A property of group laws

Qianlu Li*

Abstract

For a word in n letters, in [1] the author introduced a notion: its standard
exponent and proved that the variety of residually finite groups defined by a
word is almost nilpotent if and only if the standard exponent of this word is 1.
In this paper we obtain the following result: let w(x1,- - ,z,) denote a word
in x1, -+ ,2,. Then both w(xy, - ,z,) and w(a™, -, z"), where m; are
natural numbers, have the same standard exponents.

1 Introduction

Recall that an element of the free group F(z1, -+ ,x,) of rank n is called a word in n
letters. Any word in xy, - - - , z,, can be written as: [[;_, zj, where a; # 0 are integers
and * denotes a mapping from {1,---,s} to{1,--- ,n} for which i* # (i4+1)* for i =
1,---,s—1 (see [1, Notation 1]). A word in zy,--- ,z, is called to be homogeneous
if for each 7, the exponent sum of x; is zero. We say a group G satisfies a word
w(xy, -, xy,), if for any g1, , g, € G we have w(gy, -+ ,g,) = 1, i.e., G satisfies
the group law w(zy, -+ ,x,) = 1. Let 7 be a homomorphism from F(z1, -+ ,x,) to
F(c,d) defined on the generators x;. We can write it as: 7: x; — fid¥,i=1,--- n,
where f; are in CP(C =< ¢ >, D =< d >) and k; are integers. We call this the CP
form of 7. Similarly we can also write it as: 7 : x; — fi/cfi,i = 1,--- n, where f!
are in D and k] are integers. Call this the D¢ form of 7.

Suppose that w(xy, -, x,) = [[;_; 3, where i* € {1,--- ,n} and ¢* # (i + 1)*
fori=1,---,s—1,is a homogeneous word. Applying the C? form of 7 : x; — f;d"
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to w and using commutator collection, then w.l.0.g. we can write

wT :(f1511)dp11 . (fflrl )dPITI

Il Oir\ dPlm /
(S - (f,)T - modulo(CPY, (1)

where [ < n,d;;, # 0and pyj, = Utljt/ﬁ-l—' —tugs ky for gy =1,y =1,---  [such
that for each ¢ the ordered n-tuples (vjy,--- ,v), -+, (v}, -+ ,vp,) are distinct.

We call Form (1) a CP standard form of w™. If 7{ + - -+, # 0, then we call the
number 0, := ged(d11, -+, 01py5 - 501, -+, 0py) the standard exponent of w and if
ri+ .-+ = 0, then we say d, = 0. Finally, define the standard exponent of a
non-homogeneous word as 1 (in [1, Section II] it has been pointed out that this ged
does not depend on the CP standard form w7).

By [1, Theorem 26], we note that there is a large class of groups, which includes
all residually finite or soluble groups and all locally finite or soluble groups, such
that every group in this class satisfying w is nilpotent-by-finite-exponent if and only
if 6, = 1. So it is of interest to investigate the properties of the standard exponent
of a word. One notes that any group satisfying a non-homogeneous word is of finite
exponent. Thus in the following we only consider homogeneous words.

2 A property of words

For convenience we write w ~ ' to denote that the words w and w’ have the same
standard exponent.

Proposition 1. Let w(xy,--- ,x,) be a homogeneous word in xy,- -+ ,x,. Let m; be
m
natural numbers. Then w(xy, -+ ,x,) ~ w(x™, - i),

Proof. Let wy = w(wy, -+ ,x,) = [I5_, i, where i* € {1,--- ,n} and i* # (i + 1)*

fori =1,---,s— 1, be a homogeneous word and lebt wy = w(wy, -, a,,xy),
where m > 1 is a natural number. Thus we = [[;_; z;i, where
b ma; if* =\
i = .
a; otherwise.

In fact, it suffices to show that w; ~ wy. For m = 1, it is trivial, so in the following
we assume that m > 1.

Let 7 be a homomorphism from F(xy,--- ,x,) to F(c,d). Apply the CP—form
of 7: x; — f;d* to w, and w, respectively. Then we have

r - aikgn S L
wl—Hde ]‘[Fdz =R ]IF
=1

=2

ulky
=R R )
=2
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and
s kb _ T bik; T d it
Wi = [[(fed" ) = T Gid"* = Gy T G
i=1 =1 =
TS VA
e | (3)
i=2

where

uf =0

ul = — Z a; fori>1

{li<i<i, j*=t}
g (el Dk if a,
E = fl fl*k.* fl;k* aglhix L
D5 (@ e ()™ e <0
Gi=F if i* # A

and otherwise, if 7* = A then

Y S S 0, >0
Gi: mia; ’
(FDE™ (D™ o ()™ it g, < 0.

Then we can see that the general terms are respectively

in Form (2):
( sign(ai))dpilikxl—ullk1+...+ujk;)\+...+u?kn N
- (i) @Pits ki Fui kit fudoy o tuik } (4)
. il; Ri* i ) "k, o
(fis*zgn a; )d lf l* 7é /\
and in Form (3):
. qil/kr#u%k1+--.+mu3‘k>\+...+u?kn
(f‘%gn(ai))d i ifi* =\
A (i) gPits K Fud ke tmud ke 4ulk - (5)
sign(ag)ygPils Fix TW FL o mMAUTEN U B
(fi* ) v if 7* 7& )\7
where
li — a; if a; > 0
Dii; = .
l; it a; <0 Li=1,--,|a
Il —ma; ifa; >0
QG = _ /
l; ifa; <0 I=1,--- m|a

fori=1,2,---,s.

Now by commutator collection we rewrite Form (2) as a C? standard form of
w]. Without loss of generality, we can write

W =(fEnE (e

() (fm)a

(fomy@ o (T modulo(CPY, (6)
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where [ < n,d;;, # 0and pyj, = Utljtkd-f—' v by for gy =1,y t =1,---  [such
that for each ¢ the ordered n-tuples (vjy,--- ,v), -, (v}, -+ ,vp,) are distinct.
We first consider such terms of w] for which the indexes of f’s satisfy ¢* # A.
We note that between such terms in Form (4) and those in Form (5), there exists
a one-to-one correspondence:

sign(ai) dpilik,-*+u%k1+~--+u;‘k)\+~--+u?kn sign(a;) dp“iki*+u%k1+~~-+mu;\k)\+-~~+u?kn

(fz* ) = (fz* ) ’
where [; = 1,--- , |a;| and all i* # .

On the other hand, for any ¢, j satisfying ¢* = j* we note that

1 i* A ny _ (,,1 J* A n
(ui7..'7pili+ui7'..’ui"'.7ui)_(uj’.”7pjlj+uj"”7uj7..'7uj)
<~

1 i* A ny __ 1 J* A n
(ui’.”7pili+ui7“.’mui"”7ui)_(uj7..'7pjlj+uj7..'7muj7”'7uj)7

where 1 <[; < |a;| and 1 < [; < |a;l.
it ki Hulky 4 ud kx4 ulkn
Therefore, ( fi‘i)dp T AT

it kpx Ful k14 mudky+-+ulkp .
(foyd ' """ appears in the CP standard forms of wi. So we
can write a CP standard form of wi as follows:

Wy =(fE) Ly

(PP ()

appears in Form (6) if and only if

(fl511)dp“ .. (f;;lrl )dplrl . modulo(C’D),, (7)

where 5)% # 0 and py;, = @}\jkkl + -+ @f\bjkkn for j» = 1,---,7 such that the
ordered n-tuples (3, -+ ,0%), -, (Uxs,,- - , Uaz, ) are distinct.

Now we remain to consider the terms containing f) in w] and w]. We start to

consider Form (6) and assume that ry # 0. Suppose that (fg)d" Tkt 4o

in Form (6) and suppose that 6 = 3¢_, sign(ay,). Just only for convenience to write

we shall replace the indexes h; of a by i below (note that it does not matter to do

sign(a; ij; K ullk +uf‘k’ +otulky,
so though all k¥ = \). We further suppose that (f}* ( z))dp dikatuikit N 7

where 1 < j; < a,|, are all the terms containing fy in Form (4) for which

1 A n
(Ui,"' 7piji+uz‘a"' vui):(vla"' y UNy oot 7vn)-
It follows that
1 A
(uia"' » MPij, +muz7 ,U?):<U1,"' , TNUN, - - 7Un)7
that is,
1 A n
(Ui7"' 7ql(m]1)+mu17 7ui) - (Ulv'” y TNUN, - - 7Un>‘

1 A n
. B i Qi (m, z)k)\—’_uz k1+~~~+mui k)\+~~~+ui kn
Now we claim that (f5e(@))d"

terms containing fy in Form (5) which are conjugated by powers dviki+-+moakat-tvn
of d.

, 2=1,---t exhaust the
k7L
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Indeed, suppose that there is one more such term in Form (5). Similarly for
convenience to write, let us suppose that

dq(t+1)jk>\+“%+1kl+"'+mu?+1kk+“'+u?+1kn
9

(fiign(aHl))
where 1 < j < m|a;;1]|, satisfies

1 A n _
(ut+17"' 7Q(t+1)j —I—mutH,“' 7ut+1> - (Ulf" y MUY, - - 7Un)-

Notice that m|qe+1);, so we have m|j and thus qui1); > qu+1ym = MPus1y1. Set-
ting 5/ = j/m, then 1 < j' < |aw1| and puy1y = quyry;/m- It follows that

. i P(t41 s kxtul 1k1+~-+u)‘ 1kattul koo
there is a term (f/s\lgn(at“))d (g o o " in Form (4) such that

(Ufyrs o s Pty + Uy, oo 5 ufy) = (V1o ,0x, 0+, vp), a contradiction. We get
the claim. So (f)&" AT o ceurs in Form (7) and thus 7y # 0. It follows
that

ng(g)\l,"' 75/\73\) | ng((S)\l,"' ,(S)\T/\). (8)

Conversely, suppose that 7y # 0 and that of the exponents of f, in Form (7), all
the distinct ones are 01,05, --- ,60,. Thus

ged(6q, 0z, -+ ,65) = gcd(g,\l, e ,5,\@).

Gj dviki+tmuyky+otonkn

Let us suppose that(f,”) is a term in Form (7). Similar to that
above we can suppose that 6; = >7 , sign(a;) and that the terms

d%ivi k;+u}k1+~--+muf‘k,\+~-+u?kn

Y

( )S\ign(ai))

where 1 < ~; < mla;|, run through the terms containing f, in Form (7) which have
the property:
(uzla y Qiry; +muf\7 ,U?) = (U17"' , MUY, - - 7Un)-
Thus we have
Ty, t mui‘ == Qe T mué\ = Mmuj.

Note that g;,, + mu} = 7; + p;, where

A

i — mupy, ifa; >0
' mau; if a; <0

forv=1,---,e. Let us write v; + u; = ¢(m —n, where ( is an integer and 0 < n < m.
Then we consider the following equations:

T]+q1'yl +mui\::n+qe'ye+mu2:7]+mv)\

Note that m|(n + ;) and v; < m|a;|, so n + v < m|a;| and thus 1 + Gy, = Gi(y,40)-
Setting v; = (i +n)/m, then 1 <+; <|a;|. Note that gi(mn,) = mpi,, so we have

pl’yi _|_ui‘ == Doy —|—u;\ = (7]—|—mv>\)/m = Ug\.
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Thus (u}, -, piy +ud, - ul) = (vg,-- 08, ,v,) fori =1,--- e. It follows
k2
dpwl{kAJru}kl+---+uf‘kx+---+u?kn

that all (f3%" (ai)) fori=1,--- e are in Form (6).

Prikytulky o Aud by +o+ulk .
If ( fiiEntar)ydP g g "™ where 1 < h < |a,| and r > e, is one more

term in Form (6) for which (ul,---  pin +u), -+ ,u?) = (vy, -+, 04, - ,v,), then
we have

(uia 7mpih+mu?7"' ,U:}) = (U1>"' ,n+mv>\,--- 7Un)-

This is equivalent to

(u71~7 ampih—i_mu»,)‘\_nv"' 7“?): (Ula"' y MUY, - )Un)-

Note that 0 < mh —n < ml|a,|, so mp,, —n = qr(mh—n)- LThus we get one more term
; r(mh—m) katupki o tmupkatotulkn

(ffzgn(ar))d“ S e 0 Form (7) for which (u}
A

mu

eeeul) = (v, - ,muy, -, vy), a contradiction. So (f/\ )e
occurs in Form (6) and thus ry # 0. It follows that

ng<5)\17' o 75/\7‘/\) ‘ ng(ela' T 795>-

So by Form (8) we have ged(Oa1, -+, 0am ) = 2ed(dx1, -+, Oxr, ) and thus ., = o,
This completes the proof. [

Upy 5 Qr(mh—n) +

v1k1+m+vl)\k>\+-»-+vnkn

Now we apply these techniques to determine the standard exponents of some
words which appear in [2].
Examples

1. Let ng be a natural number and

Wi ne = [, Y™ (or [z, y])
Wne = 2", y™0, ™).
By Proposition 1

Wi ~ 2, Y] =27 2"

Wi ~ [, y, 2] =y (D) ()™ - modulo(YX)'.
Thus (50,3,”0 = (5[957 y] = 1 and 6Wn0 = 5[;57 y, 2] — 1.

2. (see [2 Introduction]) Let
w = o2y 22y 210y 210y 202y~ 6y 6,2 —2 10, 4,8 68y 2

By Proposition 1
w ~ 7ty ey Oy ety Ly 23yt Ly Lty 2y Bty

=y y )0 (y2)* - modulo(Y XY
So ¢4, =

Note that compared with direct calculation of the standard exponent of w (made
in [3, Example (3) of Section 4]), now the result follows very easily using Proposi-
tion 1.



A property of group laws 519

Acknowledgments

I thank Professor Christian Michaux and Professor Francoise Point for their valuable
suggestions. I also thank the referee for correcting the English.

References

[1] Li Qianlu, Words and almost nilpotent varieties of groups Commun. Algebra
33 (2005), 3569-3582.

[2] Sarah Black, Which words spell “almost nilpotent?” J. Algebra 221 (1999),
475-496.

[3] Li Qianlu, Which words have an efficient result? Commun. Algebra 32 (2004),
2527-2545.

Institute of Mathematics, University of Mons-Hainaut
“Le Pentagone”, 6 avenue du champ de Mars

B-7000 Mons (Belgium)

and

Department of Mathematics

YanBei Teacher’s College

DaTong Shanxi 037000, China

E-mail: liQumh.ac.be



