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Abstract

In [17] the author considered a compound Markov renewal process (§ N.)
where ((J,,Sn)) and ((J,,S,)) are suitable independent Markov additive
processes such that (S, — S,—1) are positive random variables, and N; =
> n>1 1s,<¢. In this paper we present the analogous results for a more general
situation where we consider a unique Markov additive process ((J,, Zy,)) in
place of ((Jn,S,)) and ((J,,Sn)), and Z, = (S,,S,). Some further results
are also presented; in particular we relate in terms of large deviations the
sequence ((Sy, Sp)) and the process ((Sy,, Ny)).

1 Introduction

In [17] the author proves large deviation results concerning compound Markov re-
newal processes (Sy,) (see (5)), where ((J,,S,)) and ((J,,S,)) are suitable inde-
pendent Markov additive processes; thus the jump sizes (Sn — gn_l) and the jump
waiting times (S, — S,_1) of (Sy,) are independent. In particular some results con-
cern some level crossing probabilities and their estimation by importance sampling.
There are several works which relate large deviations and importance sampling for
the estimation of rare events: some of them are cited in this paper (here the rare

event is a level crossing) and further references can be found in the Introduction of
[17].
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In this paper we consider a more general model with a unique Markov additive
process ((Jn, Z,)), where Z,, = (Sn, Sy). Roughly speaking ((gn —Sn_1,8, — Sn-1))
is a sequence of conditionally independent random variables given J = (J,,) and, for
each n > 1, the conditional distribution of (§n — S, 1,8, — Sn—1) given J depends
on (J,_1, J,) only; for a more detailed definition see subsection 2.1. We present the
extension of the results in [17] adapted to this more general model. We also illustrate
the relationship in terms of large deviations between the sequence ((S,, S,)) and the
process ((Sy,, Ny)), where N, = >on>1 Llg,<t (see (5)).

The interest of this generalization is motivated by some recent works in the
literature. Here we cite the following papers: [1] with a ruin model in insurance
with dependence between claim sizes and claim intervals (see also [6] for a related
model in queueing theory); [2] where ((S, — S,_1, S, — S,_1)) is a sequence of i.i.d.
random variables, and the joint distribution of (S, S;) is modeled by a copula (see
e.g. [14] and [18] as references on copulas).

If the jumps are upwards (namely each random variable S, — Sp_1is positive)
there is a natural interpretation in insurance. Indeed, if the insurance company has
an initial reserve b and receives premiums linearly at rate ¢ > 0, (Sy, — ct) and
(b+ ct — Sy,) are called claim surplus process and risk reserve process respectively
(see e.g. [4], page 1); moreover (S, — S,_;) are the claim sizes, (S, — S,_;) are the
claim waiting times and the ruin of the company occurs when (§ N, — ct) crosses the
positive level b. The model presented in this paper generalizes other known models
in the literature, as the renewal model and the Cramér-Lundberg model (see e.g.
[12], page 22); the Cramér-Lundberg model is also known in the literature as the
compound Poisson model (see e.g. [3], pages 111 and 280).

The outline of the paper is the following. Section 2 is devoted to recall prelimi-
naries. Large deviation principles and the results on level crossing probabilities are
presented in sections 3 and 4 respectively. Finally concluding remarks and further
minor results are presented in section 5.

2 Preliminaries

2.1 Generalities on Markov additive processes

Set E={1,...,m}, let J = (J,) be a E valued Markov chain and let (p;;); jer be
the transition matrix of J. Furthermore let (Z,) be a R? valued sequence of ran-
dom variables such that Zy = (0,0) and (Z,, — Z,,_1) is a sequence of conditionally
independent random variables given .J; moreover, in general, the conditional distri-
bution of Zy — Zj,_; given J depends on (J;_1, Ji) only. In view of what follows we
use the notation Z,, = (S’n, Sy); moreover we denote the conditional distribution of
Zi,— Zy— given (Jx_1, Jx) = (i,7) by H;; and the corresponding moment generating
function by ?[,j

As far as the terminology is concerned, ((J,, Z,)) is a Markov additive process,
(J,) is the environment and (Z,,) is the additive part. A reference for the presenta-
tion above of Markov additive processes is [4] (chapter 2, section 5, page 40, discrete
time case) where the additive part is real valued; anyway the presentation can be
easily adapted to more general situations.
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Assume that J is irreducible. Then, for each fixed (&, ) € R? we can consider
the matrices F(&@, o) = (F};(&, a)); jer defined by

Fi(@,a) = E[e®+0511, | Jy =] (¥i,j € E).

The entries of these matrices could be infinite if (&, a) # (0,0) (if (&, @) = (0,0) the
entries are finite, indeed the matrix F'(0,0) coincides with the transition matrix of
J) and the latter is equivalent to

—

Fij(a, o) = Hij(a, a)py; (Vi,j € E).

Thus, as far as the family of the moment generating functions (E]) is concerned, we
remark that some pairs (4, 7) can be neglected; indeed we can restrict our attention
on the pairs (7,7) such that p;; > 0. Moreover, if we consider the n-th power
Fr(a,a) = ((F")ij(@, )); ek of F(a,a), we have

(F™)i (@, @) = B[e®toSn1, _i|Jy =] (Vi,j € E).
Finally let us consider the set
D = {(a,a) € R*: F;(a,a) < oo (Vi,j € E)}

and let n > 1 and (@, @) € D be arbitrarily fixed (we point out that D is not empty
since (0,0) € D). Then we can say what follows.
e By the conditional independence of the increments of (Z,,) given J we have

E[e35++a5] = B[E[efSn+a5:| ]| = ELfI (@0 (1)

we point out that (1) holds for all (&, a) € R?.
e Perron Frobenius Theorem provides the existence of a simple and positive eigen-
value eX@ of the matrix F(@, ) equal to its spectral radius; moreover

S (F™)ii (@, )hy(@, o) = "My (a,a) (Vi € E)

jEE
where (h;(@,«));cp is an eigenvector with positive components, unique up to a
positive constant.
e Let us consider an arbitrarily fixed initial distribution of J (namely an arbitrarily
fixed distribution of Jy). Then we have

E[easn"l‘asn] — ZE[eaSn+aS7L

el

Jo=i|P(Jy=1i) =

_ Z(Z Bjeitasng, [ Jo = z’])P(JO _ ) = Z(Z(F"),-j(a, a)>p(J0 — ),

i€E “jEE SIS
whence we obtain
Yicp hi(@, ) P(Jo = i)enA(a,a)
max;ep hi(@, o)

ZiEE hl(&7 a>P(']0 = 7’) enA(a,a)

< E eagn'f‘asn < . -
[ I< min;ep h;(Q, o)

and . B
lim — log E[e*5» %] = A(&, a). (2)

n—oeon,

We point out that, if we set A(a@,a) = oo for (&,«) ¢ D, (2) holds for all
(&, a) € R?; moreover we have

D ={(a,a) € R*: A(a,a) < co}.
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2.2 A class of conjugate laws for Markov additive processes

In this subsection we present a class of conjugate laws (P; )z a:A@.0)<co defined
as follows. For each fixed (&,«) € D we have that P is absolutely continuous
with respect to Py , on each finite time interval {0,1,...,n} and the corresponding
P,p~
density £, “* is
gf’Pg,a — e—(agn—i-asn)-‘rnA(a,a) hJO (Oé, Oé) ] (3)
h In (5& s Oé)

Then (see e.g. Proposition 5.10 and Theorem 5.11 in [4], pages 44-45) ((Jn, Sy)) is

again a Markov additive process under each P; , with transition matrix (pg;y’a))me E

for (J,,) defined by
(Ga) _ Fij(a,a)h;(a, o)

JoT eMaap(a, )

and distributions (Hzga’a)) (which play the role of (H;;) under P) defined by

6ay+ay

HS Y (dy, dy) = == Hy;(dy, dy).

i (@, @)
Furthermore, by Proposition 4.1 and by the first part of Lemma 4.2 in [13] applied
with respect to each P; , we have

Z.
lim — = VA(a,a) P, as.; (4)
n—oo 7, )

see e.g. [19] (Theorem 3.6, page 123) for the first part of Lemma 4.2 in [13]. Finally
we point out that Fyo = P.

2.3 Compound Markov renewal processes and main hypotheses

The following hypothesis plays a crucial role in the construction of our process of
interest:

(A1): the distributions (H;;) are concentrated on Rx]0, ool.

Now let us point out some consequences of (Al). The sequence (S,) is (almost
surely) increasing and the random variables (S,,) can be seen as the jump times of
a counting process (N;). More precisely from now on we set

N¢ _
Nt = Z 1SnSt and SNt = Z Sn, (5)
n=1

n>1

and (Sy,) is called compound Markov renewal process.

We have a generalization of the renewal model. Indeed we have the renewal
model if the distributions H;; are all the same product measure H ® H concentrated
on ]0,00[x]0, 00 (as pointed out above we can restrict our attention on i,j € F
such that p;; > 0): in such a case H is the common distribution of jump sizes and
H is the common distribution of jump waiting times. In particular we have the
Cramér-Lundberg model (or the compound Poisson model) if H is an exponential
distribution.
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For each fixed & € R such that
D::={aeR:A@,a) < oo} (6)

is nonempty, the restriction of A(@,-) on D5 is an increasing function and we can
consider the inverse function [A(a, )]~ of A(a, -).

Then we can present some further hypotheses which play crucial role in this
paper; in particular we refer to the concept of essentially smooth function (see e.g.
[10], Definition 2.3.5, page 44).

(A2): (A1) holds; for each & € R we have Dz # (0 and A(a,-) : Dy — R is
surjective; moreover let us consider the function W, defined as follows

Ua(a@, ) = —[Aa, )] ' (~a).

(A3): (A2) holds; we have
1 o~
Jim = log E[e*™] = W, (&,0) (V& € R);

Ua(a,0) is finite in a neighbourhood of the origin & = 0, essentially smooth and
lower semicontinuous.

(A4): (A2) holds; we have

1 e~
lim 7 log E[e*¥TeN] — W) (a4, ) (V(&, ) € R?);

t—o0

U (@, @) is finite in a neighbourhood of the origin (&, ) = (0,0), essentially smooth
and lower semicontinuous.

It is useful to point out what follows. By the identity A(a, =V, (@, ) = —a we

have
{ 9 (@, —Wa(d, o)) + 22 (@, -0
A

whence we obtain

L (o, W (a,0))
%(& a) = Qa _ —
Oa ’ 90 (5 W, (a,a
S ) (7)

B (@) = mE e

Then the next (almost sure) limit holds as a consequence of (4) and the motivations
below:

. /S Nt> <%(5z,a) 1 _
1 e Ve _ (oa ):m v P as. 8
(5 7) = (B mme) =7 TED Fans O

The limit of the second component follows from (4) together with the definition of
(Ny) in (5) and from a well known result in renewal theory (see e.g. [5], Ex. 2.3.10,
page 310), while the limit of the first component follows from the limit of the second

SNy SNtM

component and from —* = N (by taking into account that N; diverges to oo as

t — oo and by (4)).
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3 Large deviation principles

In this section we refer to the concept of large deviation principle (see e.g. [10], page

5). Throughout this paper we use shorthand LDP for large deviation principle.
The two following Propositions 3.1 and 3.2 are an immediate consequence of the

hypotheses ((A3) and (A4) respectively) and of Géartner Ellis Theorem.

Proposition 3.1. Assume (A3) holds. Then (%) satisfies the LDP with rate
function [¥A(-,0)]* defined by

[Wa(+, 0)]"(%) = sup[az — Wy (a,0)] (Vi €R).

a€R

This means that [V (-,0)]* : R — [0, 00] is a lower semicontinuous function and we
have

lim inf % logP<S;Vt € O) > —inf [WA(+,0)]"(Z) (VO open) (9)

z€e0

and

limsup%logP(SéVt € C’) < —inf[UA(-,0)]"(Z) (VC closed).

t—00 zeC

Proposition 3.2. Assume (A4) holds. Then (<%, %)) satisfies the LDP with
rate function W} defined by

Ui (7,2) = sup [a7 +axr — Vu(a,a)] (V(Z,7) € R?).
(a,) ER2

This means that ¥} : R? — [0, 00] is a lower semicontinuous function and we have

1 Sn, N,
liminf—logP((SNt,—t) € O> > — inf Ui(Z,z) (YO open)
t—oo t t (z,2)€0

and

1 Sy, N,
limsupglogP<<SNt,7t) € C) < —(Ninf Ui (Z,z) (VO closed).

t—o0 t z,x)eC

In the next Proposition 3.3 we assume (A4) holds and we provide an explicit
expression of Wi (Z,x). If > 0 this expression agrees with the expression in [20]
proved in a different way for a wide class of cases; the interest of the next proposition
is motivated by the expression of ¥} (Z, z) for x = 0.

Proposition 3.3. Assume (A4) holds. Let U} be the rate function in Proposition
3.2 and, for any & € R, let D5 be the set in (6). Then we have

g;A*<§, %) if 2> 0
supgepl@Z +supD;] if =0
00 if x <0

U (z,2) =
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Proof. Let € R be arbitrarily fixed and let us distinguish three cases concerning
r € R.
Case x > 0. We check two complementary inequalities. First of all we have

Ui (Z,z) = sup [aZ +ax — Uy (@, a)] =
(a,c) €R2
.z _ 1 .z ~ 1 ~ _
=z sup a——\IfA(a,a)-—+a] =z sup {a——\IfA(a,a)-——A(a,—\IIA(a,a))
(@,0)er2l T z (a,a)er2L T Z

where the latter equality follows from the identity A(a, —Wa(@, a)) = —a (which

holds by construction). Thus the first inequality W} (Z,z) < zA*(%,21) holds. In
order to obtain the complementary inequality, let us consider a sequence ((&,, 3,))

such that

T 1 Tz 1
lim ONénf + ﬁn . A(&mﬁn) =N\ (£> _>;
n—oo x xx
moreover let us set o, = —A(&y, B,), which is equivalent to WU (a,, a,) = —[Fn.

Then

UL (T, x) > @ + ape — VUp(ay, a,) =

T N 1
= an;—\IfA(an,an)-;jLan =

T 1

and the second inequality ¥} (Z, z) > SL’A*(%, 1) holds by taking the limit as n — oo
in the right hand side.

Case x = 0. We check two complementary inequalities. Since (A4) implies (A2),
for any & € R it is defined the function [A(a,-)]™! : R — D5, and the following limit
holds for the increasing function Wy (&, -):

Up(a,a) = —[A(@, )] ' (~a) | —supD5 as a | —co.
Thus —V, (&, ) < sup D5 for any (&, a) € R? and, by the definition of ¥}, we get

UL (7,0) < supl[az + sup Dy].
a€R

Furthermore, by the definition of W}, we have ¥3(Z,0) > az — Va(a, «) for all
(@, ) € R? and, by taking the limit as a | —oo in the right hand side, we obtain
Ui (Z,0) > ax + sup D5 for any & € R; thus

U (Z,0) > sup[az + sup Dy]
acR
holds by taking the supremum with respect to a € R.
Case x < 0. It is trivial since we have P(% > O) =1 for all £ > 0 and, by well

known properties of large deviation principles, the rate function W} (Z, z) has to be
equal to oo outside the closed set R x [0, oo]. [
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4 Results on level crossing probabilities

4.1 Preliminaries and exponential decay of p(b) as b — oo

The results in this section concern the level crossing probabilities (p(b))yo of (Sx, —
ct), where ¢ > 0 is a suitable constant as before. In detail we set

p(b) = P(T, < 00) where T, =inf{t >0: Sy, —ct > b}.

In order to avoid the trivial case p(b) = 1 for all b > 0, we need to consider ¢ large
enough; indeed, if ¢ is large enough, we have S N, — ct — —oo and therefore the level
crossing can fail with positive probability. We shall precise below that we have to
consider ¢ > %(0, 0).

In view of the presentation of the results in this section some preliminaries are

needed.

Let us consider the class of conjugate laws (P ,)z o:A(&,0)<co Presented in sub-
section 2.2. This class of conjugate laws is described on a pair of parameters (@, «);
on the other hand, in order to use the methods in the proofs of similar results in
the literature, we need to consider a family of densities which depends on only one
parameter. Then we shall consider the family of conjugate laws (Q3)z.(a@.)-1(0)

defined as follows:

<oo
Qs = P aGy-10) = Pa—v,@o)- (11)

PP~
For each law of the family (Q3)z.a@,)-1(0)<co 11t (11), the density £, “* in (3) will

be denoted by Ef’Q“ and, by taking into account the identity A(a, =¥ (&,0)) = 0,
we have

ES’QZ _ e—(agn—\I/A(a,O)Sn) hJo (&7 _@A(&v 0)) .
hy, (&, =W (@,0))

There are some (almost sure) inequalities which are useful in what follows. If we
set

N hi(a, =Wa(a,0) . .
M(a) = max{ — =~ b e E}’
(@) (@ —0a(@,0)
we have
09 < M (@) @Sh—Ta@05.), 12)

Moreover, by construction, we have Sy, <t which implies
—(Sy, — ¢Sn,) < —(Sy, —ct) (for any ¢ > 0). (13)

The value w in the next condition (A5) is called Lundberg’s parameter and
plays a crucial role in this section. The condition (A5) is the analogous of (A3) in
[16]):

(A5): (A2) holds and there exists w > 0 such that ¥ (w,0)—cw = 0 and %(w, 0)—
c > 0.
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Remark. We point out that (A5) implies the existence of a positive zero w for
the convex function

fe(@) = Up(@,0) — ca
and moreover f/(w) > 0. Thus, since f.(0) = 0 follows from W, (0,0) = 0, the

[

derivative of f. at the origin is negative; thus we have 0 > f/(0) = a;’a!\ (0,0) — ¢,

which is equivalent to ¢ > %(0, 0). We also remark that, if (A5) holds, the level
crossing can fail with positive probability; indeed we have §Nt — ¢t — —o0 since

SN,
t

— ¢ converges to f/(0) < 0. Finally we point out that Q, = Py —cw-

In the next Proposition 4.1 we prove the exponential decay of p(b) as b — oo in
the large deviations fashion; such exponential decay can be expressed in terms of
the Lundberg’s parameter.

Proposition 4.1. Assume (A3) and (A5) hold. Then lim, .o 3 logp(b) = —w.

Proof. The proof has some analogies with other proofs of similar results in the
literature (see e.g. Theorem 1 in [15] and Theorem 3.1 in [16]). The limit follows
from the lower bound

1
lign infg log p(b) > —w

and the upper bound

1
lim sup 3 logp(b) < —w.
b—o0

For the lower bound we use a standard procedure based on the lower bound for the

open sets (9) for the LDP of (@)7 for instance see e.g. Lemma 2.1 in [11], which
deals with a more general situation. For the upper bound let b > 0 be arbitrarily
fixed. Then

—(wS —Up(w,0)S
P(b) = Ep[ln, <o) = g, [N 2" 11,<00] <12 B, [M (w)e™ "m0 1 ] =

= M(’LU)EQ [e—w(SNTb—CSNTb)+(‘I’A(1U,0)—Cw)SNTb 1Tb<oo] S(A5) and (13)

w

< M(w)Eg, [e "™ 1y ] < M(w)Eq, [e " 11, <o) = M(w)e Qu(T, < 0).

In conclusion we have p(b) < M(w)e~*® for all b > 0 and the upper bound holds. m

4.2 Importance sampling

Let us start with some preliminaries on the technique called importance sampling
used for the estimation of p(b) by Monte Carlo simulations. A reference with large
deviations and importance sampling used for the estimation of rare events by sim-
ulation is [9].

Let us suppose we want to estimate p(b) (for a fixed b > 0) by Monte Carlo
simulation. Thus let us consider R independent replications of (Sy, — ct) under the
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law P; then an unbiased estimator of p(b) is the relative frequency p/(g) of the level
crossings

— 1 X
p(b) = I ; L@ oo
where Tb(l), o ,Tb(R) are the values of T}, in the replications. In such a case we have

two difficulties: the simulation time under P is not finite if the level crossing does not
occur; by Proposition 4.1 this Monte Carlo approach needs R growing exponentially
with b to keep a fixed relative precision, indeed the relative precision of p(b) is

1 \/p(b)(l —p(b))
p(b) R '

Thus, in order to overcome these two difficulties, we consider R independent repli-
cations under another law () chosen in a suitable way. First of all () is such that P
is absolutely continuous with respect to @ locally on the event {7}, < oo}; moreover
an unbiased estimator of p(b) is

ZEN () T(l)<oo’

where in general 6%’2 is the local density of P with respect to Q).

Furthermore we choose () in a class of admissible laws; this means that Q (7, <
oo0) = 1 for all b > 0, so that we have finite time in simulation almost surely. The
choice of ) will be done in order to minimize VarQ[[p/(I;)]Q] in some sense. We point
out that

— Eql(fny))*17,<c] = 9°(0)

Eql(£5S 2(h
Varo[[p(b)]o] = o _otmyeoet Eelllnp )] = PP(0)

R

and the only part which depends on @) is the second moment
na(b) = Eq[(txg)*11,<00] = Eo[(452)?]-

The minimization of this second moment for a fixed b is often intractable and,
since in the applications we are interested in large values of b, in order to use
standard features on large deviations we concentrate our attention on the asymptotic
behaviour of 3 logng(b). Then we have

lign inf 11) log Eq [(ﬁ ) Iry<oo) > hm 1nf (1) log B3, [f 1Tb<oo]
= hm mf 2 log( (1) = —2w (14)

by Jensen’s inequality and Proposition 4.1. Thus an admissible law () is said to be
an asymptotically efficient simulation law if

1
blim blogEQ[(€ )21, co0) = —2w; (15)
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indeed, if R is chosen to guarantee a fixed relative precision

! JEQW A1, ] - ()
p(b) R

of [p/(z)]Q, R has chance of growing less than exponentially if and only if (15) holds.
The aim of this subsection is to show that @), is an asymptotically efficient

simulation law (Proposition 4.3). The first step consists to prove the admissibility
of Q. (Proposition 4.2).

Proposition 4.2. Assume (A3) and (A5) hold. Then Q,(T, < oo) =1 for all
b>0.

Sy
~ ¢
positive limit, so that we can say that Sy, — ct — oo as t — oo, with probability 1

with respect to @Q),,. This fact is immediate; indeed (11) and (8) provide

Proof. We prove this Proposition showing that, @, a.s., converges to some

. Sy, P(w,—Ux(w,0)) 0T,
finy T (W (w,0)) a5 (W0) Quas.

where 8\1’/‘ < (w,0) > c by (A5). ]

Proposition 4.3. Assume (A3) and (A5) hold. Then @, is an asymptotically
efficient simulation law, namely (15) holds with Q = Q..

Proof. First of all Q),, is an admissible law by Proposition 4.2. Then we have to
check the lower bound

liminf — 2 logEQw[(ﬁpQ“’) In<oo) > —2w

b—o00

and the upper bound

1
lim sup 3 logEQw[(fff’gw)ﬁTb@O] < —2w.

b—oo

The lower bound holds by (14) with = @,,. For the upper bound we can follow
the lines of the proof of the upper bound in Proposition 4.1. Thus let b > 0 be
arbitrarily fixed; then we have

Eq. [(ENn") 11<o0] < (M(w))Pe™**Qu (T} < o0),

whence we obtain EQw[(ﬁﬁgw)leb@o] < (M(w))%e~2%® and the upper bound holds.
"
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5 Concluding remarks and minor results

5.1 Theindependence case and two counterexamples

In this subsection we investigate in detail the case in which jump sizes and jump
waiting times are independent. A particular consequence is that D5 does not depend
on & (see (16) below) but this is not true in general, as shown in the counterexample
presented below.

If the jump sizes and jump waiting times are independent we have

A@, @) = F(a) + k(a) V(& a) € R?)

for suitable functions &(-) = A(-,0) and x(-) = A(0, ). Throughout this section we
always assume that (A2) holds. As an immediate consequence we have (&) < oo
for all @ € R and D; does not depend on «, indeed we have

D; ={aeR: k(a) < oo}. (16)

Moreover there exists the inverse £~ of x and we can consider the function I'x(+) =
—k~Y(—=(+)). In conclusion we have

Up(a, ) = —kH(—F(@) — a) = T (RF(a) + a)

and the rate function [W, (-, 0)]* coincides with the rate function / in Lemma 3.1 in
[17].
Furthermore it is easy to check that

N (Z,2) = F*(7) + x*(z) (V(,2) € R?)

where £*(Z) = supgglaZ — k()] and £*(z) = sup,eglazr — k(o).
Finally assume (A4) holds and set

v =sup{a € R: k(a) < oo};
we point out that v € [0, 00]. Then, by Proposition 3.3 and by (16), we have
x{%*(%) + m*(%)] if x>0

ot if (Z,z) = (0,0)
00 otherwise

VA (7, 2) =

We pointed out above that, if jump sizes and jump waiting times are independent,
under condition (A2) we have:
(C1): D5 does not depend on &;
(C2): A(@,0) < oo for all @ € R.
Obviously we can have (C1) and (C2) even if there is no independence; it is enough
to have A(a, o) < oo for all (&, ) € R?, and in particular (C1) holds with D; = R
for all & € R. Moreover, if ((S,,S,)) is a bivariate random walk independent of
(J,), we have A(a@,a) = logE[e®151] for all (@,a) € R2; thus, if we also have
Ala, o) < oo for all (&, ) € R?, (A2) holds since lim,_ 4. A(d, @) = foo for each
fixed & € R.
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Counterexample. Let A, > 0 be arbitrarily fixed. Again let ((S,,S,)) be
a bivariate random walk independent of (J,), and therefore we have the identity
A(@, o) = log E[e®5151] We assume ) exponentially distributed with failure rate
A > 0 and, given {§1 = x}, 51 is Gamma distributed with parameters (z,3). One
can check that

o (+) if o < B and &+ log(=2-) < A
A, a { g )\_( B g(g_a)

a—l—log(—ﬁ?a)) 3
00 otherwise

in such a case (C1) fails since Dz = {a € R : a < (1 —e* )} for all @ € R
and (C2) fails since {& € R : A(@,0) < oo} = {&@ € R: @ < A} # R. Finally we
check that (A2) holds; indeed, for each fixed & € R, D; is trivially nonempty and
A(@, ) : D5z — R is surjective by noting that, for all y € R, we have A(@, a(y)) = v,
with a(y) = f(1 — e*21=¢"")) ¢ D~

Remark. This contrasts situations where, conversely, one does expect dependence
but where the latter dissolves completely. Although the following example is based
on embedding, and hence not directly comparable, it displays this contrast clearly.
Let (NV;) be a Poisson process with intensity (A;) and arrival times (S,). Put inde-
pendent marks X, Xs,... on S1,5,,... and select the sub-process of arrival times
(S,) with records marks (see e.g. [7] and [8]). Since each X, is a record with prob-
ability %, the record counting process (N;) should completely depend on the history

of (N;). However, if (A;) is randomized exponentially, then (IV;) is an independent
Poisson process.

5.2 Inequalities and comparisons between convergences

Let ((Jn,Z,)) be a Markov additive process according to the presentation in the
previous sections. Let ((J,, Z,)) be another Markov additive process of the same
kind and in particular we assume that (J,) takes values on E as (J,,). We shall
use the notation Z = (U,, U,); for all the other items concerning ((J,, Z,)) we use
overlined symbols (for instance we write A, N, p(b) and w in place of A, N;, p(b)
and w respectively).

The following statements relate some inequalities with some comparisons be-
tween convergences.
e Assume there exist the limits
lim llogP<<%,&> c B> —: A*(B) and JLIQO%IogP<<%,%> c B> _. A (B):

n—oo n n

then

. O
A*(B) > A"(B) implies lim — = 0.
()0

1 Sn, N, \ 1 Uz, N, .
tlg&?logP<( ; ,7) EB) =: U (B) and tli)rgloglogP<< . ,7> €B> =: VL(B);

e Assume there exist the limits
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then

()<
Vi (B) > V%(B) implies lim = 0.

t—o0 [7— ~
A1)

e Let (p(b)) be the level crossing probabilities as in section 4 and let (p(b)) be the
analogous of (p(b)) if we have ((J,, Z,)) in place of ((J,, Z,)). Assume there exist
the limits

.1 S
blirgo 3 log p(b) = —w and blirg 3 logp(b) = —w;

then )
w >w implies lim ]ﬁ =0.

In the statements above we require strict inequalities in order to have that some

ratios goes to zero. The next Lemma 5.1 provides necessary conditions for these

strict inequalities.

Lemma 5.1. Let ((J,, Z,)) and ((Jn, Z,)) be as above. Assume that

MA@, a) <A@, ) (V(a,a) € R?). (17)
Then we have

A (#,2) > N (Z,2) (V(T,2) € R?); (18)
if (A4) holds together with its version adapted to ((J,, Z,)), then we have

U3 (7, 0) > UE(F,2) (V(T,2) € R?); (19)
if (AB) holds together with its version adapted to ((J,, Z,)), then we have w > w.

Proof. First of all (18) is an immediate consequence of (17). Moreover, by (17),
we have Dz C D5 and then sup D5 < sup D5 for all @ € R; in conclusion (19) follows
from Proposition 3.3. Finally let (&, a) € R? be arbitrarily fixed; then we have

sup [aZ+ax—V (7, 2)] = Ya(a,a) and  sup [aT+ox—VE(T,2)] = Vx(a, o),
(z,z)ER2 (z,x)ER2

whence we have W, (&, o) < Ux(&, ) by (19). Thus we have w > W since W5 (&, 0) —
ca < ¥x(a,0) — ca for all & € R. ]

Thus Lemma 5.1 motivates our interest in conditions which guarantee that (17)
holds. The next Proposition 5.2 provides a condition in terms of some inequalities

between moment generating functions, under the assumption that (J,) and (J,)
have the same transition matrix.

Proposition 5.2. Let ((J,, Z,)) and ((Jn, Z,)) be as above. Assume that (J,,) and

(Jn) have the same transition matric (p;;)i jer and
E[e®+051 | Jy = i, Jy = j] < E[e®D oy =i, Jy = j] (V(@,0) € R?),  (20)

for alli,j € E such that p;; > 0. Then (17) holds.
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Proof. Let (&, a) € R? be arbitrarily fixed. Then we have
E[ea§n+a5n] < E[eaﬁn+aUn] (Vn > 1)

by (1) together its version adapted to ((J,, Z,)) and by (20); thus (17) follows from
(2) together its version adapted to ((J,,, Z,)). "
We remark that, since the function (Z, z) — €**T* is a convex function for each
fixed (a,a) € R?, Hy; <. H,; implies (20), where <, is the convex order (namely

we mean the multivariate convex order; see e.g. [21], eq. (5.A.4), page 154).

Acknowledgements

I thank C. Sinestrari for some useful discussions concerning the relationship between
the functions A and W,. I also thank the referee for some comments which led to
an improvement of the content of the paper.

References

[1]  Albrecher, H. and Boxma, O.J., A ruin model with dependence between claim
sizes and claim intervals. Insurance Math. Econom. 35 (2004) 245-254.

[2]  Albrecher, H. and Teugels, J.L., Exponential behavior in the presence of de-
pendence in risk theory. J. Appl. Prob. 43 (2006) 257-273.

[3]  Asmussen, S., Applied Probability and Queues. Wiley and Sons, New York,
1987.

[4]  Asmussen, S., Ruin Probabilities. World Scientific, London, 2000.

[5]  Billingsley, P. Probability and measure. Third edition. John Wiley & Sons, Inc.,
New York, 1995.

6] Boxma, O. and Perry, D.; A queueing model with dependence between service
and interarrival times. European J. Oper. Res. 128 (2001) 611-624.

[7]  Bruss, F.T., Invariant record processes and applications to best choice mod-
elling. Stochastic Process. Appl. 30 (1988) 303-316.

[8]  Bruss, F.T. and Rogers, L.C.G., Pascal processes and their characterization.
Stochastic Process. Appl. 37 (1991) 331-338.

9]  Bucklew, J.A., Large Deviation Techniques in Decision, Simulation, and Esti-
mation. Wiley, New York, 1990.

[10] Dembo, A. and Zeitouni, O., Large Deviations Techniques and Applications.
Jones and Bartlett, Boston, 1993.

[11] Duffield, N.G. and O’Connell, N., Large deviations and overflow probabilities
for a general single server queue, with applications. Math. Proc. Camb. Phil.
Soc. 118 (1995) 363-374.



228

[12]

[13]

[14]

[15]

[16]

[17]

[18]
[19]
[20]

C. Macci

Embrechts, P., Kliippelberg, C. and Mikosch T., Modelling Extremal Events.
Springer, Berlin Heidelberg, 1997.

Iscoe, 1., Ney, P. and Nummelin, E., Large deviations of uniformly recurrent
Markov additive processes. Adv. Appl. Math. 6 (1985) 373-412.

Joe, H., Multivariate Models and Dependence Concepts. Chapman & Hall CRC
Press Company, Boca Raton, 1997.

Lehtonen, T. and Nyrhinen, H., Simulating level crossing probabilities by im-
portance sampling. Adv. Appl. Prob. 24 (1992) 858-874.

Lehtonen, T. and Nyrhinen, H., On Asymptotically Efficient Simulation of
Ruin Probabilities in a Markovian Environment. Scand. Actuarial J. (1992)
60-75.

Macci, C., Large deviation results for compound Markov renewal processes.
Braz. J. Probab. Stat. 19 (2005) 1-12.

Nelsen, R.B., An Introduction to Copulas. Springer, New York, 1999.
Revuz, D., Markov Chains. North-Holland, Amsterdam, 1975.

Russell, R., The Large Deviations of Random Time-Changes. Ph.D. Thesis,
School of Mathematics, Trinity College, University of Dublin, 1997.

Shaked, M. and Shanthikumar, J.G., Stochastic Orders and their Applications.
Academic Press, San Diego, 1994.

Dipartimento di Matematica,
Universita di Roma ”Tor Vergata”,
Via della Ricerca Scientifica,
[-00133 Roma, Italia.

e-mail: macci@mat.uniroma2.it



