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Abstract

We explicitly determine the self-dual centroaffine surfaces of codimension
two with constant affine mean curvature and indefinite affine fundamental
form by giving representation formulas.

1 Introduction

An immersion f of an n-dimensional manifold M into R"*2\ {0} is called a cen-
troaffine immersion of codimension two if the position vector f(x) is transversal to
f« T M at each point x of M. Properties of such immersions invariant under special
linear transformations were first studied by Walter [5], and later by Nomizu and
Sasaki [3] in a more general and systematic way, particularly from the viewpoint of
its closed connection with projective hypersurface theory.

For a given centroaffine immersions f of codimension two, one of the most fun-
damental results established by them is: if f is non-degenerate, then f uniquely
determines a pseudo-Riemannian metric on M, called the affine fundamental form
of f; moreover, the affine fundamental form is invariant under the change f +— Af
of centroaffine immersions by an element A of SL(n + 2;R).

In [2], the first author considered a certain area-variational problem with respect
to the affine fundamental form and studied its extremals, which he called minimal
centroaffine immersions. Furthermore, he showed that the space of the SL(4;R)-
congruence classes of minimal ISDC immersions R? — R*\ {0} is in one-to-one
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correspondence with the space of solutions for a wave equation on R%.  Here, we
refer to ‘self-dual centroaffine immersions with indefinite affine fundamental form’
as ‘ISDC immersions’.

In this paper, our main goal is to give a representation formula for the minimal
ISDC surfaces (Theorem 3.2), which shows that any minimal ISDC surface is locally
represented as the tensor product of two centroaffine curves in R?\ {0}. The Clifford
torus is a typical example of such surfaces. In Section 4, we give a representation
formula for ISDC surfaces with non-zero constant affine mean curvature (Theorem
4.4), which shows that such a surface is also constructed by two centroaffine curves.
We remark that an ISDC surface with non-zero constant affine mean curvature
corresponds to a solution of Liouville’s equation (4.11).

As an appendix, we give the affine mean curvature formula for a non-parametric
centroaffine immersion in Section 5. Section 2 is devoted to basic definitions and
facts on centroaffine immersions.

The authors would like to express their gratitude to the referee for his useful
comments.

2 Preliminaries

In this section, we briefly review geometry of centroaffine immersions of a simply-
connected, oriented, n-dimensional manifold M into R™"*2\ {0}. For further detail,
we refer the reader to [3].

Let f: M — R"2\ {0} be a centroaffine immersion. We denote by D the
standard flat affine connection of R"*2, and by Det the standard parallel volume
form on R™*2. A vector field ¢ along f is called a normal vector field if it satisfies
at each point x of M the tangent space Ty R""? is decomposed as

TjR""? = £.T.M ® R, ® Rf(2), (2.1)
and that the volume form 6 defined by
0(X1,...,X,) :=Det(f X1,..., [ X0, & f) (2.2)

for X1,..., X, € (T M) is compatible with the orientation of M.

When we choose a normal vector field £, we determine a torsion-free affine con-
nection V, two symmetric (0, 2)-tensor fields h and T, a (1, 1)-tensor field S, and
two 1-forms 7 and P by

DXf*Y = f*VXY + h(X7 Y)f +T(X7 Y)f7
Dx§=—f.5X +7(X)€+ P(X)/,

according to the decomposition (2.1).

It is easily shown that the conformal class of h does not depend on the choice of .
When h is non-degenerate (resp. definite, indefinite), f is said to be non-degenerate
(resp. definite, indefinite). If f is non-degenerate, there is a normal vector field £
satisfying that

(2.3)

T =0,
6 = Vol,, where Vol, is the volume form with respect to h, (2.4)
trp {(X,Y) — T(X,Y)+ h(SX,Y)} = 0.
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Moreover, such a £ is uniquely determined. We call ¢ the Blaschke normal vector
field of f. From now on, we always choose the Blaschke normal vector field as a
normal vector field of f. In this case, we call the non-degenerate tensor h the affine
fundamental form of f.

For an element A of SL(n+2;R), both D and Det are invariant under a transfor-
mation v — Av of R"*2. Hence, Af is also a non-degenerate centroaffine immersion
and its Blaschke normal vector field is A¢; moreover, f and Af induce the same set
of the geometric quantities V, h, T', S and P. Conversely, if two non-degenerate
centroaffine immersions f;, fs induce completely the same quantities, f; and f, are
congruent, that is, there exists an element A of SL(n + 2;R) such that fo = Af;.

For later use, we recall the equations of Gauss, of Codazzi, and of Ricci for a
centroaffine immersion f : M — R™"2\ {0}: let V, h, T, S and P be the objects
determined by (2.3). Then they satisfy

R(X,Y)Z = WY, Z)SX — h(X,Z2)SY —T(Y,2)X + T(X,2)Y, (2.5
(Vxh)(Y. Z) = (Vyh)(X, 2), (2.6)
(VxT)Y, Z) + h(Y, Z)P(X) = (VyT)(X, Z) + h(X, Z)P(Y), (2.7)
(VxS)Y + P(X)Y = (VyS)X + P(Y)X, (2.8)
h(X,SY) = h(Y,SX), (2.9)
T(X,SY) - T(Y,SX) = dP(X,Y), (2.10)
tr,{(Y, Z) — (Vxh)(Y, Z)} =0, (2.11)
tr,{(X,Y) — T(X,Y) + h(SX,Y)} = 0, (2.12)

where R denotes the curvature tensor field of the induced connection V.

Conversely, if a torsion-free affine connection V and tensor fields h, T', S, P are
given on M, and if they satisfy the relations (2.5)—(2.12), then we can construct a
non-degenerate centroaffine immersion f of M into R"*2\ {0} with Blaschke normal
vector field & such that decomposition (2.3) of Dx f.Y and Dx¢ holds.

Let R, denote the dual space of R"*? endowed with the volume form induced
by Det. For a given centroaffine immersion f: M — R"™\ {0}, we define the dual
map f*: M — R, o\ {0} by

[r@)(f.X)=0, [ (z)¢(@)=1 and [ (z)(f(z)) =0, (2.13)
for each v € M and X € T, M.

Definition 2.1. A centroaffine immersion f : M — R""2\ {0} is said to be self-dual
if there exists a volume-preserving linear map L : R"*? — R, ., such that f* = Lf.

Fact 2.2 ([3]). For a centroaffine immersion f : M — R"2\ {0}, the following
three conditions are mutually equivalent:

(1) [ is self-dual;
(2) the image of f is contained in a non-degenerate quadratic cone;

(3) Vh=0.
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Definition 2.3. For a non-degenerate centroaffine immersion f : M — R"*2\ {0},
the affine mean curvature H is defined to be (1/n)trS. A non-degenerate cen-
troaffine immersion f is said to be minimal if the affine mean curvature H vanishes
everywhere.

We abbreviate the phrase ‘self-dual centroaffine immersion with indefinite affine
fundamental form’ to ‘ISDC immersion’.

Example 2.4 ([2]). The Clifford torus fo : R? — R*\ {0} and a quadric fq, :
R? — R*\ {0} defined below are minimal ISDC immersions.

cos u' cos u? 1
1gin 2 2
1 o CcoS U™ sin u 1 9 U 1 9 9
fC’(uau): . 1 2 ) le(U,U): 1 ) (U,U)GR.
sin " cos u U
sin u! sin u? wlu?

They have the same induced connection and affine fundamental form
VO; =0 and h=2du'du’. (2.14)
Example 2.5. The immersion fg, : R* — R*\ {0} defined by

1 1+(u1)z+(u2)z
oty = o | 1) T ) e w2

V2
2u?

is a minimal self-dual centroaffine surface with flat induced affine connection and
definite affine fundamental form h = 2(du'du' + du?du?).

Remark 2.6. Nomizu and Sasaki [3] proved that the image of a centroaffine immer-
sion lies in an affine hyperplane which does not contain the origin if 7" determined
by (2.3) vanishes identically. In this case, a minimal centroaffine surface is reduced
to a minimal affine surface (or, one may say, an affine maximal surface) in R3.

3 Representation Formula
for Minimal Self-Dual Centroaffine Surfaces

Throughout Sections 3 and 4, we discuss problems locally and always identify two
centroaffine immersions M — R*\ {0} if they are congruent.

Lemma 3.1. For an indefinite centroaffine surface f : M — R*\ {0}, we choose
local asymptotic coordinates u',u* on M such that h = 2pdu'du?®. Then we have

Vo, 02 = V01 =0, (3.1)
h(V,01,05) = O1p, h(01, Va,0a) = Dap, (3.2)
T(01,09) + pH =0, (3.3)

h(dy,S0s) = h(Da, SOy) = pH. (3.4)
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Moreover, if f is minimal and self-dual, then we can choose local asymptotic
coordinates such that p =1, and in these coordinates we have

Vo, =Vo, =0, (3.5)
T = 7 (u')du'du® + 15 (u?)du*du?, (3.6)
S = —r(u)du' ® 0y — 1o (u?)du® ® 0, (3.7)
P=0, (3.8)
where 1;, 1 = 1,2, are functions in one variable.
Proof. By equation (2.11), we obtain
(V,h) (01, 0) = gtrh{(Y, Z) s (Vo h)(Y, Z)} =0, i=1,2. (3.9)

Using (2.6), we have
h’(vala27 81) = h(vazah 81)
1 1
= _§(V82h)(81>81) = _§(V31h)(81762) =0,

1 1
h(V3182,82) = —a(Valh)<82,82) = —é(Vth)(al,a2> == O

Then we have (3.1). Moreover, we have (3.2) because

81p = 81;7,(81, 82) = h(Valal, 82),
Opp = 82h<817 82) = h(alu Vaﬁg)-

Since

1 1
H = 5 tI"S == %{h(ﬁl, 582) + h(ag, 581)},
we obtain Equation (3.4) by virtue of (2.9). Equation (3.3) follows from (3.4) and

(2.9).
Now we assume that f is minimal and self-dual. By the self-duality, we have

1
h(V,0;,0;) = —§(Vaih)(8i,@-) =0, i=12 (3.10)
Hence Vg, 0y = p~t0sp - Oy = Oy log |p| - 9> and

R(@l, 82)82 = V31VQ282 = 8162 log |p| . 82.

Using (2.5), (3.3) and (3.4) with H = 0, we obtain
1
6162 log |p| = ;h(@l, R(@l, 62)82) = —h(81, 562) + T(@l, 62) =0.

Hence there exist two functions ¢(¢) and v(t) in one variable such that p(u',u?) =
d(u')(u?). Setting ' = I H(t)dt and a* = Ik Y(t)dt, we have h = 2di'da?. Thus
we may assume p = 1. Equations (3.1), (3.2) and (3.10) imply VO, = V0, = 0, that

is, V is a flat affine connection with affine coordinates u®, u?.
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From (2.5), we see that
0 = h(Dy, R(Dy, 32)01) = h(Dy, SBh) + T(y, ).
On the other hand, by (3.3) and (2.7) we have
T(01,01) = (V,T)(01,01) = P(Oh),
and by (3.4) and (2.8) we have
Doh(D, SO1) = h(D, (Vy S)0) = P(D).

Therefore, P(91) = 0 and 7y = T(dy,0,) = —h(d1, S9;) is independent of u?. In the
same way, we can prove P(0dy) = 0 and 7 = T'(0s, 02) = —h(0, S03) is independent
of u', thereby completing the proof. [

A curve v : [ — R?\ {0} is called a centroaffine curve if y,~' are linearly inde-
pendent, and a centroaffine curve is said to be centroaffine arclength parametrized
if the areal velocity (1/2) Det(~,7’) is constant. In this case, 7" is proportional to ~y
because

0 = (Det(v,7"))" = Det(v,7").

In the remainder, we will always assume that on a centroaffine curve a centroaffine
arclength parameter is chosen.

For two centroaffine curves 7; : I; — R?, i = 1,2, we define their tensor product
M ®7: [ x I - R? ®@g R? by

(M ® ) (' u') = y(u) @p(u?), (u'vu®) €l x I

By identifying (2!, 2?) @ (y',y?) € R? @z R? with (z'y!, z'y?, 22yt 2%9y?) € R?, the
map 7; ® ¥, is regarded as a centroaffine surface in R* \ {0}. Now we prove the
following;:

Theorem 3.2. For two centroaffine curves v; : I; — R?\ {0}, 1 = 1,2, the cen-
troaffine surface f = v1 @ vo : I} x I, — R*\ {0} is a minimal ISDC surface.
Conversely, any minimal ISDC surface is locally represented in this form.

Proof. Setting v/ = k;7y, i = 1,2, we have

2

001 f(u', u?) = ky(u) flut, u?),
o0y f (ut, u?) = Ko(u?) f(u', u?).

Hence we have

Vi, 01 = V,dy = 0, (3.11)
h(@l, 81> == h(ag, 82) == 0 (312)

Thus u', u? are asymptotic coordinates. By (3.1) in Lemma 3.1 and (3.11), we see
that V is a flat affine connection with affine coordinates u', u®. Moreover, from (3.9)
we have p = h(0;,0;) is a non-zero constant. Hence VA = 0 and the surface f is

self-dual.
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Since V is flat, equation (2.5) with (3.3) and (3.4) implies that
0= h(al, R(@l, 82)82) = —p2H -+ T(al, 82)p = —2p2H

Therefore f is a minimal ISDC surface.

We shall prove the converse. Let f be a minimal ISDC surface. By Lemma 3.1,
we may choose local coordinates u!, u? satisfying h = 2du'du? and equations (3.5)—
(3.8). Let ug = (ug,ud) be a point of M. Changing f by an element of SL(4;R) if
necessary, we may assume that

x(up) = (0,0,0,1), hx(ug) = (1,0,0,0), x(ug) = (0,1,0,0).

Since 910, f = 11 (u') f, the curve ¢ — xz(t,u2) lies in a plane spanned by z(u’) and
Oz (up). Hence there exists a curve v, = (v1,77) of R? such that

z(t,ug) = (71 (t),0,0,75 (1))

In the same way, we have another plane curve v, = (v4,7v2) such that

x(ué, t) = (07 ’721(75)7 0, Vg(t))

Since v/ = 77y, we have (Det(7;,7})) = 0. Then ~;, i = 1,2 are centroaffine curves.
It is easily verified that the centroaffine surfaces f and v; ® 2 have same centroaffine
invariants V, h, T', S and P. Therefore f is congruent to v, ® s. [

Example 3.3. The Clifford torus fc and the quadric fg, in Example 2.4 are given
by tensor products of two centroaffine curves as follows:

fo(u',u?) = (cosu',sinu') ® (cosu?, sinu?),
fau (u',w?) = (1L,u') ® (1, u?).

Next, we shall consider definite centroaffine surfaces. The following lemma can
be obtained in a similar way to Lemma 3.1.

Lemma 3.4. For a definite centroaffine surface f : M — R*\ {0}, we choose local
conformal coordinates u',u® for h such that h = 2pdzdz, where z = u' + /—1u?.
Then we have

Vo.0: = V5.0, =0, (3.13)
W(Vo.0.,0:) = 0up,  h(D.,Vo.0:) = Dp, (3.14)
T(0.,0;) + pH =0, (3.15)

h(d,,S0.) = h(ds, S9,) = pH. (3.16)

Moreover, if f is minimal and self-dual, then we can choose local conformal
coordinates such that p =1, and in these coordinates we have

Vo, = Vo; =0, (3.17)

T = 1(2)dzdz + 7(2)dzdz, (3.18)

S =—7(2)dz @ 9: — 7(2)dz ® 9., (3.19)
P =0, (3.20)

where T 1s a holomorphic function.
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A holomorphic map A from a domain U C C to C*\ {0} is called a holomorphic
centroaffine curve if det(A, A’) is constant. In this case, there exists a holomorphic
function k such that A” = kA.

For a given holomorphic centroaffine curve A : U — C?\ {0}, we consider a map
U3z A2)®@A(2) € C2®¢ C?. By identifying (x!, 2?) ® (y', y?) € C* ®¢ C? with
the element

1
5 (xlyl + x2y2,x1y1 N x2y2,x1y2 + :Ele, \/—_1(2013/2 . nyl))
of C*, the image of the map above lies in R* € C*. Thus we regard the map A ® A

as a surface of R*\ {0}.

Theorem 3.5. For a holomorphic centroaffine curve A : M — C? \ {0}, the cen-
troaffine surface f = A ® A : M — R*\ {0} is a definite minimal self-dual cen-
troaffine surface. Conversely, any definite minimal self-dual centroaffine surface is
locally represented in this form.

Proof. By virtue of Lemma 3.4, we can verify that A ® A is minimal and self-dual
in a similar way to the proof of Theorem 3.2.

To prove the converse, let f : M — R* be an arbitrary definite minimal self-dual
centroaffine surface. As in Lemma 3.4, we choose local coordinates u',u? on M
satisfying h = 2dzdz and (3.17)—(3.20). Then the structure equation of the surface
f is given by

0.0.f =7f, 0:.0:f =&, 0:0:f =T7F,
0,6 = —7105f, 0:6 =—T0.f.
Let zyp be a point of M. Changing f by a suitable element of SL(4;R), we may
assume that

1

flz0) = —5(1,1,0,0), azf<zo>—7(o 0,1, —V~T),
1

g(ZO) = ﬁ(lv_la()?O)

Let A= f!'+ f? and p = &' + £€2. We shall prove that the complex function 9,/
is holomorphic. Using (3.21), we have

5. R R
L) A2
=0 at 2y by (3.22),

o.fea ()} -0

Hence 9;(0,\/)) is identically zero. Now we define holomorphic functions A%, i =
1,2, around zy by

(3.21)

(3.22)

A —ol/4 oy /
exp N )
1

A%(z) = V2A1(z) /Z: de.
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Then A = (A', A?) is a holomorphic curve in C?\ {0} satisfying A” = 7A. Hence A is
a holomorphic centroaffine curve. It is easily verified that f and A ® A is congruent
around zp. [

Example 3.6. We define a holomorphic centroaffine curve A by A(z) = 2Y4(1, 2), z €
C. Then the minimal self-dual centroaffine surface given by A ® A is the quadric
fo, in Example 2.5.

4 Self-Dual Centroaffine Surfaces
with Non-Zero Constant Affine Mean Curvature

In this section, we consider self-dual centroaffine surfaces with constant affine mean
curvature H # 0. Since such a surface lies in a quadratic cone, it can be locally
written as a graph on a quadric fg, or fg, (see Examples 2.4 and 2.5). For this
reason we first study graphs on a given centroaffine immersion generally.

Lemma 4.1. Let f : M — R"™\ {0} be a centroaffine immersion of an n-
dimensional manifold M. Suppose that we change f to f = e*f, where w is a
function on M. Then the affine fundamental form h and the affine mean curvature
H change as follows:

h(X,Y)=e*h(X,Y), (4.1)
n—2

) 1
= {H — L h(dw, dw) - — b, de} . (4.2)

n

Proof. Let ¢ and € be the Blaschke normal vector fields of f and f, respectively.
We choose a positive function p, a function a and a vector field U on M so that

E=p (E+af + £.U). (4.3)
By the definition of f, we have
fX = e (dw(X)f + £.X)
and

Dxf.Y = f{e*(VxY + do(X)Y + dw(Y)X)} + e*h(X, V)¢ (4.4)
+e?(T(X,Y) 4+ dw(X)dw(Y) + XYw)f.

On the other hand, from (4.3) we have

Dxf.Y = f.VxY + WX, Y)E+T(X,Y)f (4.5)
= [ (e“VxY + pth(X,Y)U) 4+ p~'h(X,Y)E
+{e(T(X,Y) + dw(VxY)) +ap ' h(X,Y)} f.
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Comparing (4.4) and (4.5), we get
VxY + (pe) (X, Y)U = VxY 4 dw(X)Y + dw(Y)X,
hMX,Y) = pe“h(X,Y),
T(X,Y) + dw(VxY) + a(pe’) *h(X,Y)
=T(X,Y) 4+ dw(X)dw(Y) + XYw.

A similar calculation on D Xé shows that

peSX = SX —aX — VxU + dlog p(X)U,
0= —dlogp(X)+ h(X,U).

By the equation (4.7) and the second condition of (2.4), we have

\/‘det(h(ei,ej))’ = (pe“’)_"/2 \/‘det(ﬁ(ei,ej))’
= (pew)in/Q Det(f*eb ) f*ena 57 f)
— (pflew)(n+2)/2 Det(f*€17 ceey f*€n7 §, f)

Kurose

(4.8)

(4.9)
(4.10)

This implies that p = ¢¥. Hence we obtain (4.1) from (4.7) and U = grad, w from

(4.10). Moreover, we have
h(SX,Y) = h(e*SX,Y)
= dw(X)dw(Y) + h(SX,Y) — ah(X,Y) — h(VxU,Y)
= dw(X)dw(Y) + h(SX,Y) — ah(X,Y) + (Vxh)(U,Y)
— XYw+dw(VxY),

and

T(X,Y)+h(SX,Y)=T(X,Y)+ h(SX,Y)

+ (X, Y)h(dw,dw) — 2ah(X,Y) + (Vxh)(Y,U).

By (2.6) and (2.11), we have
(X, Y) s (Txh)(U,Y)} = i (X, Y) = (Voh) (X, ¥)} = 0.
Hence, from (2.12) we obtain
0=tr;{(X,Y) = T(X,Y)+h(5X,Y)}
= n(h(dw, dw) — Qa).
Consequently, we have

i %trﬁ{(x, Y) o h(SX,Y)}

_ %e—% i1 {(X,Y) > h(3X,Y)}

9 1
e {H — e, do) - o, de} ,
n

n

thereby completing the proof.
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Remark 4.2. When M is a compact 2-dimensional manifold, Lemma 4.1 implies
that I = [,; H Vol, is invariant by the change f +— e“f. Then I is a projective
invariant of the immersion w o f : M — RP3, where 7 : R*\ {0} — RP? is the
natural projection. It can be easily checked that I = (1/2) [,; K Vol, —(1/16)A,
where K is the Gaussian curvature of h, and A is the area of M measured by the
projective volume element (cf. [1, p. 174]). Hence, when h is positive definite,
I < 27 and the equality holds if and only if f is self-dual.

Let f : M — R*\ {0} be a self-dual centroaffine surface with affine mean
curvature H. From Lemma 4.1, we see that if f = e“fq,, then

H = —e %0,0,w; (4.11)

and that if f = e* f,, then
H=—e0.0w. (4.12)

Hence, H is non-zero constant if and only if w is a solution of Liouville’s equation.
For details on Liouville’s equation we refer the reader to [4], and we note only the
following fact:

Fact 4.3. Assume that H is a non-zero constant. Then,

(1) a function w satisfies (4.11) if and only if there exist two functions p and v in
one variable such that

wu',u?) = —p(u') — v(u?)

—log{a/u

where a, 3, A € R, aff = —H;

1

e 2O+ 3 / ’ 62”(t)dt+A}, (4.13)

(2) a (complex) function w satisfies (4.12) if and only if there exits two holomor-
phic functions h and k in z = u' + /—1u? such that

(it u?) = —h(z) — B(3)
~log {a/ e~ gy 1 B (W) + A} . (4.14)

where a, 3, A € C, af = —H.

As an application of this fact, we shall show that any ISDC surface can be
constructed by two centroaffine curves:

Theorem 4.4. For given two non-zero constants a, 3 and two centroaffine curves
1,72 with Det(y1,71) = Det(vq,v5) = 1, the surface

1
arf(ut)ya (u?) + B (ul)3 (u?)
1s an ISDC surface with affine mean curvature H = —af3. Conwversely, any ISDC

surface with non-zero constant affine mean curvature is locally represented in this
form.

flul u?) =

le (ulv u2)
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Proof. By a direct calculation we can verify that
w(u',u?) = —log {ar} (u") 3 (u?) + By (u')3 (u?) } (4.15)

satisfies Liouville’s equation (4.11) with H = —af. Conversely, we suppose that w
is a solution of (4.11) given by (4.13). Then, setting

t

() = e, 920 = e ([0 1 a,)),
t

O =0, (e = e ([0 4 4y),

where A;, Ay are arbitrary constants satisfying A;+ A, = A, we have two centroaffine
curve v; = (v,72), 1 = 1,2, with Det(v;,7/) = 1. It is easily checked that (4.15)
holds. [

In a similar fashion, any (complex) solution for Liouville’s equation of elliptic
type (4.12) can be obtained by two holomorphic centroaffine curves:

Proposition 4.5. For given two non-zero constants o, 3 and two holomorphic cen-
troaffine curves A1, Ao with det(Ay, A}) = det(Ay, AY) =1, the function

w(z) = —log {aA}(2)A}(z) + BAL(2)A3(2) }

satisfies Liouville’s equation (4.12) with H = —af. Conversely, any solution of
(4.12) with non-zero constant H is given in this way.

However, in order to construct definite self-dual centroaffine surfaces, we need
to find real solutions of (4.12), and hence our result is still partial.

Theorem 4.6. For given two non-zero constants o, 3 and a holomorphic cen-

troaffine curve A = (A', A?) with det(A, A") =1, the surface
1

= 5 sfo.(ut u?),  z=u' +v/—1u?
a’Al(z)‘ —l—ﬁ’Az(z)’

flul,u?)

15 a definite self-dual centroaffine surface with affine mean curvature H = af3.

5 Affine Mean Curvature of Centroaffine Surfaces
of Non-parametric Type

In this section, we describe the affine mean curvature of a centroaffine surface of
non-parametric type.

Theorem 5.1. Let f: M — R*\ {0} be a centroaffine immersion given as f(u) :=
tut, u?, o(u), ¥ (u)). The affine mean curvature of f is given by

1
H = —|detpr RO | detgo B[4 Ao detgo hY) % + tro TO — tr 5} (5.1)
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with

2
00 := (¢ = >_u'opp)du' A du?,
=1
2 2
(¥ = > w'0)8:050 — (¢ — > u D) 9,051
RO =1 =1

2
=Y uop
=1

9

(5.2)

2
T = (= 2 u'ow) ' 90y,
=1
SY =0,

where Apo denotes the Laplacian for h°, and detgo h® = det (ho(ei,ej)) for a basis
(e1,e2) of T, M with °(ey,e5) = 1.

Proof. Step 1.  We put &, = (0,0, 1,0) and may assume that M C {u € R?|det Q(u) >
0} where

Q(u) = [fu01, fu0a, &0, f] (u)
1 0 0 u'
2
_ 8?@ 83@ (1) 7”:0 (u) € GL(4;R).
81w 8277Z) O ¢

Let VO, 1O, 79 89 70 PY and 6° be the geometric quantities defined as in (2.3) and
(2.2) with respect to &. Because & is constant, S°, 7° and P° vanish identically.
We calculate (5.2) as

90 (81, 62> = det Q,

o) 0
FOQ] 0
ij | = ! ’
h?j 005
79 0;0;v

2
where V3,0, = 3" I'%0,.
k=1

Step 2. We choose a positive function p, a function a and a vector field U on M
so that

§=p (& +af+ [.U)
is the Blaschke normal vector field of f. Then we have
p = | detgo h°| 74,
U = grad,o log p, (5.3)
1
a= Z(trho T° +trSY — p~tApop).
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To prove it, we remark that (4.6) and (4.9) hold in this case with w = 1 (see also
[3]). We get the first equation of (5.3) from 6 = p~16°, the second equation of (4.6)
and the third condition of (2.4), and the second equation of (5.3) from the second
equation of (4.9). The third equation of (5.3) is obtained as follows. From (4.6) and
(4.9), we have

T(X,Y)+ h(SX,Y)
=T°%X,Y) +h°(S°X,Y) — 2ah°(X,Y) — h*(VxU,Y),

which implies

0=tr,{(X,)Y) = T(X,Y)+ h(SX,Y)}
=p! (trho T° +tr 8% — 4a — divY U) )

Noting V Vol, = 0, we calculate
1 0 0 .V
a= (trho T° + tr 7 — div" grad,o log p)
1 0 0 v
=1 (trho T7 4+ trS” —div" grad, p)
1
=1 (trho T +tr S° — Ahp) .

Since dim M = 2, we obtain the third equation of (5.3).
By (5.3), we obtain that

trS =—tr, T

= —% (trho T° — Qa)

1
= —— (trho TO —tr SO + pilAhop) ,
2p

which implies (5.1). n
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