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Introduction. We have been preparing a survey paper on diophantine
equations associated with the positive definite quadratic form ax? + by2.
The effective results of Baker [2] lead to very large explicit bounds on the
number and size of solutions for the two equations discussed below. By other
methods which rely heavily on the forms of the equations, these general
bounds can be markedly improved. Since the general results are too lengthy
to report here, we will give some particular results of special interest.

THE EQUATION ax? + D =N?. Suppose a, N and D are positive
integers, and that N is prime to 2D. What is the number o of positive
integral solutions x, z to the equation ax? + D = N?? If D is not an odd
square and N> D + 12, then o does not exceed twice the number of
divisors of h(+/— aD), the class number of Q(/— aD). We have constructed
a table of bounds on o for aD <25 and believe the fact that 0 = 1 for
the following cases of a4, D to be new:

(a’ D) = (ls 6)a (2’ 3)3 (1’ 8)’ (1, 10), (1, 14), (1, 15),
@, 3), (1, 18), (1, 20), (3, 7, (1, 23), (1, 24).

Among the many earlier results with 0 = 1 we mention [5], [6]. We have
also shown that when D < 4N is not an odd square and there are no solu-
tions with z dividing 3#(/— aD), then ¢ = 0.

Because of its interest elsewhere [4], we note that 3x2 + 8 = N® has
a solution with z = 1 if it has any solutions, has at most two solutions, and
has no second if 11 <N < 2.7 x 1017,

THE EQUATION ax2> +D=z". Suppose a, n and D are positive in-
tegers. What are the positive integer solutions of ax? + D =z"? If n does
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not divide 3h(\/—aD) and D is not an odd square, there are no solutions
with z prime to 2D and z >D(5 + (n + 1)?/n?).

Suppose D is square-free, 5 + h(\/:—;l;), and aD # 7 modulo 8.
The equation
1) ax? + D =75
with a fixed has solutions for at most four values of D. These values of D
and x are found [3] by solving
(2) (D - 5x?)? = 20a%x* + 1.

Blass [3] showed that when a = 1, (1) has only the two solutions (D, z) =
(19, 55) and (341, 377). When a = 2, the only solution is (D, z) = (19, 21).
If the condition “D square-free” is replaced by “D free of fifth powers and
D < 4z,” the solutions of (1) are still determined by (2).

SKETCH OF PROOFS. The proofs are based on an analysis of the solu-
tions z, x(z), y(z) of the equation ax(z)? + by(z)?> = N* where ab is
square-free. To avoid complications here, assume that @ > 1, b > 1, and that
N is an odd prime. Standard arguments over the algebraic number field
Q= ab) show that all solutions are given by

3) ax(rl) /= aby (1) = a"~D2@x(l) + /= aby Q)Y

where 7 is odd and the smallest solution is at z =1 A g-adic argument [1]
and congruential arguments based on (3) restrict the number of solutions with
fixed y. An Argand diagram argument provides a lower bound on r when
y(rl) is small.
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