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If ƒ is an entire function of type a, bounded on the real axis, a well-known 
theorem of Bernstein gives sup^R \f'(x)\ < ffsup^eR \f(x)\. Our objective is to 
construct a Banach space, based on this theorem, in which the existence problem 
for broad classes of partial differential equations can be solved with surprising 
ease. The idea of using Bernstein's theorem in the study of coupled systems is 
due to Nickel [3]. 

1. Notation. We denote real or complex ra-dimensional space by Rm or 
Cm respectively, and the norm of a vector z in one of these spaces by \z\. The 
norm of any function F: F—> Cp is | |F|| = sup^GF|F(^)|. We choose o G Rm 

fixed, ot > 0, and use ƒ as a multi-index; thus: 

DJ = , a' = o[iaJi • • • > . 

2. The class B(m, p, a). The class B(m, 1, a) is the class of functions ƒ : 
Rw —> C satisfying one of the following equivalent conditions: 

(a) ƒ can be extended to a holomorphic function ƒ*: Cm —> C so that, for 
all z = x + iy G Cm and for some constant M = M(f)9 

\f *(z)| < M expect I^i I + a2 |^2 I + • • • + am b>m I). 

(b) ƒ can be extended to a holomorphic function/*: Cm —̂  C so that, 
for all z = x + iy G Cm and all multi-indices /, 

\D>'f*(z)\ < l l / l la 'exp^ \yx I + a2 \y2 I + • • • + om \ym I) < ~. 

(c) ƒ G C°° and \\DJ'f\\ < H/lla7' < ~ for all multi-indices /. 
That (b) =* (c) A (a) is obvious, and (c) => (b) by Taylor's formula. Also, (a) 
=» (b) follows for m = 1 from Bernstein's theorem and then in general by induc
tion on m. 

By (a), Birriy 1, a) is a linear space which contains all functions 
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m = f1(z1)f2(z2) • • • /m(zm), ffeB(u l, o,), 

and which is closed under translation z —• z - z0. The class (Ja#(/w> 1, a) is 
closed under addition, multiplication, and substitutions z —• Az - z0 where z0 

and the m by m matrix 4̂ are constant. 
A function ƒ = (fv /2 , . . . , / p ) t r from Rm to Cp is in B(m, p, a) if/, G 

5(m, 1, a) for i = 1, 2, . . . , p. Then (a) shows that B(m, p, o) is a linear space 
and (c) shows that DJ is a bounded operator on B(m, p, a). By (c) or (a) the 
space is complete. 

3. The Banach space B(m, p, a, D). Let D C Rw. The function/: Rm x 
D —• Cp belongs to B(m, p, a, D) if ƒ is continuous and bounded, and if/(*, y) 
G B(m, p, o) as a function of x for each y G D. This is a Banach space with 
norm ||/|| as in §1. 

If / G B(m, p, o, D), (c) indicates that all derivatives of f(x, y) with respect 
to x are bounded. Hence D!f(xf y) is a uniform limit of difference quotients, 
each of which is continuous; for instance, if m = n = p = ƒ = 1 , 

\h-x \f(x +h,y)-/(*, y)] - fx(x, y)\<\h\ \fxx(x + Oh, y)\ (h * 0). 

This shows that DJf(x, y) is continuous. Referring to (c) again, we get the 
following 

THEOREM. B(m, p, o, D) is a Banach space and DJ is a bounded operator 
on it 

4. A boundary-value problem. We write z G Cp as a column 
(Zj, z 2 , . . . , zp) t r . If A is a p by p matrix it is assumed that the matrix norm is 
compatible with the norm in Cp, in the sense \Az | < \A \ \z |. We also require 
|z | < |z1 whenever \zt\ < \7-\. 

Let Ai(t) be p by p matrix-valued functions, continuous for 0 < t < T, 
let B = Bim, p, a, [0, T\ ), and let 

m Luix, 0 = Z AXt)Dlu{x, t) 

with D ; as in §1. Then the following holds: 

COROLLARY 1. IffGB and h EB, the boundary-value problem 

ut=Lu+hix,t)mRm x [0, T\, u{x9 0 )=/ (x , 0) 

has one and only one solution u EB. 

For proof, write the differential equation as u = H + Mu where 

Hix, t) = f(x, 0) + ƒ'0 A(x, T)£/T, M/(x, 0 = ƒ^(£f0(x, r)dr. 
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Then H€B, as is easily checked. Also, for u EB, 

\Lu(x,t)\< Z \Af(t)\\\D>u\\< £ \AXt)W\\u\\ 
\1\<k \j\<k 

and, hence, \\Lu\\ < Jf||n|| for a constant K. Thus \\Mu\\ < A T | | K | | , and the 
conclusion follows from the contraction principle if KT < 1. For KT > 1, repeat 
the process. 

5. Parabolic equations. Let D C Rn be open, not necessarily bounded, and 
let Sl0 = D x (0, T\, £1 = Rm x D x (0, T\. The parabolic boundaries are 
r 0 = £20 ~ £20 and T = Q, - £2. For u = (uv u2, . . . , up)

Xx as in §4 we define 
Lx by (1) and also 

Ayw = (Ayiij, Ayu2, . . . , A ^ p ) t r . 

Thus, Z,̂  involves differentiation only with respect to x and A^ only with 
respect to y. We set Bx = B(m, p, o, D x [0, r]) . 

COROLLARY 2. Suppose h EBV and suppose Green's function for the 
problem 

%(y, t) = Ay$ + g(y, t) inSl0, $ = 0 on T0 

exists. Then the problem 

(2) uf = Ayu + Lxu + ft(x, .y, f) in £1, u = 0 o«T 

/aw owe fl«c/ o«/y one solution u GBX. 

For proof, let G be the Green function and write (2) as 

u(x, y, f) = ƒ o J D G(y - T?, r - r)[/i(x, *?, r) + (Lxu)(xt T?, r)] dr? dr. 

In an obvious notation, u = H + Mu. From |Lw | < K \\u || follows 

\\Mu\\ <K\\u\\f0 fDG(y - v, t - T)dndr <KT\\u\\, 

and this gives the conclusion as in §4 above. 
Clearly, these results can be generalized. In Corollary 2, for example, the 

Laplacian can be replaced by an arbitrary elliptic operator for which Green's 
function exists, and inhomogeneous boundary conditions can be allowed. For 
alternative approaches to the theory of coupled systems, compare [1], [2]. 
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