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Consider the Riccati equation
1) F+ri4+q(t)=0

where ¢,(¢) is continuous on some interval [a, b) with 0=a<b=oco. The
problem is to find conditions on ¢;(¢) under which (1) will or will not have
a solution existing on [a, b). This is equivalent to the disconjugacy problem
for y+¢,(t)y=0 via r(t)=y(¢)/y(t). Here we announce a comparison
theorem which relates the existence of a solution of (1) to the existence of a
solution of another equation,

2 §+ 52+ qo(t) = 0.

Specific criteria are then obtained by choosing g, or ¢, so that a solution of
(1) or (2) can be exhibited.

The basic idea is exposed by proving a simple form of the theorem.
Examples and the relation to other comparison theorems will then be
discussed. A generalization and further examples are considered in [5].
Extension to matrix Riccati equations is given in [3].

THEOREM 1. Suppose that q, and q, are continuous and nonnegative on
[a, b) where 0<a<b= oo and that [} 7°qx(7) dr< [ 7°qu(r) dr, t=a. If (1)
has a solution r(t) on [a, b) and ar(a)<1, then (2) has a solution on [a, b).

PrOOF. The substitutions u(t)=tr(t) and v(t)=ts(t) transform (1)
and (2) into

?3) t=u— u— t%q,
) =0 —v®—t%,

respectively. We have u(a)=ar(a)<1. Choose a solution v(¢) of (4) such
that u(a)<v(e)<1. It will be shown that v(?) exists on [a, b).
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First of all it is asserted that v(¢)=<1 for ¢=a (as long as v exists). This
follows immediately from (4) by noting that <0 if v=1.

It is now asserted that v(t) >u(t) for t = a (as long as v exists). To see this
integrate by parts the left-hand sides from a to ¢ and subtract (4) from (3)
to obtain

o(t) — u(®) = (a/)(v(a) — u(a))

) + % J; t{(ZU(T) — v%(7)) — Qu(r) — u¥(7))} dr

+ —tl-{ f ) dr — f au(r) dr}.

Suppose that v(t,)=u(t,) for some #,>a and that u(t)<v(t) for a=t<t,.
Replacing ¢ by ¢, in (5) the first term on the right-hand side is positive and
the last term is nonnegative. To examine the middle term consider the
function A(u)=2u—u?. Its maximum occurs at =1 and 4’ () >0 for u<1.
Since u(r)=v(r)=1 for a=r=t,, it follows that 2u(r)—u2(r)<2v(r)—
v%(7) for a=t=t,. Thus the second term on the right-hand side is also non-
negative which contradicts v(#,)—u(t,)=0.

It has been shown that u(f) <v(f)=<1 as far as v exists. Thus v exists on
[a, b).

ExamPLE 1. Setting ¢,(1)=1/(4¢®) we have r(1)=1/(2t) and tr(t)=%.
The integral criterion becomes

1 ]fz 1
dr < -.
t—a .,”’2(7) =4

g2()=1/(41?) [1—sin(t—a)] provides a simple explicit example which
satisfies this integral condition for all 1=a.

ExAMPLE 2. More generally it can be shown that j+ (k/¢2)(1+f (¢))y=0
where f(t)=—1, continuous, periodic of petiod w, and 37 f () dt=0,
is disconjugate on [a, ) if k=} and oscillatory on [a, o) if k>}.

It is interesting to compare the above theorem with other comparison

theorems.

STURM’S COMPARISON THEOREM [6]. If q,(£)=¢q,(t) on [a, b) and (1) has
a solution on [a, b) then (2) has a solution on [a, b).

HILLE’S COMPARISON THEOREM [2] (A4s generalized by Hartman [1, p. 369]).

If b=o,
U;w qy(7) dr

and (1) has a solution on [a, b) then (2) has a solution on [a, D).

éf g(r)dr, tZa,
¢
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LEVIN’S COMPARISON THEOREM [4]. If

t t
L 4a(r) dr — so\ < f 4:(r) dr — 1(a)

where r(t) is a solution of (1) on [a, b), then the solution s(t) of (2) with
s(a)=s, exists on [a, b).

We note that none of these three theorems can handle the ¢, in Example
1. This is immediately clear for Sturm’s theorem and Hille’s theorem. In
the case of Levin’s theorem we see that r(a) <0 so that r(¢) has finite escape
time and hence the theorem does not give a result on [a, ).

Wong [7] has a comparison theorem which, like Hille’s theorem, in-
volves integrals on [¢, o) and does not apply to the above example. The
authors are not aware of any other comparison theorems for disconjugacy.

We now state a result which generalizes Theorem 1 in two directions.

THEOREM 2 [5]. Suppose there exists a continuous function u on [a, b)
such that u(£)>0 and (i u*(r)qs(7) dr <[4 pX(Dqu(7) dr, t2a.
If (1) has a solution r(t) on [a, b), u(t)r(t)=u(t) and

©) 2+ 2(p — pr)lp + pgs + pg, 20,  tZa,

then (2) has a solution on [a, b).

ExaMPLE 3. Let u(t)=t and ¢,(¢)=1/(4¢)%. Then (6) becomes —3/412=<
q.(t) which relaxes the nonnegativity condition of Example 1.
ExaMpPLE 4. If ¢,(#)=0 and continuous on [a, b), y=% and

¢ 1
2y < —_— (271 2y-1 >
J;'r q5(7) dr = X2y — 1) (t a’’™), t=a,
then (2) has a solution on [a, b).

In conclusion it is interesting to note that the differential equation (3),
used in the proof of Theorem 1, is the differentiated form of the integral
equation used by Hille to derive his comparison theorem. Another curious
relation in this regard is the identity

1 t2 © 2 t “oo
—f'r q(7) dr + t| q(7) dT="f1’ q(é) d¢ dr
tJo ¢ tJo Jr

which holds for every continuous function ¢(t) on [0, ) such that
J& q(7) dr < .
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