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Let A4 and B be holomorphic functions from an open set Q in the complex
plane into the Banach space L(X, Y) of all bounded linear operators between two
Banach spaces X and Y. The functions A and B are called equivalent on S (see
[3]) if there exist holomorphic operator functions £ and F on 2, whose values
are bijective bounded linear operators on X and Y, respectively, such that

AQ) = FQ)BMEM), A€EQ.
The concept of equivalence is also of interest in the case that (X = Y and) 4 and
B are linear functions of the form C — A/, In that case it provides a language
in which the spectral structure of a linear operator at a point may be classified.
Two operators T and S are said to have the same spectral structure at a point A,
if the operator functions T — A/ and S — A/ are equivalent on an open neighbour-
hood of A,. More generally, we say that two operator functions 4 and B belong
to the same spectral class at a point A if there exists an open neighbourhood of
Ao on which A4 and B are equivalent.

Let DON) = (A = Ng)¥1P; + - -+ + (A = A )*nP_+ P, where k,, ... , k
are positive integers, P,, . . . , P, are mutually disjoint one dimensional projec-
tionsand Py =1 —(P; + + + + +P,). An operator function 4 belongs to the spec-
tral class generated by D at A, if and only if A(X) is bijective for \ near A,
A(N) is Fredholm and the partial multiplicities of 4 at A\, are given by the num-
bers ky, ..., k, (see [5]). Other examples of spectral classes can be found in
[1] and [7].

The problem of finding the simplest representative of a spectral class con-
taining a given operator function 4 has many variants. One possibility is to look
for functions of the form T ~ M. It is clear that in this way the problem is not
always solvable. However after a suitable extension of the operator function 4
and the underlying spaces the problem has a positive solution.

If Z is a Banach space, the Z-extension of A is the operator function whose
value at A is the operator AA) ®© I, in L(X ® Z, Y ® Z), i.e., the direct sum of

n
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AQ\) in L(X, Y) and the identity operator I, on Z.

THEOREM 1. Let 2 be a domain in C whose boundary is the union of a
finite number of nonintersecting Jordan curves, and let A be an operator function,
holomorphic on S and continuous on the closure S, with values in L(X, Y).
Then there exists a Banach space Z such that the Z-extension of A is equivalent
on S to a linear bundle T — \I.

In the case X = Y the operator T in Theorem 1 can be chosen to be the
operator on the space of all X-valued continuous functions on the boundary I' of
€2 defined by

(TN @) = 2@ - @miy™ [ U - AR

Here we assume 0 to be a point in 2.

The next theorem is helpful in finding the simplest representative in a given
spectral class. By definition the singular set of an operator function B is the set
of all \ in the domain of B such that B()) is not bijective.

THEOREM 2. Let S2 and A be as in Theorem 1, except that A has values
in L(X). Suppose that A(*) = A;(*)A,(*) *** A,(*), where each A; is holo-
morphic on Q2 and continuous on 2, with values in [ (X). Suppose that the
singular sets of A, . . . , A, are pairwise disjoint compact subsets of S2. Then
the X" -extension of A is equivalent on S to the functionon X ® +++ ® X
whose value at \ is the direct sum operator A;(\) ® - ® 4,(N).

The proof of Theorem 2 is based on the next theorem, which in turn is
proved by using Theorem 1 and a result of [6] (see also [2]).

THEOREM 3. Let Q2 be a domain in C whose boundary is the union of a
finite number of nonintersecting Jordan curves. Let A, B: 2 — [(X) be holo-
morphic on S and continuous on , and suppose that the singular sets of A and
B are disjoint compact subsets of S). Then given a holomorphic function C: Q
—> L(X), there exist holomorphic functions Z, W: & — [(X), such that
AMZN) + WQ)B(\) = CQ), A € Q.

With regard to the definition of equivalence several other problems can be
mentioned. First of all there is the problem about the connection between
“global” equivalence on £2 and “local” equivalence on a neighbourhood of each
point in £2. In general the two types of equivalence are not the same. This
follows from a counterexample in [4, §10]. (This counterexample deals with a
holomorphic operator function P(+), defined on a nonsimply connected domain
§2, whose values are projections of a Banach space with a nonconnected general
linear group. This function P(*) is equivalent to the same fixed projection Q on
a neighbourhood of each point of £, but not on the whole of £2.) Recently
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J. Leiterer has constructed an example of a simply connected domain 2 and two
holomorphic operator functions A and B on 2, with values in a separable Hilbert
space such that 4 and B are locally equivalent at each point of €2, and, in addi-
tion, there exists an infinitely differentiable function C on €2 whose values are
bijective operators such that A(A) = C(A)B(A) for A € Q. However 4 and B are
not globally equivalent on .

After these two examples the following problem remains open: Under what
conditions does “local” equivalence on a neighbourhood of each point in £ imply
“global” equivalence on £2. This problem is of particular interest if the operator
functions 4 and B are of the form A(A\) = T — Al and B(A\) = S — AI. Another
problem which is still open is the question whether equivalence of T — AJ and
S — A on a sufficiently large open disc implies similarity of 7 and S. The last
two problems have positive solutions in the finite dimensional case and some
other special cases.
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