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1. Introduction. The purpose of this note is to announce a generali-
zation of the Sz.-Nagy-Foias model theory for contractions to arbitrary
bounded operators. We also indicate how invariant subspaces are de-
scribed by this model theory.

The Russians, for example, Livsic [14] and Brodskii and Livsic [7],
have studied model theories for various classes of operators, often in-
cluding some noncontractions. Recently there has been some work, for
example, Davis and Foias [13], Brodskii, Gohberg, and Krein [9], and
Brodskii [8] on characteristic functions for noncontractions. Our work is
closely related to that of Clark [11] and depends heavily for inspiration
upon the canonical models of de Branges-Rovnyak [5].

In many of these papers, one of the main points is the connection be-
tween factorizations of the characteristic function B and invariant sub-
spaces. Sz.-Nagy-Foias [15] found a precise condition on a factorization
of B to insure that it results (for contractions) in an invariant subspace.
Also the work of de Branges [4], [S] should be mentioned. Most recently
Clark [12] has taken this problem up for invertible noncontractions.
We propose to study this problem for the class of bounded noncontrac-
tions.

2. Model theory. The characteristic operator function B(z) of a
bounded Hilbert space operator T is defined by

(1) B@)=—-TJp+z|I — TT*"*(I — zT*™ I — T*T|*?
where Jp=sgn(I[—T*T) and where B acts from 2, the closure of the
range of |[[—T*T|*2, to D .. A basic problem of model theory is to
construct from B, in a canonical way, a bounded operator T such that B
satisfies (1).

Let %, and % be Hilbert spaces, and let B(z):¥—%, be analytic in a

neighborhood D of 0. We also assume that D is symmetric about the real
line. Let

J = sgn(I — B(0)*B(0)), J, = sgn(I — B(0)B(0)*), sgn0=1.
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Let B(z)=B(2)*. Foreachce¥,,de ¥, let

k(w, z)(c, d)
(2 = (U« — B(2)JB(W)*]c/(1 — z%) + [B(z) — B(W)ld/(z — W),

[B(z) — BOWWc/(z — W) + [J — B(2)J Bw)*le/(1 — z));
then k(w, z)(c, d) is an ordered pair of functions each analytic in z on
D, the first component taking values in %, the second in %. Let
Hy={k(w, z)(c, d)|w € D,ce¥,,de ¥} and H, be all linear combinations

of elements of H,. For k(wy, z)(c;, d;) and k(w,, z)(c,, d5) two elements of
H,, define

() (k(wy, 2)(er, da), k(wa, 2)(¢a, dp)) = (k(W1, Wo)(cs, d1), (C2, da)),

the second inner product taken in %, x%, the elements of which are
written as row vectors. Extend (3) to H; by linearity. It can be shown (see
[1]) that a necessary condition that B(z) be a characteristic function is
that (3) be positive-definite.

When this is the case, we let 2(B) (following notation of de Branges-
Rovnyak) be the completion of the pre-Hilbert space H,. The elements
of &(B) can be taken to be of the form (f(z), g(z)), where both fand g are
analytic on D, f is valued in C,, g in €. When convenient, we write
(f, g) rather than (f(2), g(2)).

Define a linear operator S: Hy—H, by

S:k(w, z)(c, d) —
w_l[k(wa Z)(C, O) - k(oa Z)(C, 0)] + Wk(W, Z)(O’ d) - k(09 Z)(J*B(W)d, 0)

and extend S to H; by linearity. The following theorem (proved in [1])
shows that this construction yields a model for a general bounded operator.

THEOREM 1.  The operator S extends by continuity to a bounded operator
(also S) on @ (B), and B coincides with the characteristic function of S.
A formula for S independent of a kernel function representation is

S:(f(2), 8(2)) = (zf (2) — B(2)Jg(0), [g(2) — g(0))/2) and
S*:(f(2), g(2) > ([f(2) — f(0))/z, zg(z) — B(2)J £ (0)).

Also proved in [1] are the useful relations

“4)

&) I — S5* = ¢)(0)"/4e(0), I — 5™S = ey(0)*Jey(0),

where e,(0): 2(B)—>%, is defined by (f, 2)—f(0) and e,(0): Z(B)~>¥¢
is given by (f, g)—g(0). It follows from the definition of Z(B) that

(6) e,(0)*c = k(0, z)(c, 0) and ey (0)*d = Kk(0, 2)(0, d).
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A consequence of Theorem 1 is that the positive-definiteness of the
bilinear form (3) is necessary and sufficient for B to be a characteristic
operator function. There results a new proof of the theorem of Brodskil
[8]. Clark [11] and Brodskii, Gohberg and Krein [9] handle the case
where B(z) is invertible in D.

3. Invariant subspaces. We restrict ourselves, for the purpose of
studying invariant subspaces, to factorizations we call standard.

DErFINITION 1. For B(z):%¥,—%, a characteristic operator function,
the factorization B=B, * B; (B1(2):€1—%€,, By(2):€,—%;) is said to be
standard if:

(i) B, and B, are also characteristic operator functions.

(ii) On %,, Jy=sgn I— B,(0)*B,(0)=sgn I—B(0)*B(0).

On %,, Jo,=sgn I—B,(0)*B,(0)=sgn I— B,(0)B,(0)*.
On %5, Jy=sgn I—B,(0)B,(0)*=sgn I—B(0)B(0)*.

Let [c, d],=(J,c, d) be the associated indefinite inner product on €.
Call an operator X: € ,—%, J-contractive if [Xe, Xc),=Z[c, cl,, i, k=1, 2,
3. Then the condition for a factorization to be standard is essentially
that B(z) be the product of J-contractions. This generalizes the situation
in the contraction case, where representations of B as a product of con-
tractions is studied (Sz.-Nagy-Foias [15]).

If B(z) is of the form (1), we show that standard factorizations corre-
spond to invariant subspaces, if not for 7, then for T®U, where U is a
unitary operator.

THEOREM 2. Let B=B, + B, be a standard factorization. Then there is a
partial isometry T' from 2D (B,)D% (B,) onto & (B) given by

@) L':(f2s 82) @ (f1 81) = (f2 + Baofi, Biga + 20)-

The difficulty for invariant subspaces is that I' may have a nontrivial
kernel. The situation is best understood by defining another space, the
overlapping space of de Branges and Rovnyak.

DEerINITION 2. Let B=B, - B; be a standard factorization. Define a
space & (=& (B, * By)) by

¢ ={(f, ®) | (Baf, —Jog) € 9(By) and (f, —B1Jog) € F(By)}

with a norm given by

ICf @15 = I(Bafs —-ng)llzg(m) + (/5> —B-1J1g)||29(31).

THEOREM 3. (i) & is isometrically isomorphic to A =the kernel of T
(see Theorem 2) under the map y:(f, g)—(Bsf, —J.2)®(—f, Bi):g);
(ii) the operator U defined by

® U:(f(2), &(2)) =~ (zf(2) + 8(0), [g(2) — g(0)]/2)
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is unitary on & with adjoint

U*:(f(2), 8(2) = ([f(2) = f(0))/z, zg(2) + £(0)).

Note that (i) follows directly from the definitions. The proof of (ii) is
a direct computation, using relations (4) and (5) in the appropriate spaces.

It follows from (ii) and Theorem 1 of de Branges [2] that & is a space
of the type & (¢) studied by de Branges and Rovnyak [5].

The above analysis gives rise to an invariant subspace theorem, known
to the Russians in terms of a somewhat different model theory [6].

THEOREM 4. Let B=B, - B, be a standard factorization. Let S, S and
S, be the model operators in Z(B), Z(By) and 2 (B,) respectively, and let
U be the unitary operator of Theorem 3 in & (B, - By). Then

) I = (f3, g82) @ (f1> 1)
— (fs + B f1, Bng +8)® (X_lpm(fz, 22) ® (f1, 81))

is unitary from 2D(B,)®Z(B,) onto D(B)DE, where N and y are as in
Theorem 3, (ii) A =T"((0)DD(B,)) is an invariant subspace for S®U;
SEBU|.//1 is unitarily equivalent to Sy via I, (iii) M+ =T"(2(B,)®(0)) is
invariant for S*@U*; S"‘GBU”‘L/%l is unitarily equivalent to S5 via I".

We hope to publish details elsewhere.
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