On the left linear Riemann problem in Clifford
analysis

Swanhild Bernstein

Abstract

We consider a left-linear analogue to the classical Riemann problem:
D,u = 0in R™\T
ut = H(x)u” +h(z)onT
u(z)] = O(|z|77") as |z| — oo.
For this purpose, we state a Borel-Pompeiu formula for the disturbed Dirac
operator D, = D +a with a paravector a and some functiontheoretical results.
We reformulate the Riemann problem as an integral equation:

Pu+ HQuu=hon T,

where P, = %(I +S,) and Q, = I — P,. We demonstrate that the essential
part of the singular integral operator S, which is constructed by the aid of a
fundamental solution of D + a is just the singular integral operator S asso-
ciated to D. In case S, is simply S and I' = R"!, then under the assumptions

1. H=) Hgeg and all Hg are real-valued, measurable and essentially bounded;
& - _

2. (1+ H(x))(1+ H(x)) and H(x)H(z) are real numbers for all z € R"~1;

3. the scalar part Hy of H fulfils Ho(x) > & > 0 for all z € R*~1,

the Riemann problem is uniquely solvable in Lo ¢(R"1) and the successive
approximation

U =214+ H)"'h— (1+H) (1 - H)Sup1, n=1,2,...,
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with arbitrary ug € LQ’C(Rn_l) converges to the unique solution of
Pu+HQu=31(1+H)u+3(1—H)Su=h.

Further, we demonstrate that the adjoint operator S} = nS_g+n and describe
dense subsets of im P, and im @, using orthogonal decompositions. We
apply our results to Maxwell’s equations.

1 Introduction

The following boundary value problem was first formulated by Riemann in his in-
augural dissertation. Since a first attempt towards a solution was made by Hilbert
through the use of integral equations, what we will denote as Riemann problem is
in the literature sometimes also called Hilbert or Riemann-Hilbert problem.

Riemann problem

Let D_ be a bounded and simply connected domain in the complex plane and denote
by D, := C\D_ its unbounded open complement. Then the Riemann problem
consists in finding a function f which is holomorphic in D_ and D, , which can
be continuously extended from D, into D, and from D_ into D_ satisfying the
boundary condition

f-=Hfi+hon I'and f(2) -0, 2z — oo,

uniformly for all directions. Here, H and h are given functions on T

Clifford generalization

Let G be a bounded and simply connected domain in R™ which is bounded by
a Liapunov surface G = I'. Then we want to investigate the following Clifford
analogue to the classical Riemann problem :

D,u = 0in R™"\T
ut = H(x)u” +h(x)onT
u(@)] = O(|z]27) as |z] — oo,

where D, denotes the disturbed Dirac operator D + a, a being a paravector. Using
the Plemelj-Sokhotzki formulae this problem can be transformed into a singular
integral equation on the boundary I :

Pu+ H(x)Quu = h(x).

The linear Riemann problem in the complex plane is well known, especially the
situation where ID_ is the unit disk. The main tools here are the existence of a
simple orthonormal system on the unit circle, namely e, n € N, and a multiplier
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theorem. An analogous orthonormal system can be constructed for the unit sphere
(see [4] or [6]). Unfortunately, it has a very complex structure. A similar multiplier
theorem does not exist. Hence, we have to look for other methods.

Fredholm properties of the singular integral equation which is equivalent to the Rie-
mann problem are investigated by Shapiro and Vasilevskiin [17]. But in this paper
there are no results about computing a solution and about the uniqueness of the
solution.

Successive approximation for the singular integral equation in spaces of Holder con-
tinuos functions was considered by Xu in [21]. However in these spaces it is difficult
to compute the norm of the singular integral operator S. Consequently all results
in [21] involve an unknown constant caused by the norm of the operator S. On the
other hand successive approximation is used straightforwardly such that solvability
is stated only for functions H with "small” norm.

The best situation for the Riemann problem in Clifford analysis is when G is the up-
per or lower half space R and the singular integral operator S in the Hilbert module
Ls ¢ is considered. Then the operator S is unitary and the norm is obviously 1. In
this case we extract an uncomplicated sufficient condition for the unique solvability
of the Riemann problem. Namely, if H = % Hpg and all Hg are real-valued, measur-

able and essentially bounded, (1 + H(x))(1 + H(x)) is a real number for all  and
the scalar part of Hy of H fulfils Hy(x) > & > 0 for all z € R""! then the Riemann
problem is uniquely solvable in L ¢ by successive approximation.

In the first sections of this paper we state some function theoretical results for the
Dirac operator D,. The most important fact is the Borel-Pompeiu or Cauchy-Green
formula. The situation where a is a complex number is fully discussed by Xu in
[20]. In the quaternionic algebra the formula was proved by Kravcenko in [9]. We
take another proof based on the method used by Giirlebeck and Sprofig for the
operator D in [8]. From the Borel-Pompeiu formula we obtain the Cauchy formula
and Lusin’s theorem as was done in the case of D by Brackx, Delanghe and Sommen
in [4].

In the general situation with the operator S, related to the Dirac operator D, we will
see that the main part of the operator is simply S. Unfortunatly, we are not able to
compute the norm of the singular integral operator S, in Ly . Nevertheless, taking
into account orthogonality in the Hilbert module Ly we describe dense subsets of
the set of functions defined on the boundary which can be continuously extended to
functions of ker D, in the domain G and its complement R™\G respectivly. Here,
we generalize a result of [8] and simplify the proof given there.

Finally, we discuss Maxwell’s equations in the Clifford algebra Cy 3 as an application
of our considerations.
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2 Preliminaries

Let Ry, be the real Clifford algebra with generating vectors e;, ¢,...,n, where,

e? = —1, and eje; + eje; = 0if i # j and 4,5 = 1,2...,n. Besides, let ey be

the unit element. Further, let Cy,, = Ry, ® C be the associated complex Clifford
algebra. Then an arbitrary element b € Cy ,, is given by b = >~ bgeg, where bg € C and
B

eg=ep g ep,, B, 02,... Bp €{1,..,n}and B < B2 < ... < By A conjugation

is defined by b = >"bges, € =€3, ... €3, -€5, and eg =€, &5, = —€j, 7 =1,...,n.
B

By [blo = boeo we denote the scalar part of b, whereas Im b= Y bgeg denotes the

8,8#0
imaginary or multivector part.

The following facts of Clifford algebras are contained in [7]. In the Clifford-algebra
Co.n we introduce a general substitute for the determinant. This is the norm function

AN:Cop— Cop, AO(z)=7z.

Since Az = AT for all A € C and z € Cy,, clearly A(Xz) = A2 A (x); but, in general,
A is not a quadratic form on Cp,, since A is not C-valued on Cp,, when n > 2. For
instance, take n > 3 and x = 1 + ejeqges; then x =7 and

A(z) = 2% =1+ 2e1e9e3 + (e160e3)* = 2 + 2e1e9e3 € C.
Nevertheless, on the subset
N ={z € Cy,: A(x) € C\{0}}

on which A is C-valued the basic properties of the norm function mirror those of
the determinant.

Theorem 1 (c¢f. [7]) The set N is a multiplicative subgroup in Cy,, which is closed
under scalar multiplication as well as under conjugation. Furthermore

Alzy) = Alx) A(y), Alx) =A(T), z,y€eN,
and for x in N'

_I—LE ) =
N A

1
A(x)

Additionally we introduce a complex-conjugation by on Cy,, as follows :

if by = b +ib?

then we put b5 = b —ib® and b = (Z baea> = baea, b€ Cop,

where ¢ denotes the imaginary unit.
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The sesqui-linear inner product on Cy,, is given by

(u,v) = (Z uaea,%:vgeg> = uavy

and the Hilbert space norm by

- (zwr)

They coincide with the usual Euclidean ones on Cy,, as a space of complex dimension
2". This Hilbert space norm will be said to be the Clifford norm on Cy ,,. But because
this norm is not submultiplicative, we introduce the Clifford operator norm

jul =

D Ugta
(0%

1blop, = sup{|bu| : u € Cop, |u] <1}

that has the submultiplicative property |ablo, < |a|op|blop Va,b € Co,. Now, Co
becomes equipped with an involution: the Clifford conjugation. But this involution
is complex linear, not conjugate-linear. So for B* algebra purposes, we shall take
as involution on Cy, the conjugate-linear extension b — b of conjugation on real
Clifford algebras. Thus

5 _ (Z ba€a> _ Z ba*(_1>%|o¢|(|a|+1)em

o

whereas

b= baea = bo(—1)3lellal+De

o

Theorem 2 (¢f. [7]) Under the involution b — b and the Clifford operator norm,
Con s a complex C*-algebra.

Lemma 1 (c¢f. [7]) We have the following usefull relations :
(1) (au,v) = (u, av)
(i) aub] < |alop|ul[blop

for all a,b, and u in Cyp,.

In particular if a is an element of the real Clifford algebra Ry,
(iii) |a]* = A(a) = |afg,

whenever the ‘norm’ A(a) = aa is real-valued.

n
Furthermore, we identify an x € R" with x = > x,e; € Co .
i=1
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3 Function sp aces

A function u = ) ugeg belongs to the function space F¢ iff all real-valued functions
B

up belong to the function space F' of real-valued functions.

We denote by Co*(T'), 0 < a < 1, the space of Holder-continuous and by Ce(T') the
space of continuous functions. Additionally L. ¢(I") is the space of all measurable
essentially bounded functions on T'.

We also consider the right-Hilbert-module Lo ¢(T"), with the inner product

(u,v) = /def

T

which leads to the norm

lullZ, . = [(ww)o-

For more details see [4].

4 Dirac-type operators and Cauchy-type integrals

We introduce the following operators :
the Dirac operator

i 0
D = €
and the Dirac-type operator

D,=D +a,

where a is a paravector, this means a = i aje;, a; € C.
5=0
A fundamental solution of D, is given by (cf. [2])
—Ey() = =l {(D — ag) Kiay ()},

where

. n_q
—1 1ag \ 2 )
Ko (o) = Kialle) = iz (1) Kyl

and Kz_; denotes a Bessel-function of third order, the so-called MacDonalds-func-
tion. Note that Ky, (]z]) is a fundamental solution of A + ag (cf. [14]). With this
fundamental solution we define

(Tou)(z) = [ —Ea(z — y)u(y)dG,

(Fau)(x) = 1[ Eo(z —y)n(y)u(y)dl', x ¢ T,
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where n(y) denotes the outward unit normal on I" at the point y.
Furthermore, we put

(Sa) () =2 [ Eule = y)n(y)u(y)dl, o €T,

and introduce the algebraic projections
P, =11+ 5,) and Q, = 3(I — Sy,).

If @ = 0 we write F(z) instead of Eyp(z) an also S instead of S,, etc. .... In
particular we have

1 =z ors

5 Function theoretic results

The first principal application of our considerations is the following:

Lemma 2 Let u € Ce(G), then

Jou(x), €@
Proof: We remark that —FE,(z) is a fundamental solution of D,. ]

Theorem 3 (Cauchy-Green or Borel-Pompeiu formula) For u € C}G) N

Ce(G) we have

(Fale)+ D)) ={ 50

In particular we obtain a Cauchy-type formula

Lemma 3 (Cauchy formula) For u € C(G) N Ce(G) and Dyu(z) = 0 in G we
have

(Fou)(z) =u(z) in G
and (Fyu)(x) =0 in G iff u(z) =0 in G.

Thus functions of the kernel of D, are uniquely determined by their boundary values.
An effect of the Borel-Pompeiu formula is the following theorem.
Theorem 4 Let u € Ce(R™) satisfy (A + QJi‘l aj% + aa)u = 0, where a is a
paravector a = /éo arer. Then u can be represented as

u=p+y

where 1) € ker(D + a) in G and ¢ € ker(D + a) in R"\G.
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Proof: Applying the Borel-Pompeiu-formula twice we get

T,T (A +2 fjl aja% +Aa)u = —TuT (D —3)(D + a)u =
—T.(—F_a(D + a)'zj[—l— (D+a)u) =T,F (D +a)u+ Fou—u=0.
Hence
u=Fuu+T,F 3D+ a)u,
where F,u € ker(D + a) in G and using the Borel-Pompeiu’s formula again,

T.F-a(D +a)u = —F,T,(F-a(D + a)u) € ker(D +a) in R"\G. "

Theorem 5 (Plemelj-Sokhotzki formulae) For u € CO*(G), 0 < a < 1, we
have

lim _(Fou)(z) = 3{u(zo) + (Sau)(w0)} = (Pau)(xo)

Gox—xpel

lim  (Fou)(x) = —3{u(@) — (Sau)(w0)} = —(Qatt)(20)-

R\G3z—z0€l

An important consequence of the Plemelj-Sokhotzki formulae is the identity S? = I.
These results can be extended to functions of Lo c.

Theorem 6 (Lusin’s theorem) Letu € C}(G)NCe(G) and Dyu =0 in G C R".
Further, let v C T be a (n-1)-dimensional submanifold and u(zx) = 0 on ~. Then
u(z) =0 inG.

Lemma 4 Let u € Ce(G) and Dyu = 0 in G and u = 0 on a (n-1)-dimensional
submanifold v € G. Then u is identically zero in G.

The proofs may be found in [4, 6, 8, 11, 20].

6 Singular Cauchy-type operators

In this section we want to state some important properties of the operator S,. First
we demonstrate that the essential part of the operator S, is just the operator S.

Theorem 7 The operator S : Lac(I') — Laoc(T') is continuous.

The proof can be found e.g. in [8], [10], [11].

Theorem 8 The operator S, — S is compact in Loy (T).
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Proof: We have
(Sa) () = 2 [ Euw = y)n(y)u(y)dr, o €T,

T

(Su)(@) =2 [ Bz - yn(y)uly)dl, v €T,

where
1 z—y
E r—Y)=—
and
Ba(w) = e{(D = a0) Kiay (1)}
1 ™ rees ., ia ] )

= eloelo i 5 Kn (i 0 : 5 1Kn (i .

e {(%)% jz:l 2] (iao|x])2 Ky (iaolx]) + L (iag|x|) . 1(2ao|x|)}

Using the properties of modified Bessel functions we get that

1 n 1
ebb L (iagfa)? Ky(iaolel) = o=+ O(1al"), o> 0, asw =0,
(27)2 2 A,

Thus

n 1 o
E.(z)— E(x) = {e[am]o (¢a0|x|)5[(% (iao|z|) — _} ZTje; n

1
(2m)2 An ) |z

’iao
+€[aa}]o—n
(2m)> |z|*2

(iaola]) 2™ Ky 1 (iaola|)

As the kernel E,(z) — E(z) is weakly singular, the corresponding integral operator
S, — S is compact. n

Theorem 9 The operator S, : Loc(I') — Lac(T') is continuous.

Proof: We write S, = S + (S, —5). As S is continuous and S, — S is compact, S,
is also continuous. ]

Remark 1 Theorems 7, 8 and 9 are also valid in the spaces L,c(I'), 1 < p < oo.

7 Successive Approximation

In this section we demonstrate that under weak conditions the successive approxi-
mation for the left-linear Riemann problem converges. This means that the problem
is uniquely solvable for all right hand sides. We rewrite our problem into the form

Au= Pu+ HQu= 31+ H)u+ (1 — H)S,u = h,
where H € Loo (). If (1+ H) is invertible on I" then we can investigate the problem
u+ (1+H)'(1— H)Syu=2(1+ H) "h.
An immediate outcome appears in the situation where H(x) = > Hg(x), all Hg
being real-valued, G is the lower half space R"” and S, is simply S.ﬂ
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Theorem 10 Let G be the lower half space R" and assume that

(i) H(x) = %Hg(l‘)@g, and all Hg are real-valued;

(ii) (1+ H(z))(1+ H(z)) € R and H(x)H(z) € R for all z € R

and

(iii) there exists an e >0 with 0 < & < 1 such that Ho(x) > € for all x € R™ L.
Then the Riemann problem

Au=Pu+ HQu=3(14+ Hju+ 3(1— H)Su="h

>

is uniquely solvable in Ly c(R™™1) and the successive approzimation
U, =214+ H)"h— (1+H) (1 - H)Su,1, n=12,...

with arbitrary uy € Ly c(R™™1) converges to the unique solution u of

Au=Pu+ HQu=3(1+ H)u+ (1 — H)Su = h.

Proof: We have to show that
supess |(1+H)'(1 - H)lop < 1S]I7*.

In Section 9 Lemma 11 we will find out that the Cauchy-type singular integral
operator S is unitary in Ly ¢(R""!) and thus [|S||z,. = 1. Accordingly, we have to
prove

supess [(1+ H) (1 — H)|op, < 1.
As stated in Theorem 1 and Lemma 1 we can simplify |(1 + H)™*(1 — H)|o, into
(1+H)'1-H)|it(1+H)™Q-H)(1+H)(1-H)eR.
By assumption (ii) (1 + H)(1 + H) € R whence (1+ H)(1+ H) = 1+ 2H, + |H|*.

As moreover (1 + H)(1+ H) + (1 — H)(1 — H) = 2+ 2HH we obtain by (ii) that
(1-H)(1-H)eR.

If Hy(z) > e >0 then A(1+ H) > 1+ 2¢ > 0. Therefore, we get

1+ H(x))

1+ H(z)) ' =
( ()~ ST HE
Moreover (1 — H)(1—H)=1—H — H+ HH =1—2H, + |H|* and consequently

1+ H)(1—-H)(1-H)(1+H)
1+ H*

1+H)'0-H)(A+H)(1-H)=

is real valued on R"~!. Finally, as by (ii), Im(H + H) =0 and Im(HH) =0
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\+H-H—-HA|
1+ H+H+HH
(1= |H]?—2Im H)(1 — |H> 4 2Im H)
(1+2Hy + |H|?)?
(11— |HP)?+4Im HIm H
(1+|H|?+ 2H,)?

(L+H) (1= H)* =

V1+HW1_H>

(1+ H)1+ H)

| ‘

_|1—2Im H - |H|?
| 14+2Hy + |H|?

If there exists an € > 0 such that the last expression is less than 1 — ¢ on R"!
then the condition for the convergence of the successive approximation is fulfilled.
Assume

(1—|H|*)?+4Im HIm H
(14 |H|? + 2Hy)?
1—2[H* + |H|* +4|Im H|? < (1 —){(1 4+ |H|*)? + 4Ho(|H|* + 1) + 4(H)?}

<l—-—¢ <=

We set
E:=c(1+4|H* +2Hy)? < esupess(1 + |H|* + 2Hy)?;

then € is an arbitrary positive real number, because € > 0 was arbitrary chosen.

Hence
1—2|H|?>+|H[*+4|Im H|?> < 14+2|H|*+|H|* +4Ho|H|*+4Hy+4(Hy)*—£

<=4|Im H|* < 4|H|> + 4Ho|H|* + 4Hy + 4(Hp)? — &
<=4|Im H|? < 4(Hy)? + 4|Im H|? + 4Ho|H|* + 4Hy + 4(Hy)? — €
<0< 4Hy(2Hy+ |H? +1) — ¢

<& < 4Hy|1 + H|?

This condition is fulfilled if (iii) holds. ]

Remark 2 The Theorem above tells us that the index of the Riemann problem is
zero under the assumptions made. Especially we need inf Hy(z) > 0. In [3] we prove
that the index of the Riemann problem is zero not only in this situation.
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8 Examples

Example 1 Let G be the upper half plane R%. Then dR? = R'. Then we can use
the Clifford algebra Rgo with the generating vectors e;, es to create the singular
Cauchy-type integral operator

Su(x) = —%R[ |(x __yy|)2 ereau(x)dy,

with

u(z) = uo(z)eg + ui(z)er + uz(x)es + urz(x)eses.
We consider the operator Au = Pu + HQu of the Riemann problem where H has
the same structure as u and we suppose each Hg(x) to be real-valued. This one-

dimensional problem can be compared with the classical situation by setting

u(z) = uo(z)eg + uizeres = v(x) + iw(x),
H(z) = Ho(z)eg + Hizereo = F(z) + iG(x).

Thus, the simple condition
Ho(x) >é>0 Vzx

is sufficient for the convergence of the successive approximation.

Example 2 Let G be the upper half space R3. Then JR* = R? Then we can use
the Clifford algebra Ry s (Quaternions) with the generating vectors ey, es to create
the singular Cauchy-type integral operator

Su(r) = 5 [ IR I ey

L |z —y?

with
u(z) = ug(x)eo + ur(x)er + uz(w)es + urz(w)ers.

We consider the operator Au = Pu + HQu of the Riemann-problem where H has
the same structure as u and we suppose each Hs(z) to be real-valued, H(x)H (z)
and (1 + H(x))(1+ H(z)) are real numbers for all z € R"~!. We get as a sufficient
condition for the convergence of the successive approximation Hy(z) > ¢ >0 V.
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Example 3 Let G be again the upper half space R3. Then dR? = R? Then we
use the Clifford algebra Ry 3 with the generating vectors ej, €2, e3 and the singular
Cauchy-type integral operator

i/ (x1 —y1)er + (2 — y2)es

27 J, |z —y[?

Su(x) = — esu(z)dy,

uo(z)eg + ur(z)er + uz(x)eg + us(x)es + uia(x)er + urs(x)ers + uag()ess + ur2se123-

We consider the operator Au = Pu + HQu of the Riemann-problem where H has
the same structure as u and we suppose each Hg(x) to be real-valued. To obtain
a simple criterion for the successive approximation we suppose H(x)H (z) and (1 +
H(x))(1+ H(z)) to be real numbers for all z € R"!. Then we get that the condition
Ho(xz) > e >0 Vz is sufficient for the convergence of the successive approximation.

9 Projections and orthogonal decompositions

It is easily seen that P, and @), are algebraic projections. But they are not orthogonal
in the sense of the inner product (.,.) of Ly¢(I"). Because P, and @, are idempotent
we have orthogonal decompositions

Lye(I') =ker PF @ im P,,

Loc(T) =ker@: & im Q,,

where the star denotes the adjoint operator. Thus we are interested in the adjoint
operators. The following lemma helps us to construct the operator S;.

Lemma 5 Let z be a complex variable. Then we have (K, (iz))* = K,((iz)*) for all
veR.

Proof: We mention that the star * denotes complex conjugation. According to [1]
we have for a complex variable z and a real v

K, (iz) = 3imi"H{V (—2) = —Lin(—i)"H{?(2)
(HM(2))" = HP (=), (HP(2))" = HD(2*).

Thus .
(K (i2))" = (§imiH{M(=2))" = —Jim(=i)"(HOD(=2))" = —im(=i)"HP(=z*) =

Ko (i(—2)") = K, (i), .

Lemma 6 The conjugate kernel is given by E,(v) = E_q+ (—2).
Proof: We have

1
|x|n 2

" , ia
Z )2 n (iao|x|) + O%

(27) (’laolxl)%_lKg—l(’iaoﬂl)}

@
Q
8,
o
/—/h«
m|:
<.
I
—_
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From Lemma 5 we get

(Kaa(iaolz]))" = Ka1(—iagle]) and (K (iaolx]))" = Ky (—iag|z|).

and thus
- . 1 —xie; n
E,(z) = elm@"(=2)lo = (—iag|x|)? Kn(—iag|z|)+
G 2 e el i
_Za* 1 A n__
+(27r)0% |x|n_2(—za0|x|)2 (—tag|x|) } E_o(—

Theorem 11 We have
(Sav)(y) = n(y)(S-ax no)(y).
In particular for a = 0 we have S* = nSn and if ' = R"! we have S* = S.

Proof: We consider

(Squ,v) =

Hence,
(Sav)(y) = —2n(y)

= —2n(y) | By — @) n(z)(=n(z))v(z)dly = n(y)(S-e n0)(y).

If @ = 0 then S = nS*n. If moreover I' = R™™! then n = e, and E(z —y)e, =
—e,E(x —y) and thus

(5"0)(y) = —2e0 [ (Ble = y))(~e2)v(a)dT,

T

— —Qei/E(y —z)epv(r)dly = (Sv)(y). =

Using this we get P = 1(I 4+ S5) and Q; = +(I — S}).
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10 Dense subsets related to the orthogonal decomposition

In this section we want to describe dense subsets of im P, and im @, in L.
Because S can be expressed in terms of S_,+ we find the following useful relations.

Lemma 7 Letv € Lyc(T"). Then
vekerP; <= nve€ im P, andv €kerQ, <= nv € im Q_4.
Proof: Pijv= (I + S)v=0 <= S;v=—v=nS_gnv or nv =S_gnv and this

means nv € im P_,«. The other relation can be proved analogously. [

Theorem 12 Let I', be a smooth Liapunov surface such that T', C R”\@ and
dist(G,Ty) > 0 and let {9}, be a dense subset of T'y. Then {E,(x — x()}2 is
a dense subset of im P, N Lac(T).

Proof: First, if v € ker P¥ then nv € im P, and thus
(Ba(. —a),0) = / Euly — 2)o(y)dr = / B+ (@) = y)n(y)(~n(y))o(y)dr

= —(Fo(m)(zP)=0 VneN.

n

On the other hand, if

(Ea. = 2),0) = [ Euly = o)) {=n(y)v(y)}dr
— (F_gr(n0)) (29) = 0 Vn € N,

then F_,«(nv) = 0 on I', and because of Lusin‘s theorem we have F_,«(nv) = 0 on
R™\G and nv € im P_,« and this is equivalent to v € ker P}. Thus

(Bo( . —2l9),0) =0 VneN

implies v = 0 in im P, and so {E,(z — 2(9)}2° is a dense subset in im P,. ]
In an analogous way we can prove the following theorem

Theorem 13 Let I'; be a smooth Liapunov-surface such that T'; C G and
dist(G,T;) > 0 and let {zD}>, be a dense subset of T;. Then {E,(x — x{)}
is a dense subset of im Qg N LQ,C(F)

Combining both theorems we can state

Theorem 14 LetI',T;, ', and xﬁf) and let xﬁf) be as in Theorems 12 and 13. Then
the set {E,(z — x0)}22 U{E,(z — 2())}>°, is dense in Lyc(T).

Proof: An arbitrary element u € Lo ¢(I") may be written as

1
:§(I+SQ+I—SQ)U:PQU+QQU-
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11 Application to Maxwell's equations

In the physical setting of the problems we follow here [5].

Maxwell’s equations are the fundamental equations of electromagnetism. Electro-
magnetic phenomena in vacuo are described with the help of two functions E and
B defined on the hole space R2 x R; with vector values in R3-called respectively the
electric field and the magnetic induction.

These functions E and B are linked with two functions p and j defined likewise on
R? x Ry, with p(z,t) € R and j(x,¢) € R3-called respectively charge density and
current density - by the equations, called Maxwell’s equations:

—aa—]f +rot B—j=0 the Maxwell-Ampere law,
divE—-—p=0 Gauss’ electric law,

0B

B +rot E=0 the Maxwell-Faraday law,
divB =0 Gauss’ magnetic law,

with the usual notation (for E = (Ey, Fa, E3), x = (21,22, x3))

3 OF,
div E =
1V ; axi,

‘B OF3 O0FEy; OF, O0OF3 0E, O0FE;
T = — — _
© 83:2 83:3 ’ 83:3 83:1 ’ 83:1 83:2

In many problems concerning Maxwell’s microscopic equations (in vacuo and in the
whole space R3 x R;) one uses, instead of the functions E and B, the two functions:

(z,t) — A(x,t) € R3 called ”the vector potential”,
and
(x,t) — V(x,t) € R called "the scalar potential”,

which are related to E and B by
B =rot A,

E dVv OA W
= —gra - —.

s ot
Substituting the expressions into Maxwell’s equations, we obtain the inhomogeneous
linear system:

0?A ov
_AA ivA4+—|=1i
BT + grad (le + 875) J,

—AV—%(divA):p.
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We observe that the functions A and V' are not defined in a unique manner by (1)
starting from E and B: if A and V satisfy (1),then for any arbitrary function u of
x and t, A" and V' defined by:
A’ = A + grad u,
ou (3)
V=V - —
ot
also satisfy (1). The transformation (A, V) — (A’, V’) given by (3) is called a gauge
transformation. As a result of (3), we have (always in R2 x R;)

oV’ ov 9%u
—div ALl _gu
5 div A + 5 + Au Iz (4)

Taking for u a solution of the equation

2
Au—@:—<divA+a—V>

div A’ +

ot? ot

(where A and V are supposed to be known), we see that it is possible to choose a
pair (Ap, V) such that
ovy

div AL, + —==0.
iv Ap + 5 (5)

This relation is called the Lorentz condition. With this choise, equations (2) can be
written:

0?Ar

—ANAL =]
8t2 L Js (6)
0%V,
8t2 — AVL = p.

Note that (4) with (6) does not determine a unique pair ( bAr, V) when j and p
are known.

As an application of the Hilbert problem we want to consider stationary problems.
The expression ”stationary problems” demands a precise definition. We understand
by that the search for solutions of Maxwell’s equations in the whole space which are
of the form

{ E(z,t) = Eo(z)e™!

| (7)
B(z,t) = Bo(z)e™!

with w a known non-zero real constant. An electromagnetic wave with such a solu-
tion is said to be monochromatic- the electric field then being made up of functions
which are periodic in time (but obviously not every periodic solution of Maxwell’s
equations is of this form). The constant w is called the pulsation of the electromag-
netic field, and ;= its frequency. We see the charge density p and current density j
can be represented by means of

{ p(x,t) = po(z)e™

j(z,t) = jo(z)e™".
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and also the vector and scalar potential:
Vi(x,t) = Vo(x)e™!
{ Az, t) = Ag(z)e™t.
Using these relations we obtain from (1) the equations
Bo(z) = rot Ag(z)
{ Eo(x) = — grad V(z) — iwAo(z).

We want to put the relations into Clifford algebra language. For this purpose we
3

consider Du with the Dirac operator D in Cy 3 and u a paravector u = upeo+ Y. ue; =
i=1
upeo + u. We get

-divuw - div u + agug
Du= | grad ugp | and (D + ap)u= | grad up+ aou
rot u rot u

Thus we interprete the scalar and the vector potential as a special paravector F'(x) =
iVo(x) + Ag(z) and the electric field and the magnetic induction as the element
U(z) = —iEo(z) + Bo(x) of Co 3 and put

U(z) = (D —iw)F(x)

The scalar part of this equation is zero and represents the Lorentz condition. The
pseudoscalar part equals zero on both sides. The rest is easily seen from

0 iVo(x) -div Ag(x) + diwiVy(x)
—iEo(z) | (D — iw) Ag(z) | | igrad Vo(x) + diwAg(z)

Bo(z) | o | rot Ag(z) -

0 0 0
-div Ap(z) —iwVy(z)
i(grad Vo(z) + iwAo(x))
rot Ag(z)
0
The equations (6) for the scalar and vector potential are moved into
(A +w*)F(x) = R(z) (8)

where R(z) = (—ipo(z), —jo(z)). In terms of the Dirac operator (8) is equivalent to
(D +w)(D—w)F(x) =—R(x).
If R(xz) = 0 (this means there is no source) then our solution can be represented as

F(z) = ®(z) + V(x)
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where @ fullfills (D + w)®(z) = 0 in R? and ¥ fullfills (D + w)¥(z) =0 in R?.

Then the Hilbert problem means to determine a F'(x) that fullfills
(D+w)(D—-w)F(z)=0

and there is a linear relation between U and ® on 0R? = dR?® = R?. That is

P(x) = H(x)V(x) + h(x).
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