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We study harmonic forms on a noncompact rank one symmetric space 
M\ that is, differential forms satisfying the equations dco = 0, ôco = 0. We 
define "Hardy spaces" Hp of harmonic forms on M and study their bound
ary behavior. Fractional and singular integral operators are introduced on an 
Iwasawa group N of M, and used to characterize the boundary values of 
forms in Hp, setting up an explicit isomorphism between these spaces and the 
ordinary LP spaces on N. In this sense, these operators play a similar role 
to that of the Riesz transforms on Euclidean spaces and compact lie groups 
associated to the "conjugate systems" of harmonic functions studied by Coif-
man, Stein, and Weiss [1] , [7] . 

1. Some vector fields on M. Let G be the identity connected com
ponent of the group of isometries of M; fix an Iwasawa decomposition G = 
KAN of G, and let N = ON, where 0 is the Cartan involution of G asso
ciated to ^ . Let fl, f, n, îî, û be the Lie algebras of the groups G, K, N, 

N, A. Now define a right-action r of the solvable group S = NA on M = 
G/K as follows: since G = SK, each x E l can be written uniquely as 
x = s • o, where o = {K}, s ES; then for s' E S let T(S')(S • d) = ss' • o. 

For J E i , considered as a left invariant vector field on S, define a vector 
field X on M by X-^aoQ = T4t(Ad(a~1)X)9 n EN, a E A, where r* denotes 
the infinitesimal action of ? on M induced by r. Since the action r is 
free, X —• X maps a basis of £ onto an everywhere defined frame of vector 
fields on M Moreover, [X, Y]~ = [X9 Y] whenever X and Y are both 
in n and [X, Y] = 0 if XE a. Note that the integral curves of X, XE a are 
geodesies in M which are orthogonal to the family of submanifolds Na • o9 a E A. 
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Let A+ be the set of positive restricted roots of ad a associated to 
the Iwasawa decomposition chosen above. Then n = S a G A ga , where ga 

is the root space corresponding to the root - a, and the decomposition Ï = 
A + S a G A ga is orthogonal with respect to the inner product (X, Y) = 
-B(X, BY), with B denoting the Killing form of 9. Set p = & 2 a e A + m a a , 
where ma is the multiplicity of the root a. 

Note, in general, ôco = 0 = dco does not imply that the functions 
CJ(X), X E'S, are annihilated by the Laplace-Beltrami operator A. The follow
ing result, however, provides an opening for the application of Fat ou type 
theorems to the present context: 

PROPOSITION 1. If dco = 0 = ÔCJ and X belongs to the center of 
ïï, then Aco(X) = 0. 

2. Riesz transforms on N. Henceforth we assume that rank M = 1. 
We can then choose a root a E A+ such that either A+ = {a} or A+ = 
{a, 2a}, so that n = (Ja 4- f 2 o r Set m = ma 4- 2m2a', in order to avoid 
technical compUcations it will be convenient to assume that m > 3 (see the 
remark at the end). 

If X E 8, let \X\ = (X, X)v\ Now, for e > 0, define the function 

<n)€ = (n\X\2 + e2)2 + m 2 , 

where nEN,n = exp(X 4- 7), X E ga, y G "g2a; 17 denotes the constant 

(a,a)/8 = ( 1 6 ( w a + 4 i i i 2 a ) r 1 . 
Consider now the differential operator D = SfX? on iV, where 

Xv X2, • • * , Jf,,, is an orthonormal basis of S"a ; this operator is clearly 
independent of the choice of the basis {X(}. 

PROPOSITION 2. £Krt>7(m~2)/4 = - (m - 2)maT?e2<j?>7(w+2)/4 

The proof is a straightforward computation using the following 

LEMMA (arbitrary rank). Let $ be a restricted root and {Xt} an 
orthonormal basis of ĝ . Then, for XE ĝ , YE g2j3 

(i) 2i\[X,Xi]\
2=2m2p(f},fS)\X\2; 

(ii) XJY, [X, Xt])
2 = 2 0 , P)\X\2\Y\2. 

Now put 

c - i = - W a ( m - 2)r? • ƒ _ <ÂÏ>7<m+2)/4 dff 
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and define the function 

G(n) = c<«>ô(m"2)/4 

on N. 

PROPOSITION 3. G(n) is a fundamental solution for D. 

REMARKS. (1) The operator D is not elliptic except, of course, when 
Q2a

 = (0)- Proposition 3 shows, however, that D is always hypoelliptic. 
This is also a consequence of the fact that the root space fla generates the 
Lie algebra n (see [3]). 

(2) For the Heisenberg group this fundamental solution was obtained by 
Folland [2]. 

Now, for each element Z G n, define the associated "Riesz kernel" rz 

and the "Riesz transform" Rz on N by 

rz(n) = ZG(n), Rzf(n) = ƒ * rz(n) = ƒ_ f^r^n) dg. 

A straightforward computation gives, for Z e j a , 

rz(n) = # 2 - m)c<H>J<w + 2>/4 • (2r?|X|2(X, Z) + 1/2(7, [X, Z])), 

and for Z G f2a, 

rz(n) = # 2 - m)c<n>ó ( m + 2 ) / 4 a Z), 

where w = exp(X + 7 ) , i e Qa, Y G g 2 a . 

THEOREM 1. The Riesz transform Rz is 

(i) a bounded operator from LP(N) into LP(N), 1 < p < °°, i / 

Z e li«> and ^ 

(ii) a bounded operator from L?(N) into Lq(N)9 \<p <q < «>, 

, - i = p - 1 - w - 1 , / ƒ Z G f a . 

For the proof, observe that the functions rz are singular integral 
kernels (if Z G $2o) and fractional integral kernels (if Z G f a ) . They 
satisfy the following homogeneity properties under the "dilations" of N in
duced by A: 

rz(pTxnd) = e-0»-i >«<**«> • rz0?) (Z G fla), 

/^(a-1™) = *-»•«<** *> • rz(îî) (Z G g2 a) , 

and are odd for Z in (}2 a . 
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General theorems about these type of operators on nilpotent groups 

have also been obtained by Koranyi-Vagi [5] and Stein [6]. 

Observe that the Riesz transforms satisfy the following relations: 

XRY-YRX = R[X Y] (X, ren), 

^Xf o Rx = identity ({Xt} an orthonormal basis of ia). 
i l 

3. Boundary values of harmonic forms. Let H be the unique element 

in a such that a(H) = 1, and define the vector field W on M by 

%a.o=e2a{Xo6a)Hna.o (n E N, a G A). 

For each p, 1 <p <m, let Hp be the space of all 1-forms co on M such 
that: 

(a) dco = 0 = ôco, 
(b) co(W),^(Y)eLP ( r e g 2 j , 
(c) o>(X) GL* (XE ffa, flf

1 = p"1 - m"1). 
With N regarded as a boundary for the symmetric space M (see e.g. 

[4]), we can now state the following results. 

THEOREM 2. Let f£Lp(N), \<p <m, and define a \-form cof on 
M by letting uf(W) = ƒ * W(P * G), uf(X) = / * P * r p i e n . (P is 
the Poisson kernel, G is the fundamental solution of D, rx the kernel con
structed above.) Then 

(i) w ; E H p . 

(ii) coy(W) converges in LP and almost everywhere to f 
(iii) ojf(X) converges in Lq (respectively Lp) and almost every

where to f * rx if X E $a (respectively X E fl2a)-

THEOREM 3. If œ G Hp, then there exists a (unique)fGLp(ÏÏ) such 
that co = ay. 

REMARK. In order to obtain analogous results when m < 3 (real 
hyperbolic spaces of dimension 2 or 3), one must modify the definition of the 
corresponding HP spaces and Riesz transforms; in dimension 2 this leads to 
the classical connection between conjugate harmonic functions in the upper 
half-plane and the Hilbert transform in the line. 

A detailed version of these results will appear elsewhere. 

file:///-form


132 AROLDO KAPLAN AND ROBERT PUTZ 

REFERENCES 

1. R. R. Coifman and G. Weiss, Invariant systems of conjugate harmonic functions 

associated with compact Lie groups, Studia Math. 44 (1972). 

2. G. B. Folland, A fundamental solution for a su be Hip tic operator, Bull. Amer. 

Math. Soc. 79 (1973), 373-376. MR 47 #3816. 

3. L. Hormander, HypoelUptic second order differential equations, Acta Math. 119 

(1967), 147-171 . MR 36 #5526. 

4. A. Koranyi, Boundary behavior of Poisson integrals on symmetric spaces, Trans. 

Amer. Math. Soc. 140 (1969), 393-409. MR 39 #7132. 

5. A. Koranyi and S. Va*gi, Singular integrals on homogeneous spaces and some 

problems of classical analysis, Ann. Scuola Norm. Sup. Pisa 25 (1971). 

6. E. M. Stein, Singular integrals and estimates for the Cauchy-Riemann equations, 

Bull. Amer. Math. Soc. 79 (1973), 440-445 . MR 47 #3851. 

7. E. M. Stein and G. Weiss, On the theory of harmonic functions of several vari

ables. I. The theory of HP-spaces, Acta Math. 103 (1960), 2 5 - 6 2 . MR 22 #12315. 

DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY, NEW YORK, 

NEW YORK 10027 

DEPARTMENT OF MATHEMATICS, BELFER GRADUATE SCHOOL OF SCIENCE, 

YESHIVA UNIVERSITY, NEW YORK, NEW YORK 10033 

Current address (Aroldo Kaplan): Department of Mathematics, University of Mass

achusetts, Amherst, Massachusetts 01002 


