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Abstract

For a word in n letters, in [1] the author introduced a notion: its standard
exponent and proved that the variety of residually finite groups defined by a
word is almost nilpotent if and only if the standard exponent of this word is 1.
In this paper we obtain the following result: let ω(x1, · · · , xn) denote a word
in x1, · · · , xn. Then both ω(x1, · · · , xn) and ω(xm1

1 , · · · , xmn
n ), where mi are

natural numbers, have the same standard exponents.

1 Introduction

Recall that an element of the free group F(x1, · · · , xn) of rank n is called a word in n
letters. Any word in x1, · · · , xn can be written as:

∏s
i=1 xai

i∗ , where ai 6= 0 are integers
and ∗ denotes a mapping from {1, · · · , s} to {1, · · · , n} for which i∗ 6= (i+1)∗ for i =
1, · · · , s− 1 (see [1, Notation 1]). A word in x1, · · · , xn is called to be homogeneous
if for each i, the exponent sum of xi is zero. We say a group G satisfies a word
ω(x1, · · · , xn), if for any g1, · · · , gn ∈ G we have ω(g1, · · · , gn) = 1, i.e., G satisfies
the group law ω(x1, · · · , xn) ≡ 1. Let τ be a homomorphism from F(x1, · · · , xn) to
F(c, d) defined on the generators xi. We can write it as: τ : xi 7→ fid

ki , i = 1, · · · , n,
where fi are in CD(C =< c >, D =< d >) and ki are integers. We call this the CD

form of τ . Similarly we can also write it as: τ : xi 7→ f ′
ic

k′i , i = 1, · · · , n, where f ′
i

are in DC and k′
i are integers. Call this the DC form of τ .

Suppose that ω(x1, · · · , xn) =
∏s

i=1 xai
i∗ , where i∗ ∈ {1, · · · , n} and i∗ 6= (i + 1)∗

for i = 1, · · · , s−1, is a homogeneous word. Applying the CD form of τ : xi 7→ fid
ki
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to ω and using commutator collection, then w.l.o.g. we can write

ωτ =(f δ11
1 )dρ11 · · · (f δ1r1

1 )d
ρ1r1

· · · · · ·

(f δl1
l )dρl1 · · · (f δlrl

l )d
ρlrl ·modulo(CD)′, (1)

where l ≤ n, δtjt 6= 0 and ρtjt := v1
tjt

k1+· · ·+vn
tjt

kn for jt = 1, · · · , rt, t = 1, · · · , l such
that for each t the ordered n-tuples (v1

t1, · · · , vn
t1), · · · , (v1

trt
, · · · , vn

trt
) are distinct.

We call Form (1) a CD standard form of ωτ . If r1 + · · ·+ rl 6= 0, then we call the
number δω := gcd(δ11, · · · , δ1r1 , · · · , δl1, · · · , δlrl

) the standard exponent of ω and if
r1 + · · · + rl = 0, then we say δω = 0. Finally, define the standard exponent of a
non-homogeneous word as 1 (in [1, Section II] it has been pointed out that this gcd
does not depend on the CD standard form ωτ ).

By [1, Theorem 26], we note that there is a large class of groups, which includes
all residually finite or soluble groups and all locally finite or soluble groups, such
that every group in this class satisfying ω is nilpotent-by-finite-exponent if and only
if δω = 1. So it is of interest to investigate the properties of the standard exponent
of a word. One notes that any group satisfying a non-homogeneous word is of finite
exponent. Thus in the following we only consider homogeneous words.

2 A property of words

For convenience we write ω ∼ ω′ to denote that the words ω and ω′ have the same
standard exponent.

Proposition 1. Let ω(x1, · · · , xn) be a homogeneous word in x1, · · · , xn. Let mi be
natural numbers. Then ω(x1, · · · , xn) ∼ ω(xm1

1 , · · · , xmn
n ).

Proof. Let ω1 = ω(x1, · · · , xn) =
∏s

i=1 xai
i∗ , where i∗ ∈ {1, · · · , n} and i∗ 6= (i + 1)∗

for i = 1, · · · , s − 1, be a homogeneous word and let ω2 = ω(x1, · · · , xm
λ , · · · , xn),

where m ≥ 1 is a natural number. Thus ω2 =
∏s

i=1 xbi
i∗ , where

bi =

mai if i∗ = λ

ai otherwise.

In fact, it suffices to show that ω1 ∼ ω2. For m = 1, it is trivial, so in the following
we assume that m > 1.

Let τ be a homomorphism from F(x1, · · · , xn) to F(c, d). Apply the CD−form
of τ : xi 7→ fid

ki to ω1 and ω2 respectively. Then we have

ωτ
1 =

s∏
i=1

(fi∗d
ki∗ )ai =

s∏
i=1

Fid
aiki∗ = F1

s∏
i=2

F d
−

∑i−1

j=1
ajkj∗

i

= F1

s∏
i=2

F d

∑n

t=1
ut

ikt

i (2)
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and

ωτ
2 =

s∏
i=1

(fi∗d
ki∗ )bi =

s∏
i=1

Gid
biki∗ = G1

s∏
i=2

Gd
−

∑i−1

j=1
bjkj∗

i

= G1

s∏
i=2

Gdu1
i k1+···+muλ

i kλ+···+un
i kn

i , (3)

where

ut
1 = 0

ut
i = −

∑
{j|1≤j<i, j∗=t}

aj for i > 1

Fi =

fi∗ fd−ki∗
i∗ · · · fd−(|ai|−1)ki∗

i∗ if ai > 0

(f−1
i∗ )dki∗ (f−1

i∗ )d2ki∗ · · · (f−1
i∗ )d|ai|ki∗ if ai < 0

Gi = Fi if i∗ 6= λ

and otherwise, if i∗ = λ then

Gi =

fλ fd−kλ

λ · · · fd−(m|ai|−1)kλ

λ if ai > 0

(f−1
λ )dkλ (f−1

λ )d2kλ · · · (f−1
λ )dm|ai|kλ if ai < 0.

Then we can see that the general terms are respectively
in Form (2): (f

sign(ai)
λ )d

pili
kλ+u1

i k1+···+uλ
i kλ+···+un

i kn

if i∗ = λ

(f
sign(ai)
i∗ )d

pili
ki∗+u1

i k1+···+uλ
i kλ+···+un

i kn

if i∗ 6= λ
(4)

and in Form (3):(f
sign(ai)
λ )d

qil′
i
kr+u1

i k1+···+muλ
i kλ+···+un

i kn

if i∗ = λ

(f
sign(ai)
i∗ )d

pili
ki∗+u1

i k1+···+muλ
i kλ+···+un

i kn

if i∗ 6= λ,
(5)

where

pili =

li − ai if ai > 0

li if ai < 0 li = 1, · · · , |ai|

qil′i
=

l′i −mai if ai > 0

l′i if ai < 0 l′i = 1, · · · , m|ai|

for i = 1, 2, · · · , s.
Now by commutator collection we rewrite Form (2) as a CD standard form of

ωτ
1 . Without loss of generality, we can write

ωτ
1 =(f δ11

1 )dρ11 · · · (f δ1r1
1 )d

ρ1r1

· · · · · ·

(f δλ1
λ )dρλ1 · · · (f δλrλ

λ )d
ρλrλ

· · · · · ·

(f δl1
l )dρl1 · · · (f δlrl

l )d
ρlrl ·modulo(CD)′, (6)
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where l ≤ n, δtjt 6= 0 and ρtjt := v1
tjt

k1+· · ·+vn
tjt

kn for jt = 1, · · · , rt, t = 1, · · · , l such
that for each t the ordered n-tuples (v1

t1, · · · , vn
t1), · · · , (v1

trt
, · · · , vn

trt
) are distinct.

We first consider such terms of ωτ
1 for which the indexes of f ’s satisfy i∗ 6= λ.

We note that between such terms in Form (4) and those in Form (5), there exists
a one-to-one correspondence:

(f
sign(ai)
i∗ )d

pili
ki∗+u1

i k1+···+uλ
i kλ+···+un

i kn 7→ (f
sign(ai)
i∗ )d

pili
ki∗+u1

i k1+···+muλ
i kλ+···+un

i kn

,

where li = 1, · · · , |ai| and all i∗ 6= λ.
On the other hand, for any i, j satisfying i∗ = j∗ we note that

(u1
i , · · · , pili + ui∗

i , · · · , uλ
i , · · · , un

i ) = (u1
j , · · · , pjlj + uj∗

j , · · · , uλ
j , · · · , un

j )

⇐⇒
(u1

i , · · · , pili + ui∗

i , · · · , muλ
i , · · · , un

i ) = (u1
j , · · · , pjlj + uj∗

j , · · · , muλ
j , · · · , un

j ),

where 1 ≤ li ≤ |ai| and 1 ≤ lj ≤ |aj|.
Therefore, (f δ

i∗)
d
pili

ki∗+u1
i k1+···+uλ

i kλ+···+un
i kn

appears in Form (6) if and only if

(f δ
i∗)

d
pili

ki∗+u1
i k1+···+muλ

i kλ+···+un
i kn

appears in the CD standard forms of ωτ
2 . So we

can write a CD standard form of ωτ
2 as follows:

ωτ
2 =(f δ11

1 )dρ11 · · · (f δ1r1
1 )d

ρ1r1

· · · · · ·

(f δ̄λ1
λ )dρ̄λ1 · · · (f δ̄λr̄λ

λ )d
ρ̄λr̄λ

· · · · · ·

(f δl1
l )dρl1 · · · (f δlrl

l )d
ρlrl ·modulo(CD)′, (7)

where δ̄λj̄λ
6= 0 and ρ̄λj̄λ

:= v̄1
λj̄λ

k1 + · · · + v̄n
λj̄λ

kn for j̄λ = 1, · · · , r̄λ such that the

ordered n-tuples (v̄1
λ1, · · · , v̄n

λ1), · · · , (v̄1
λr̄λ

, · · · , v̄n
λr̄λ

) are distinct.
Now we remain to consider the terms containing fλ in ωτ

1 and ωτ
2 . We start to

consider Form (6) and assume that rλ 6= 0. Suppose that (f δ
λ)dv1k1+···+vλkλ+···+vnkn

is
in Form (6) and suppose that δ =

∑t
i=1 sign(ahi

). Just only for convenience to write
we shall replace the indexes hi of a by i below (note that it does not matter to do

so though all k∗
i = λ). We further suppose that (f

sign(ai)
λ )dpiji

kλ+u1
i k1+···+uλ

i kλ+···+un
i kn

,
where 1 ≤ ji ≤ |ai|, are all the terms containing fλ in Form (4) for which

(u1
i , · · · , piji

+ uλ
i , · · · , un

i ) = (v1, · · · , vλ, · · · , vn).

It follows that

(u1
i , · · · , mpiji

+ muλ
i , · · · , un

i ) = (v1, · · · , mvλ, · · · , vn),

that is,
(u1

i , · · · , qi(mji) + muλ
i , · · · , un

i ) = (v1, · · · , mvλ, · · · , vn).

Now we claim that (f
sign(ai)
λ )d

qi(mji)
kλ+u1

i k1+···+muλ
i kλ+···+un

i kn

, i = 1, · · · , t exhaust the
terms containing fλ in Form (5) which are conjugated by powers dv1k1+···+mvλkλ+···+vnkn

of d.
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Indeed, suppose that there is one more such term in Form (5). Similarly for
convenience to write, let us suppose that

(f
sign(at+1)
λ )d

q(t+1)jkλ+u1
t+1k1+···+muλ

t+1kλ+···+un
t+1kn

,

where 1 ≤ j ≤ m|at+1|, satisfies

(u1
t+1, · · · , q(t+1)j + muλ

t+1, · · · , un
t+1) = (v1, · · · , mvλ, · · · , vn).

Notice that m|q(t+1)j, so we have m|j and thus q(t+1)j ≥ q(t+1)m = mp(t+1)1. Set-
ting j′ = j/m, then 1 ≤ j′ ≤ |at+1| and p(t+1)j′ = q(t+1)j/m. It follows that

there is a term (f
sign(at+1)
λ )d

p(t+1)j′kλ+u1
t+1k1+···+uλ

t+1kλ+···+un
t+1kn

in Form (4) such that
(u1

t+1, · · · , p(t+1)j′ + uλ
t+1, · · · , un

t+1) = (v1, · · · , vλ, · · · , vn), a contradiction. We get

the claim. So (f δ
λ)dv1k1+···+mvλkλ+···+vnkn

occurs in Form (7) and thus r̄λ 6= 0. It follows
that

gcd(δ̄λ1, · · · , δ̄λr̄λ
) | gcd(δλ1, · · · , δλrλ

). (8)

Conversely, suppose that r̄λ 6= 0 and that of the exponents of fλ in Form (7), all
the distinct ones are θ1, θ2, · · · , θs. Thus

gcd(θ1, θ2, · · · , θs) = gcd(δ̄λ1, · · · , δ̄λr̄λ
).

Let us suppose that(f
θj

λ )dv1k1+···+mvλkλ+···+vnkn
is a term in Form (7). Similar to that

above we can suppose that θj =
∑e

i=1 sign(ai) and that the terms

(f
sign(ai)
λ )dqiγi

kλ+u1
i k1+···+muλ

i kλ+···+un
i kn

,

where 1 ≤ γi ≤ m|ai|, run through the terms containing fλ in Form (7) which have
the property:

(u1
i , · · · , qiγi

+ muλ
i , · · · , un

i ) = (v1, · · · , mvλ, · · · , vn).

Thus we have
q1γ1 + muλ

1 = · · · = qeγe + muλ
e = mvλ.

Note that qiγi
+ muλ

i = γi + µi, where

µi =

muλ
i+1 if ai > 0

muλ
i if ai < 0

for i = 1, · · · , e. Let us write γi +µi = ζm−η, where ζ is an integer and 0 ≤ η < m.
Then we consider the following equations:

η + q1γ1 + muλ
1 = · · · = η + qeγe + muλ

e = η + mvλ.

Note that m|(η + γi) and γi ≤ m|ai|, so η + γi ≤ m|ai| and thus η + qiγi
= qi(γi+η).

Setting γ′
i = (γi + η)/m, then 1 ≤ γ′

i ≤ |ai|. Note that qi(mγ′
i)

= mpiγ′
i
, so we have

p1γ′
1
+ uλ

1 = · · · = peγ′
e
+ uλ

e = (η + mvλ)/m := v′λ.



518 Q. Li

Thus (u1
i , · · · , piγ′

i
+ uλ

i , · · · , un
i ) = (v1, · · · , v′λ, · · · , vn) for i = 1, · · · , e. It follows

that all (f
sign(ai)
λ )d

piγ′
i
kλ+u1

i k1+···+uλ
i kλ+···+un

i kn

for i = 1, · · · , e are in Form (6).

If (f
sign(ar)
λ )dprhkλ+u1

rk1+···+uλ
r kλ+···+un

r kn
, where 1 ≤ h ≤ |ar| and r > e, is one more

term in Form (6) for which (u1
r, · · · , pih + uλ

r , · · · , un
r ) = (v1, · · · , v′λ, · · · , vn), then

we have

(u1
r, · · · , mpih + muλ

r , · · · , un
r ) = (v1, · · · , η + mvλ, · · · , vn).

This is equivalent to

(u1
r, · · · , mpih + muλ

r − η, · · · , un
r ) = (v1, · · · , mvλ, · · · , vn).

Note that 0 < mh− η ≤ m|ar|, so mprh− η = qr(mh−η). Thus we get one more term

(f
sign(ar)
λ )d

qr(mh−η)kλ+u1
rk1+···+muλ

r kλ+···+un
r kn

in Form (7) for which (u1
r, · · · , qr(mh−η) +

muλ
r , · · · , un

r ) = (v1, · · · , mvλ, · · · , vn), a contradiction. So (f
θj

λ )d
v1k1+···+v′

λ
kλ+···+vnkn

occurs in Form (6) and thus rλ 6= 0. It follows that

gcd(δλ1, · · · , δλrλ
) | gcd(θ1, · · · , θs).

So by Form (8) we have gcd(δλ1, · · · , δλrλ
) = gcd(δ̄λ1, · · · , δ̄λr̄λ

) and thus δω1 = δω2 .
This completes the proof. �

Now we apply these techniques to determine the standard exponents of some
words which appear in [2].

Examples

1. Let n0 be a natural number and

ω3,n0 = [xn0 , yn0 ] (or [xn0 , y])

ωn0 = [xn0 , yn0 , xn0 ].

By Proposition 1

ω3,n0 ∼ [x, y] = x−1xy

ωn0 ∼ [x, y, x] = y−1(y2)x(y−1)x2 ·modulo(Y X)′.

Thus δω3,n0
= δ[x, y] = 1 and δωn0

= δ[x, y, x] = 1.

2. (see [2, Introduction]) Let
ω = x−2y−2x2y2x−10y−2x10y2x−2y−4x−6y6x−2y−2x10y−4x−8y6x8y−2.

By Proposition 1

ω ∼ x−1y−1xyx−5y−1x5yx−1y−2x−3y3x−1y−1x5y−2x−4y3x4y−1

= y−1(y−3)x(y6)x4

(y−2)x5 ·modulo(Y X)′.

So δω = 1.

Note that compared with direct calculation of the standard exponent of ω (made
in [3, Example (3) of Section 4]), now the result follows very easily using Proposi-
tion 1.
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