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Hilbert’s 13th problem dealt with the functional complexity of a specific
function of three variables. One measure of the complexity of a function of n
variables is whether it can be represented in terms of functions of fewer variables
according to a specific schema. For example, we may ask if a given function
F(x, y) is nomographic—i.e. can it be written in the form f(¢(x) + Y(»)), using
only functions of one variable. A larger class of functions are those that can be
represented as uniform limits of nomographic functions. Membership in such a
class is a measure of the approximate functional complexity of a function F, and
may be an appropriate concept in discussing computational approximation.

Some of the important questions dealing with complexity have been answer-
ed by the work of Vitushkin [8], Arnol'd [1], and Kolmogorov [5]. In the
present note, we describe some new techniques for discussing approximate com-
plexity and state several theorems which extend the scope of earlier results.

We first observe that if all the component functions used in a particular
representation schema are sufficiently smooth, then the resulting class of repre-
sentable functions will be solutions of one or more specific partial differential
equations, which may in fact yield local characterizations for smoothly represent-
able functions. (For example, smoothly representable functions of the form
f(¥(x, ¥), ¥(¥, z)) must satisfy a fourth-order equation with 55 terms.) However,
this observation does not seem to be immediately useful in treating approximate
representation, nor in dealing with representation by functions required only to
be continuous. (It is tempting to hope that an appropriate concept of weak sol-
ution will be useful here.)

Our results are of two types. The first is based on the study of level sets,
as with much of the preceding work in complexity; excellent surveys may be
found in Sprecher [7], and in [2] and [6]. Any representation schema can be
regarded as a mapping diagram whose commutativity imposes necessary conditions
on each component function, which in turn give rise to relations between their
level sets. In some cases, this may be carried over to approximate representation.
The following is typical.
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THEOREM 1. Let F(x, y, z) be defined on a block D = I, x I, x I, in R3;
choose z, # z, in I and define a mapping T on I = I, x I, into R? by

T(x’ y) = (F(x’ Y, zl)’ F(x’ Y 22))'

Let F(D) be the class of functions on D of the form f(¢(x, y), z) where ¢ is con-
tinuous on I but f is unrestricted. Then: (a) if F € F(D), T must be constant on
a noncountable subset of I, (b) if F lies in the uniform closure of F(D), then T
must be constant on subsets of I of arbitrary finite cardinality.

For example, the function xy + yz + xz cannot be approximated by func-
tions in the class F on any open set; the same technique used in Theorem 1 allows
one to estimate the distance from this function to F(D).

The second new technique is based on the use of functional inequalities,
and stems from [4]. The following application to the nomographic class is typical.

THEOREM 2. Let F(x, y) be positive and separately monotonic in the first
quadrant. Let I = [a, b] with 0 < a < b, and let N(I?) be the class of functions
of the form f(¢(x) + Y(v)) where ¢ and  are in C[I], but f is unrestricted. If
F lies in the uniform closure of N(I?), then for any € > 0 there must exist u, v, w
witha <u <v<w<b, such that

|[F(a, v) — Fu, u)l <e, |Fu, w)—F,v)l<e, |F(a, w)—Fu, v)l<e.

This can be used to show that functions such as x?y + xy2 and x2 + y2 +
xy cannot be approximated by nomographic functions in the class N on any open
set in the first quadrant, and one may also obtain estimates for their distance to

N(Z?). (See [3].)
In contrast, it may be shown that any function F(x, y) has the form

f(9(x) + 2¢(y)), where ¢ is continuous except on a countable set.
The proof of Theorem 2 uses a homotopy argument to show the existence
of u, v, and w; details will appear elsewhere.
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