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For any ring R we let E2(R) be the subgroup of GL2(R) generated by 
elementary matrices. We let E'2(R) be the subgroup of GL2(JR) generated by 
E2(R) and the invertible diagonal matrices. We denote by B2(R) the lower tri
angular subgroup of GL2(R). 

The following classical theorem is due to Nagao [2]. 

THEOREM 1. Let K be a field, X an indeterminate. Then 

GL2(K[X\) = GL2(/Q *B2(K) B2(K[X]). 

More generally, we have 

THEOREM 2. Let R be an integral domain, and Xx, . . . , Xn indetermi-

nates. Then 

E'2{R\XX, . . .,Xn]) = E'2{R) *B2{R)B2{R[XX, . . . , X J ) . 

(This generalizes Theorem 1, since E2(R) = GL2(R) if R = K or R = 
K[X],K a field.) 

Now let A' be a field, and Xt, . . . , Xn indeterminate s. The group 
GL2(K[Xt, . . . , Xn]), n > 1, is more difficult to understand because it is not 
generated by diagonal and elementary matrices (see [1]). However, the following 
technical lemmas enable us to describe GL2(K[Xl9 . . . , Xn]) as a certain free 
product with amalgamation (see Theorem 3 below). 

Let G be a group with subgroups A and C such that G = A * C, where 
B = A n C. Let / (resp. J) be systems of nontrivial left coset representatives of 
A (resp. C) modulo B. With respect to these choices, any element of G has a 
unique normal form (see [2, Chapter I] ). Given a subgroup H C G, we let AH = 
Ar\H,BH=B OH. 

LEMMA 1. Suppose there is a retraction r: G —• A, and suppose H is a 

subgroup of G such that r{H) = AH, and such that AH acts transitively on A/B. 

Then, letting C' = C n r"" 1^/ / ) , we have r~l(AH) = ^ *B C' (D # ) . 
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LEMMA 2. Suppose H is a subgroup of G containing A. Let W be the 

collection of all elements h G H of the form h = cxax • • • ct_1at_lct, t>0, 

with al9 . . . , at_x GI, cl9 . . . , ctGJ, such that cxax • • • cs_1as_1cs fe H if 

s <t. Then W = BW is a subgroup of H. Furthermore, B = A n W and H = 
A *B W. Clearly, W D H n C. The subgroup W is independent of the choices 

of I and / . 

THEOREM 3. Let R - K[Xl9 . . . , Xn] with K a Euclidean domain. 

Then GL2(R) is the free product of E'2{R) with a subgroup W = W(K\Xl,...,xn)9 

amalgamated along the intersection Ef
2(R) C\W = B2(R). The inclusion B2(R) G W 

is strict unless R is a Euclidean domain, 

(As the notation W = W(K)(xl9...,x ) suggests, and as the proof will indicate, 
W canonically depends on the choice and ordering of the variables Xx,.. . , Xn.) 

A complete version of these statements and their proofs will appear later. 
For now, we sketch the proof of Theorem 3, using Lemmas 1 and 2. For n = 1 
and K a field, we satisfy the theorem trivially by taking W = B2(K[X] ). We will 
now show that if the theorem holds for a fixed integer n > 1 when K is a field, 
then it is true when K is any Euclidean domain. In particular, if K = F [Xx ], F 

a field, then we set W(F)(Xl,...9xn + o = W<K)(x2... . ,xn + J ) > a nd so the theorem 
will be proved inductively. 

Let A' be a Euclidean domain, F its field of fractions, and R — 
K[XX, . . . , Xn] ; and assume the theorem holds for F[XX,. . . , Xn]. Upon letting 
G = GL2(F[X1,. . .9Xn]);A = GL2(F);C= W{F){Xl^iXn)\'ànàB = B2(F), we 
apply our assumption and Theorem 2 to get G = A *B C. We now appeal to Lem
ma 1, letting H — GL2(7?), and r: G —> A be induced by setting Xx — • • • = Xn = 
0. Now, GL2(AT) acts transitively on GL2(F)/B2(F), and so we get 

GL2(#) C GL20*O *B2(K) C' = r-1(GL2(K)) 

where C' = C n r"1 (GL2(K)). 

Clearly B2(R) G C' n K We now apply Lemma 2 with A = GL2(/T); 

C=C'iB = B2(K); G = r~1(GL2(^)) (hence G = A *B Q; ma H = GL2(R) 

to get the subgroup W = W(K\Xl,...,xn) containingB2(R) such that 

GL2(R) = GL2(K) *B2(K) W = GL2(^) *Bi(R) B2(R) *B2iR) W 

(The last step appeals to Theorem 2.) 

REMARK 1. For H G GL2(#) we let SH = H n SL2(#). A slight 

modification of the above proof shows that, for R and W as in Theorem 3, 

SL2(R) = E2(R) *SB2(R) sw. 

REMARK 2. For any ring R we define GA2(R) to be Aut^Cfl [X, Y] ). 
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The methods used to prove Theorem 3 also show that GA2(K[X1, . . . , Xn]) 
has a somewhat similar free product decomposition, for K a EucHdean domain. 
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