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Let A = {\}z=, be a sequence of distinct nonnegative real numbers.
It is well known that the exponential sums

§ At
) e(x)= 3 ae K, a4 €R,5=1,2,"+",
k=1

are dense in C[4, B], — © < A < B < + oo, if and only if Miintz’ condition
zxk;eo 1/ = + oo holds. In this note Jackson-type results on the rate of
convergence of the exponential sums (1) are given. Substituting

) x=e"8, tE€[4,B], x€E a,1],
where @ = ¢4 =B we are led to the problem where the functions f € Cl[a, 1],
0 <4 <1, are to be approximated on [z, 1] by the A-polynomials
s A
3) px)=Y bpx ¥, b ER,s=1,2,"-".
k=1

Recently, many optimal or almost optimal Jackson-Miintz theorems on the
approximation properties of the A-polynomials (3) for the interval [0, 1] have
been published (cf. J. Bak and D. J. Newman [1] and M. v. Golitschek [2]).
Considering intervals [z, 1], a > 0, one would expect that the A-polynomials
have even better approximation properties than on [0, 1], as the “singular”
point x = 0 might have less influence. Theorems 1 and 2 prove this conjecture.

THEOREM 1. Let 0 <a <1,M > 0. If A satisfies
@ O< N, <Mk forall k=1,2,*"",

then for each function f € C"[a, 1], r = 0, and each integer s = r + 1 there
exists a A-polynomial pg such that for alla < x <'1
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) IfGe) = p, ) < K,s7"w(f7; 1/s) + 0(p°),

Where w denotes the modulus of continuity; K, > 0 depends on a, M, and r;
and p (0 < p < 1) depends only on a and M.

Consequently, if the exponents A satisfy (4), the A-polynomials behave
asymptotically as well as the ordinary algebraic polynomials. As the sth width
dy(A,,,) of the class A, ,(My,* **, M, ; [a,1]) of functions in Cla, 1] is

dyA,,) = s w(l/s)

(cf. G. G. Lorentz [3, Chapters 3.7 and 9.2]), the A-polynomials of Theorem 1
approximate asymptotically optimally in this special sense.

EXAMPLE. The exponents A with lim,_, , A, = \ > 0 satisfy condition
(4). For the corresponding problem in [0, 1] we could only prove (cf. M. v.
Golitschek [2, p. 95]) that there exist A-polynomials p; for which

IFG) = Pyl = ONS"w(F; ING)), s — oo,
THEOREM 2. Let 0<a<1,M>0,€e>0. Let A satisfy
(6 A =Mk forall k=1,2,-"-.

For each s > s (s, sufficiently large) let Y(s) be defined as the largest positive
integer for which

Q) > '7\L =>-(1 +¢€)log Va.
k

Y <k<s

Then for each f € C"[a, 1] and each s > s, there exists a A-polynomial p
such that foralla < x <1

® If(x) = g0l < K W(s)"w(F ;5 1/9(s)) + 0(p¥ ),
where K, depends on a, r, M, and ¢€; and p (0 < p < 1) depends on a, M, and e.

ExAMPLE. Let A, =klogk, k=1,2,*++,M=1,e>0. From (7) we
obtain

ll/(s) ~ sﬁl-i-e.

In [1] and [2] it was proved that in [0, 1] the corresponding “rate of con-
vergence” is only

$ 1
— —_ — ~ -2
o(s) exp< 2 k2=1 % Tog k> (log s)~“.
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The above theorems are proved by the same method used by the author in his
earlier paper [2] for Jackson-Miintz theorems on the interval [0, 1]: First the
function f is approximated by ordinary algebraic polynomials P, and then each
monomial x? (g =0, 1, -+, n) of P, is approximated by appropriate A-poly-
nomials. The full details and further results will be published later.

By the substitution # = B + log x we obtain from Theorems 1 and 2
immediately the corresponding approximation theorem for the exponential
sums (1).

THEOREM 3. Let FECT[A, B], — <A <B<+o,r>0. Let the
best approximation of F be defined by

7\kt

S
*E. AY = i -
(D)) EXF; N) g}cf X F(t) kgl aze

If A satisfies (4), then

10) EXF; A) = O(s~"w(FD; 1/5)) for s — .

If A satisfies (6), then for each € > 0

11 EXF; A) = 0((s) "w(F®; 1/Y(s)) for s — oo,
where Y(s) is defined by (7) with log va = (A — B)/2.

REMARK. The same results are also valid in the Lp norms, 1 <p <o,
if the function f (or F) has an (r — 1)st absolutely continuous derivative in
[2, 1] (or [4, B]) and f() € L,(a, 1) (or F) € L (4, B)) and if w denotes
the integral modulus of continuity in L,.
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