

([ 1717) " < Catn, 1) [ (957 +17P), (223)
M M
From (2.16), we have

Ah > —|A*h.

Fix an arbitrary x € M. For any constant a > 1 and any compactly supported
Lipschitz function ¢ on B(x,1), it follows that

/ S| A2h2 > —/ Sh2 AR, (2.24)
B(x,1) B(x,1)
Integrating by parts, we have
. ¢2h2a_1Ah
B(z,1)

_ 2/ Sh2 < Vb, Vh > +(2a — 1)/ S h22| VA2
B(x,1) B(w,1)

> 2/ Gh2 < Vo Vh > +a/ G222,
B(z,1) B(z,1)
Thus, by using (2.23), (2.24) and the identity
N [ I G
B(z,1) B(z,1)
+/ IV[2h% + 2a/ Sh21 < Vo, Vh >,
B(x,1) B(w,1)

we get

a/ ¢2|A\2h2a+/ Vo |2h2 (2.25)
B(Jf,l) B(.Z’,l)

a\|2
> [ 19

> ot ([ @) = e

=
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where p = 5.

For p > 0, 0 > 0, with p 4+ o < 1, let us choose ¢(r) to be the Lipschitz cut-off
function depending only on r which is the distance function to x, given by

0 on B(xz,1)\ B(x,p+ o)

¢=1{ &= on B(x,p+0)\ Blz,p)
1 on B(x, p).

Setting S = max, ;<1 |A|*(y) and substituting the above ¢ into (2.25), we have

</B(x7p) h2a,u> < (/B(Ll) (¢2h2a>u>

1
Cg <GS+1+2) / hQa.
o B(z,p+0)

IN

Therefore,

1\\ 34
(@(@4¢+UJ> [T (2.26)

where for b > 0,¢ > 0

. 5
||h||b,c=(/ h) -
B(z,c)

Let us now choose the sequences of a;, p; and o; such that

CL():l, a1:M7"'7ai:Mi7"'7
0'0:2_2, 01 :2_3, et Ui:2_(2+i),...,
p1=1,po=1—0g, pp=1—0g—o01, -+, pp=1=> 0j,--.
=0

Applying (2.26) to a = a;, p = p; and 0 = o, and iterating the inequality, we
deduce that

. 1

i 1)\
Il < TT (5 (05 +1+ 35 )) ™ Dt

=0

j
Set V = vol(B(z, 3)). Since

—1
zlirglo Ve | |h| ’2ai+17pi

-1
. SaiiT =
Z ZE%V Pi4+1 ||hH2ai+1:% - BS(I;E) h’

we conclude that

sup h < ﬁ (Cs (/S +1+ 16-4j))$ 1|A)|2.1. (2.27)
j=0

B(z,3)
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Observe that

1

(Cs (WS +1+16-47))>

—8

<.
Il
o

(Ca(S + 17)43')ﬁ

IN
e

Il
o

§(5 + 17))70D - 257

] —

Therefore, it holds that

h%mg@/ h2.

B(z,1)

Since x is arbitrary, we get

sup h? < C’é/ h?. (2.28)
B(p,Ro+1) B(p,Ro+2)
It follows by combining (2.22) and (2.28) that
sup h* < Clo/ h?, (2.29)
B(p,Ro+1) B(p,Ro+1)

for some constant Cip > 0 which depends only on n, Hy, Hy and supp, g, 4oy [A|*.
Since (2.29) holds, by using the same arguments as in the final part of the proof
of Theorem 5 in [10], one can deduce that H'(L*(M)) is finite dimensional. This
completes the proof of Theorem 1.2.

Proof of Theorem 1.3. According to Lemma 2.1 and Lemma 2.3, it suffices
to show that there exists no non-trivial L? harmonic 1-form on M. We will prove
this by contradiction. Thus suppose that € is a non-trivial L? harmonic 1-form on
M. Set u = |6|. Observe that (2.15) still holds if n = 2. Thus, by using the same
arguments as in the proof of Theorem 1.1, we have

Vul?
Au> —| AP + : 2.
ulAu > \|u—|—(n_1) (2.30)
Since Ind(L) = 0, it follows from the definition that
[ [ jape, 2:31)
M M

for all compactly supported @ € Hjo(M). Fix a point p € M. Let us choose
¢ € C§°(M) satistying
Ho<o<1

(ii) p=1on B(p,5),¢=0o0n M\ B(p,r)

(iii) [[V¢||* < %, ¢= constant independent of r.



618 Q. Wang — C. Xia

By choosing ¢ = ¢u in (2.31) and using (2.30) and the divergence theorem, we
obtain

0 < [ (V)P - |AP¢)
= [ (~ounr(ou) - |APe*?)
M
- /M (—ou(ulré + oAu+2 < Vo, Vu > —[AP¢*u?)

_ Z;<—¢u%Mﬁ—¢ﬂvuP+—HfA¢ﬁ

n—1 2
¢2 VYVu 2
= [ wwep - [ OV
M M n—1
22 U ¢*|Vul?
- f B(p,r) M n—l '
Therefore, we have
1 2 V 2
n—1JB@p?" M n—1
c 2
— u”.
7"2 B(p,r)

Since u € L?(M), we conclude by taking r — oo that
|Vu| = 0.

Thus u is constant. On the other hand, we have by substituting the above ¢ into
(2.31) that

[1apee < [ v
M M

which implies

1
/ A2 < 7/ 2.
B(p,r) % JB(p,5)

If u # 0, we get by letting r — oo that |A] = 0. Thus M is totally geodesic and so
is an affine n-plane. This clearly contradicts the fact that there exists no non-trivial
L? harmonic 1-form on R”. Thus u = 0 and the proof of Theorem 1.3 is complete.
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