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0. Introduction. Let St be a copy of Sn (n ^ 3) for i = / , . . . , m. An 
m-link of dimension n is an embedding L:S1 + - • • + Sm -• Sn+2, where 
+ stands for disjoint union. 

We say L is a boundary link if it extends to an embedding V1 + • • • + 
Vm -• Sn + 2, where Vt is a (n + l)-dimensional, compact, framed manifold 
with dVt = St. The Vt are called Seifert manifolds for L. In particular, if 
the Vt are disks, we say that L is trivial. 

A link L is split if we can find (n + l)-spheres Zj (j = 1, . . . , m — 1), 
smoothly embedded in Sn + 2 and disjoint from Im(L) as well as from each 
other, and such that each of the m connected components of Sn+2 — (J E; 
contains one of the knots L(St). 

In [2], the notion of cobordism is defined. The cobordism classes of 
m-links of dimension n form, under componentwise connected sum, an 
abelian group C£m). The group Cn = C(

n
l) has been computed in [4] for n 

odd ^ 3 , and found to be trivial for n even ^ 2 in [2]. The purpose of this 
note is to announce the following result : 

Every m-link of dimension n ^ 3 is cobordant to a split link; in particular: 
If n is odd ^ 3 , C^M) = C„ 0 • • • ® Cn (m times). 
If nis even ^ 4 , C^M) = 0. 

1. The fundamental group. The normal bundle of Im(L) c Sn + 2 is 
trivial ; let 

X = Sn + 2 _ (7i + ••• + TJ 

where Tt is a tubular neighborhood of L(St) diflfeomorphic to St x D2. The 
compact manifold X is called the complement of L and n = n^X) its 
group. Observe, dX = (St x S1) + • • • + (Sm x S1). 

The inclusion dX c X induces a homomorphism of fundamental 
groups h:Fm -> n, where Fm is the free group in m generators at. The 
elements h(at) are called meridians of L. 

LEMMA 1. The homomorphism h induces a monomorphism 

where n^ is the coth term of the lower central series of n {cf. [6, p. 157]). 
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LEMMA 2. The link L is boundary if, and only if, h^ is an isomorphism. 

For proofs of these statements see [1]. 

2. Cobordism, In [1] we prove: 

LEMMA 3. Every boundary link of dimension ^ 3 is cobordant to a split 
link. 

Thus, our announced result will be established with the following: 

LEMMA 4. Every m-link of dimension ^ 3 is cobordant to a boundary link. 

SKETCH OF PROOF FOR m — 2. Let L:S1 + S2 -» Sn+2 be an arbitrary 
link with group %. By [2, Theorem 1.1], we can construct a null-cobordant 
l inkL0 with group 7i ; let/z:^! x ƒ + S2 x J -• Sn+2 x ƒ be a cobordism 
between L0 and the trivial link. By a Thorn construction, it is possible 
to extend h to an embedding h' of a manifold Wn + 2 transverse at 
d(Sn + 2 x ƒ) and with boundary V u (S1 x ƒ + S2 x ƒ) u V', where, 

(i) h\W) n Sn + 2 x {0} = F and dV = Im(L0), 
(ii) h\W) nSn + 2 x {1} = V' and dV' = Sn x I. 
Naturally, W need not be 1-connected but if we assume Sn+2 x I a 

d(DM+3 x / ) , we can, in the fashion of [2, Chapter III], add embedded 
2-handles to h\W) to make it simply connected. Let Jjn+3 be the trace 
of the surgeries. As in [4], dU = W u (dW x I) KJ W', where W' is 
1-connected and with connected boundary dW x {1}. Since W' is 
(n + l)-collapsible, we can engulf it by a (n + 4)-cell in Dn + 3 x I. We 
obtain a cobordism h between L0 and the trivial link that extends to an 
embedding h' of a simply connected manifold W\ transversal at 
d(Sn+2 x /) and with ôW' £ ÔWK 

IfZ = Sn + 2 x ƒ - Im(fc'), by the Van Kampen theorem, 

7ix(5:n + 2 x I - Im(Â)) - TT^Z) * Zau 

where ax is a meridian in L0 . 
The map /z can be slightly altered so that the projection s:Sn + 2 x I -+ I 

is a nice Morse function when restricted to Im(u). By these means we find 
an embedded handle decomposition [5, §2] of the cylinders St x I in 
Sn+2 x L We can rearrange the embedded handles by index [loc. cit., 
Lemma 3]. It turns out that if there are r 0-handles (i.e. r local minima 
for s | Im(S)), there exist r 1-handles (i.e. saddle points) with critical 
values tl < - - - < tr, cancelling the 0-handles. If s > 0 is sufficiently 
small, the space s~1(tr + s) = X* is the complement of a link L*-
cobordant, of course, to L0- and with fundamental group 7c* so that 
7r*/:7r* is isomorphic to a subgroup of 7i1(Z) * Zat of the form G * Zax. 
That L* is a boundary link follows easily from Lemma 2. 
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Notice that, in the process, we have proved the following algebraic 
lemma : 

Let 7i be a link group; for some integer r, if L is the free group in the 
letters bl9 . . . , br, there exist relations 

(R) di.wp-wj* = 1, with Wj e n * Land atj a meridian in 7i, 

such that the group n * L with relations (R) maps onto the free group 
generated by the meridians at. 

If t0 is a critical value of s \ lm(h) of index 0 and s > 0 is small, 
s -1(£0 + e) is obtained from s~1(t0 — e) by attaching a 1-handle. 
Similarly, if t0 is a critical value of index 1, s~x(t0 + s) is obtained by 
attaching a 2-handle (along the word a^wp-wjl, where a(j is a meridian 
and bj is the core of one of the attached 1-handles) to s~x(t0 ~~ £)-

As a corollary, a null cobordism for L0 is attained by attaching r 1-
handles and r 2-handles to the complement of L0 . Similarly, if X is the 
complement of our arbitrary link L, perform the same surgeries on X x I 
to obtain a link L' cobordant to Land with a fundamental group that maps 
epimorphically onto the free group generated by the meridians a^ This 
completes the proof of Lemma 4. 

It is quite disappointing that a purely algebraic proof of the lemma 
above could not be found. Conceivably, this proof should be based on the 
results of Baumslag and Lazard. 

One of the main corollaries of our results is the description and char­
acterization of the Alexander polynomials of a link; let L be a link and 
X its complement. Since nx{X) abelianizes to Zm, the universal abelian 
cover X oî X has a natural action of Zm on it and its qui dimensional 
homology Hq(X; Q) is then a rw-module, where Tm is the rational group 
ring of Zm, the Laurent polynomials in m variables with rational coeffici­
ents. As in [6, p. 117] we can define the elementary invariants oîHq(X; Q). 
These are the Alexander polynomials as defined in [3]. If L is a boundary 
link, the techniques of [3] allow us to describe the polynomials; however, 
since the universal abelian cover of the complement of any link is obtained 
by doing 1- and 2-surgeries to the cover of the complement of a boundary 
link, the description found in the particular case holds in general. (Special 
arguments are needed for q — 1,2.) 
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