POLYTOPES, GRAPHS, AND COMPLEXES!?

BY BRANKO GRUNBAUM
Communicated May 15, 1970

During the last few years the theory of convex polytopes has been
developing at an ever accelerating pace. As a consequence, many
parts of the book “Convex Polytopes” ([CP]=Griinbaum [1967a]),
which was essentially completed early in 1966, are by now completely
out of date. The same fate befell the surveys by Klee [1966] and
Griinbaum [1967b]; even the more recent survey by Griinbaum-
Shephard [1969] has been overtaken in many directions by new re-
sults. The new achievements are scattered in the literature, and many
of them are still in the preprint stage. Hence it seemed worthwhile
to prepare an up-to-date summary of the new results, organized in
a form that makes it readable without previous specialized knowledge
of the theory of polytopes.

The following pages constitute such a survey of a part of the
theory; considerations of time and space precluded coverage of all
ramifications of the subject of convex polytopes, but most major
directions are included. The first part of the survey deals with prob-
lems and questions related to graphs, and underscores the extent to
which the investigations of polytopes and graphs influence each
other. The second part deals with relations among the numbers of
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faces of various dimensions of d-polytopes, and with other numbers
and measures that may be associated with polytopes. The third part
surveys the technique of the so-called Gale diagrams, the results ob-
tainable by it, and related material.

Another consideration that greatly influenced the writing of the
present survey was my wish to do something, futile as it may turn
out to be, against the spreading blight of tunnel vision and sec-
tarianism. While it is true that most of us must resign ourselves to
attempts at research in very sharply specialized fields, it has become
acceptable and even fashionable to limit one’s total knowledge and
interests to the same narrow area—a development I consider disas-
trous. This trend is being abetted by the increasing use of “key
words”, “subject classifications” and similar means which—besides
their useful aspects—tend to fix even more tightly the specialization
blinkers we have become accustomed to wear. Even most of the sur-
vey papers published in this Bulletin, though presumably originating
in lectures intended for a wide mathematical audience, are written
in a style which makes it obvious that their aim is to increase the
knowledge of the specialist rather than to enlarge the horizon of the
non-specialist.

I believe that the theory of convex polytopes is one of the relatively
few actively developing areas which are easily understandable and
accessible to non-specialists while simultaneously presenting aspects
of interest and stimulating interfaces to a wide variety of mathemat-
ical disciplines. I also believe that the future of mathematics does
not lie exclusively in the erection of ever-higher towers of abstraction
on a few basic truths and ideas. Hence, besides trying to make this
survey readable, I have attempted to convey some of the excitement
that is to be found in the exploration of a highly-structured field
which has as yet not been streamlined into lofty generalities.

* * *

To facilitate the use of the survey each of the references is followed
by the numbers of the pages of the present text in which that paper
or book was quoted. This easily performed bibliographic service to
the reader, which is very useful though seldom encountered, goes
back at least to Coolidge [1940] and probably to much earlier times.
Each reference is also provided with the volume and number or page
of Mathematical Reviews in which it was reviewed.

The author would greatly appreciate any comments, remarks, or
corrections. Particularly welcome would be indications of omissions,
which are almost unavoidable in surveys of areas as widely scattered
as that of convex polytopes.
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A few words concerning the terminology. The setting of the survey
is, almost exclusively, the n-dimensional Euclidean space E" A
polytope is the convex hull of a finite set of points of E=. If a polytope
has dimension d we call it a d-polytope. Intersections of a polytope P
with supporting hyperplanes are polytopes, called faces of P; faces
of dimension k are called k-faces. For a d-polytope P, where d=2,
the (d —1)-faces are called facets of P, the 1-faces are known as edges,
and the O-faces as vertices. P itself and the empty set J are con-
sidered to be “improper faces” of P. A d-polytope with d+1 vertices
is called a d-simplex. A d-polytope is simplicial if all its proper faces
are simplices; P is simple if each vertex belongs to precisely d facets.

1. Polytopal complexes, Steinitz’s theorem, and the combinatorial
theory of 3-polytopes. The present section is devoted mainly to
3-polytopes. However, since some of the results and problems gen-
eralize in a meaningful way to higher dimensions, we shall start by
giving the appropriate definitions, and the known theorems, in the
general case.

1.1. Polytopal complexes. A topological polytope P is a homeomorphic
image of a convex polytope P’, endowed with a facial structure car-
ried over to P by the homeomorphism from the facial structure of P’.
(For example, a solid ball in E3, with a triangulation of its boundary
defined by the equator and k meridians, is a topological 3-polytope
P for which P’ is the k-sided bipyramid.)

A geometric [topological] cell complex €= {Cil i€} is a finite
family of polytopes [topological polytopes] in some Euclidean space
E" such that

(i) Every face of a member of € is itself a member of @;

(ii) The intersection of any two members of € is a face of each of
them.

The number of k-faces (i.e., k-dimensional members) of a (geometric
or topological) complex € shall be denoted by fx(@). If fi(€) 0 but
fi(€) =0 for all 2>k, we call € a k-complex. If each face of € is a
simplex, @ is called simplicial.

Two complexes € and €’ are called isomorphic [dual] to each other
provided there exists a one-to-one correspondence between their
non]-empty members which is inclusion preserving [inclusion revers-
ing |.

A 1-complex is called a graph; it is geometric if and only if all its
edges (that is, 1-faces) are straight-line segments. (Note that in this
terminology a graph has no loops and no “multiple edges”.)

A k-complex @ is geometrically [topologically] imbeddable in E* pro-
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vided there exists in E* a geometric [topological] cell-complex iso-
morphic to €. A graph imbeddable in E? is called planar.

If P is a d-polytope and if & satisfies 0=k =d, the set of all faces of
P of dimension at most & is a geometric cell k-complex; it is called the
k-skeleton of P and denoted skel; P. The 1-skeleton of P is also called
the graph of P; the (d—1)-skeleton of P is called the boundary com-
plex of P and denoted by ®(P).

A k-complex € is d-polytopal provided it is isomorphic to skelz P
for some d-polytope P.

An interesting but unsolved and probably very hard problem is
the characterization of d-polytopal k-complexes. At present, a number
of necessary conditions (that is, nontrivial properties of the skeleta
of d-polytopes) are known, but only for d =3 has a complete charac-
terization been obtained (see Subsection 1.2).

We begin with a survey of the known properties of skeleta of
d-polytopes. We recall that a graph G is said to be k-connected pro-
vided it has at least 2 vertices, and any pair of vertices of G are the
endpoints of k& paths, disjoint except for the endpoints.

THEOREM 1.1. (Balinski [1961]; for a weaker result see Remesz-
Steinberg [1967].) The graph of a d-polytope is d-connected.

Various extensions of Theorem 1.1 are known. Sallee [1967] ob-
tained results on the degree of connectedness of the higher-dimen-
sional skeleta of d-polytopes. Related investigations may be found in
Hering [1969]. Larman-Mani [1970a] considered disjoint paths be-
tween a number of prescribed pairs of vertices; their results partially
extend previous work of Watkins [1968], Mesner-Watkins [1966 ]
and Watkins-Mesner [1967] on similar questions. One of the results
of Larman-Mani [1970a] is

THEOREM 1.2. If m = [3(d+1) | pairs of distinct vertices (ay, b1), - - -,
(@m, bw) of a d-polytope P are given, there exist in the graph of P m dis-
joint paths such that the ith path connects a; to b;.

Larman-Mani [1970a] conjecture that even [d/2] pairs could be
prescribed; easy examples show that this number may not be in-
creased in general; however, for simplicial d-polytopes they prove
that Theorem 1.2 remains valid even if m = [1(d+1)].

A different connectivity property of graphs of d-polytopes was in-
vestigated by Klee [1964a].

Another direction of investigation of d-polytopal graphs started
with the result:
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THEOREM 1.3. (Griinbaum-Motzkin [1963a].) The graph of each d-
polytope contains as subgraph a subdivision of the complete graph with
d+1 vertices.

Strengthenings of 1.3 were obtained by Barnette [1967]; related
results also by Larman-Mani [1970a]. Similar ideas in the theory of
abstract graphs were explored by Halin [1966], Mader [1967],
[1968], and Jung [1967], [1970b]; for more recent problems and re-
sults related to Theorems 1.2 and 1.3 see Griinbaum [1970a], Mani
[1970a], Jung [1970a].

A generalization of 1.3 to higher-dimensional skeleta of d-polytopes
(which also yields a simple proof of Theorem 1.3) is given in Griin-
baum [1965].

An additional series of results and problems concerning polytopal
complexes centers on imbeddability in spaces of various dimensions.
We recall (Flores [1932], [1933], van Kampen [1932]) that there
exist simplicial n#-complexes not (topologically) imbeddable in E?»,
though each simplicial #-complex is (quite trivially) geometrically
imbeddable in E2n+., (See Zaks [1968], [1969] and Griinbaum
[1969d ] for some related results.)

An extension of this is the following result of M. A. Perles (see
[CP, p. 204]):

THEOREM 1.4. If @ is a geomeiric cell k-complex in some Euclidean
space, then C is geometrically imbeddable in E?*+1,

It should be noted that it is easy to construct examples of topologi-
cal cell complexes (of any dimension = 2) which are not geometrically
imbeddable in any Euclidean space. Moreover, it is possible that a
cell complex is geometrically imbeddable in E¢ and topologically
imbeddable in E*, with # <d, without being geometrically imbeddable
in E (see [CP, §§11.1 and 11.5] where additional results and refer-
ences to the older literature may be found, and Griinbaum-Sreed-
haran [1967]). For skeleta of polytopes the situation is much simpler.
Let a(@) [6(e)] denote the minimal dimension of a Euclidean space
in which the complex @ is topologically [geometrically ] imbeddable.
For 1=k =d we define

a(k,d) =d if h<dsk+1,
=d—1 if F+2=d=2%k+2
=241 if2k+2<d

Then, extending the results of van Kampen [1932] and Chrislock
[1966 ] concerning simplices, we have [CP, p. 204]:
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THEOREM 1.5. If P is a d-polytope then
a(skely P) = b(skel, P) = a(k, d).

Though the skeleta of d-polytopes have not been characterized for
d =4, we have the following uniqueness results [CP, §§12.2 and 12.3]:

THEOREM 1.6. If k= [4d], if P and P’ are polytopes, dim P =d, and
if skeli P is isomorphic to skely P’, then dim P’ =d.

THEOREM 1.7. If P and P’ are polytopes, dim P =d, and if skels_g P
15 isomorphic to skelag P’, then P and P’ are isomorphic.

The last result may be interpreted as a generalization of the
theorem of Whitney [1932] concerning the uniqueness of imbeddings
of 3-connected planar graphs in the plane.

If < [3d], the result of Theorem 1.6 is no longer valid. For the
different possible types of “ambiguity” in the polytopal realizations
of skeleta of polytopes, and for some special cases of “unambiguity”,
see Griinbaum-Motzkin [1963a], Klee [1964a], Griinbaum [1963a],
[CP, Chapters 11 and 12], and Barnette [1970a].

Of chief interest for the sequel of the present exposition is the spe-
cial case d =3. The above results imply, in particular, that the graph
of each 3-polytope is planar and 3-connected. As we shall see next,
those conditions are also sufficient for a graph to be 3-polytopal.

1.2. Steinitz’'s theorem. The graphs of convex polygons (i.e. 2-poly-
topes) are trivially characterized as simple circuits. The only non-
trivial case in which a characterization of d-polytopal graphs is
known concerns d =3. This characterization is given in the following
theorem, which is essentially due to Steinitz [1922]:

THEOREM 1.8. 4 graph G is 3-polytopal if and only if G is planar and
3-connected.

The proof of Theorem 1.8 establishes, moreover, the isomorphism
of any two 3-polytopes with isomorphic graphs.® It shows also that
if G is any 3-polytopal graph imbedded in the plane, and if P is a
3-polytope with graph isomorphic to G, then the boundary complex
®(P) is isomorphic to the 2-complex determined in the plane by G.
Hence the “countries” determined by G correspond—in their inci-
dence relations and their numbers of edges—to the 2-faces of P.

The significance of Steinitz’s theorem stems from the fact that if
a 3-connected graph G may be drawn (imbedded) in the plane, then
it corresponds to a 3-polytope, the combinatorial structure of which

3 See Note 1 on page 1183.
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is completely determined by G. Therefore many questions concerning
3-polytopes may be investigated by considering planar graphs. The
importance of this reduction possibility will be amply demonstrated
in the sequel.

Two aspects of Steinitz’s theorem deserve special mention. First,
it is a rather deep result, the proof of which is far from trivial (see
below). Second, it has been involved in much wishful thinking and
quite a few gross errors. Indeed, it is rather obvious that Theorem 1.8
(or some result similar to it) is needed if one wishes to deduce results
concerning 3-polytopes from results on planar graphs. Nevertheless,
many authors either offered fallaciously naive arguments instead of
proofs (see the critique on pp. 56-57 of Steinitz [1922]), or else
ignored the necessity of proving anything (see, for example, Schlegel
[1893], Schoute [1905, pp. 22, 29]). In an analogous problem con-
cerning 4-polytopes, Briickner [1909] also ignores the problem
which is in that case much deeper and still unsolved. No analogue of
Steinitz’s theorem is known for 4-polytopes, even if the attention is
restricted to simplicial ones (see [CP, §11.5], Griinbaum-Sreedharan
[1967] and Barnette-Wegner [1970]). The disregard for the distinc-
tion between geometric and topological cell complexes leads Briickner
[1909] into an error in the enumeration of simple 4-polytopes with
8 facets (see Griinbaum-Sreedharan [1967], Barnette [1970b],
[1970e | Griinbaum [1970b], [1970c], [1970d ]; compare below, §3.4).

Steinitz [1922] formulated his fundamental result not in terms of
graphs, but in terms of 2-complexes. Since he was aware (see Steinitz
[1922, p. 72]) of the fact that the graph of a 3-polytope determines
the combinatorial type of the polytope, this is regrettable: the the-
orem is much easier to prove and to apply in the graph-theoretic
formulation. Though Steinitz [1922] gives outlines of three different
proofs, and though all three proofs are worked out in painstaking de-
tail in Steinitz-Rademacher [1934], the theorem was not widely
known until very recently.

One of Steinitz’s proofs is reproduced in Lyusternik [1956];
unfortunately, Lyusternik’s rendition (in the original, as well as in
the two translations) is fallacious at a crucial stage of the proof, fail-
ing to present an adequate justification for one of the main steps
(Theorem 2, p. 95, of the Russian original).

A detailed exposition of one of Steinitz’'s proofs of Theorem 1.8
(in terms of graphs) may be found in [CP, §13.1]. Two additional
and even simpler proofs are given in Barnette-Griinbaum [1969].
One of these proofs is analogous to another of Steinitz's methods,
while the other is based on an idea of Kirkman [1857] which was
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independently rediscovered and greatly generalized by Tutte [1961].

In the special case of simple 3-polytopes (or dually, in the case of
simplicial 3-polytopes) the proof of Steinitz's theorem may be greatly
simplified; it was essentially known to Kirkman [1857] and Eberhard
[1891], and was rediscovered by T. A. Brown [1960].

A variant, applicable to simple 3-polytopes having cyclically 4-
connected graphs, of one of the approaches to Steinitz's theorem for
simple 3-polytopes was found by Kotzig [1970]. (A graph is said to
be cyclically n-connected if the deletion of less than # edges does not
yield at least two components, each of which contains a circuit.) Itis
of special interest in connection with the search for simple 3-polytopes
the graphs of which admit no Hamiltonian circuits (see below).

As another consequence of one of the methods of proof of Steinitz’s
theorem it is easy to show [CP, §13.2]:

THEOREM 1.9. Each 3-polytope may be approximated arbitrarily
closely by 3-polytopes which have all their vertices at points having only
rational coordinates in any givem Cartesian system of coordinates for
E3,

(Compare below, §3.4, for the contrasting situation in higher di-
mensions.)

Steinitz’s theorem clearly implies that each 3-connected planar
graph may be imbedded in the plane in such a fashion that all the
bounded countries, as well as the complement of the (single) un-
bounded country, be convex polygons. Strengthenings of this result
were independently obtained by Stein [1951] and Tutte [1960a],
[1963]. (The author regrets the erroneous statement in Griitnbaum
[1967a, p. 291] that the proof of Stein [1951] is invalid.)

Another consequence of Steinitz’'s theorem (or of the results of
Stein or Tutte) is the following theorem (Wagner [1936a], Fary
[1948], Stojakovié [1959]; see also Woo [1969]) :4

THEOREM 1.10. Every planar graph is geometrically imbeddable in
the plane.

While the analogue of Theorem 1.10 for higher-dimensional com-
plexes is false (see above, p. 18), the following two conjectures are
open (compare Griinbaum [1967a, p. 253], [1969b], [1969d ], Duke
[1970]; see also Altschuler [1969]).

CoNJECTURE 1.1. The topological imbeddability of a simplicial -
complex in E? implies its geometric imbeddability in E%*,

ConNJECTURE 1.2. The topological imbeddability of a simplicial

4 See Note 2 on page 1183.
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manifold in some Euclidean space implies its geometric imbedd-
ability in the same space.

Using variants of the methods of proof devised by Steinitz rather
than the final theorem, the graphs of 3-polytopes having a center (or
a line, or a plane) of symmetry have been characterized ([CP, §13.2],
Barnette [1970c]),’ and the following results established:

THEOREM 1.11. (Barnette-Griinbaum [1970].) The shape of any one
2-face of any 3-polytope may be arbilrarily prescribed.

THEOREM 1.12. (Barnette [1970d].) If P is a 3-polytope and if D is a
topological 2-disc which is the union of 2-faces of P, there exists a poly-
tope P’ and a point x such that the part of P’ visible from x is precisely
D’, the union of the 2-faces of P’ which correspond to the 2-faces of P
contained in D.

As a common generalization of the last two results we venture
(compare Griinbaum [1970a]):

ConNJECTURE 1.3. Let P be a 3-polytope, let C be a simple circuit
in the graph of P containing #» vertices, and let F be a convex n-gon
in a plane L. Then there exists a 3-polytope P’ such that

(i) P’ is isomorphic to P;

(ii) The orthogonal projection = of E* onto L maps P’ onto F;

(iii) The inverse image 7! (bd F) of the boundary of F intersects
P’ precisely in the vertices and edges that correspond to C.

Analogues of Theorems 1.11 and 1.12 for higher-dimensional poly-
topes are not valid. For the former, an 8-dimensional counterexample
is mentioned in Exercise 5.5.3 of [CP]; the validity of the theorem in
dimensions 4 to 7 is still undecided. A 4-dimensional counterexample
to the analogue of Theorem 1.12 may easily be derived from the
complex 9N of Griinbaum-Sreedharan [1967].

1.3. Eberhard’s theorem. Among the easy consequences of Euler’s
theorem for 3-polytopes is the following fact concerning simple
3-polytopes:

Let P be a simple 3-polytope and let p;(P) =pi be the number of

k-gonal faces of P, k=3,4, - - - . Then
(%) 2 (6 — B)p = 12.
kz3

This equation leads naturally to the question:

Given non-negative integers ps, - - -, pn satisfying X k23 (6 —E)px
=12, does there exist a simple 3-polytope P such that px(P) =12
for k=3, . - -, n?

5 See Note 3 on page 1183.
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It is easy to find examples (such as p;=4, ps=1, pr=0 for k%3, 6)
which show that the answer to the above question is negative. How-
ever, one may note that ps does not appear effectively in (*), an
observation which is put to good use in the following theorem:

THEOREM 1.13. (Eberhard [1891].) Given non-negalive integers ps,
Pay Do, D1y * ¢+ Da Salisfying (%), there exists a simple 3-polytope P
such that pp(P) = pi for all k6.

Eberhard’s [1891] proof of Theorem 1.13 is very complicated; a
simpler proof may be found in [CP, §13.3], where Steinitz’s Theorem
1.8 is used to reduce the proof of Eberhard’s theorem to the construc-
tion of 3-valent, 3-connected planar graphs having the desired num-
ber of k-gonal faces for all 25£6.

Recently there has been considerable interest in ramifications, ex-
tensions, and analogues of Eberhard’'s theorem. We turn to an ac-
count of those results.

First, 4-valent 3-polytopes satisfy an equation analogous to (*),
namely

() 2@ —hp =8
kz3
This suggests the following result similar to Eberhard’s theorem,
the proof of which is actually much simpler than that of Theorem 1.13
(see [CP, p. 254]):

THEOREM 1.14. Given non-negative imtegers ps, Ds, Do, * * ) Pa

satisfying (**), there exists a 4-valent 3-polytope P such that pr(P)=pr
for all k4.

A similar result holds for 2-arrangements, that is (see below, §3.1)
for partitions of the projective plane by straight lines (Eberhard
[1891], [CP, §18.2]).

It may be conjectured that analogues of Theorems 1.13 and 1.14
hold for 3-valent or 4-valent cell decompositions of any 2-manifold.
However, even the case of the torus is only partially solved. Jucovit
[1970c] and Zaks [1970a] have recently shown that the analogue
of Theorem 1.14 holds for the torus (with the right-hand side of (¥¥)
equal to 0) for all sequences except ps=ps=1, p; =0 for £=6.

Both proofs of Theorem 1.13 yield polytopes with large numbers of
hexagons; moreover, although arbitrarily large numbers of hexagons
may be incorporated in the construction, there is no control of the
precise number. The situation changes if triangles and quadrangles
are absent. Indeed, we have (Griinbaum [1968a]):

TrEOREM 1.15. If 5, D6, P1, * -+, Du are non-negalive integers
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satisfying E,m (6—Rk)px=12, and pe=8, there exists a simple 3-
polytope P such that p(P)=py for all k=5.

It may be conjectured that 8 is the best possible bound in Theorem
1.15.

The impossibility of dropping the assumption p;=p4=0, is demon-
strated by the following results.

THEOREM 1.16. There exist sequences of non-negative integers ps, pa,
Doy D1y ¢+ Dn Satisfying (*¥) such that the values of pe(P) possible in
simple 3-polytopes P with p(P)=py for k%6 omit infinitely many
integers.

For example, if py=4, pr=0 for k#3, 6, then ps must be even
(Griinbaum-Motzkin [1963b]), while if ps=3, ps=1, ps=1, p=0 for
k=7, then ps must be odd and =3 [CP, p. 271]. (For additional
results on related questions see §13.4 of [CP] and the references
given there, as well as Malkevitch [1969], [1970a], [1970b], Jucovi&
[1969], Griinbaum [1968a].)

THEOREM 1.17. (Barnette [1969a].) If P is a 3-polytope (simple or
not) and if D kz1 pp(P) =3, then

(P) (P)
;1732 B 2 i(P).

2 jz7

pe(P) = 2 +

For another lower bound on pg see Jucovit [1970a].

From Theorem 1.17 follows a refutation of a conjecture in [CP, p.
268 ]. However, the following related conjecture (compare p. 267 and
p. 269 of [CP]) is still undecided:

For every sequence ps, ps, Ps, D1, Dsy * * +, Pa satisfying (*) there
exists a simple 3-polytope P such that p,(P) =p: for k%6, and

p6(K) S3 > pu

k23 k=6

Let 9,(P) denote the number of k-valent vertices of a 3-polytope P.
Easy manipulations of Euler's formula yield, among others, the
following analogues of (x) and (#%):

) 26— api+22 3= fv=12
(ot > (4 = i)(ps + v) = 8.

123

A generalization of Theorem 1.14 established recently (Griinbaum
[1969a]) is:
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TuroreEM 1.18. Let D3y Doy Doy - 0y Dy Usy Usy Vs, * ¢ U be non-
negative integers satisfying (¥%xx) and such that Y i3 10; is even. Then
there exists a 3-polytope P such that pp(P) =pr and v.(P)=vy for all
k#4.

It may be conjectured that a similar generalization of Theorem 1.13
holds for non-negative integers ps, P4, D5, P17, * * * » Pny Vs, Vs, Vs, *
v, which satisfy (xxx).

For a somewhat related result see Jucovi& [1970b].6

Generalizing the ideas involved in Eberhard’s theorem in a differ-
ent direction, the following analogue of Theorem 1.13 was recently
established by Rowland [1968] (along with the corresponding
generalizing of Theorem 1.14).

)

THEOREM 1.19. If p1, « - -, P5, D1, - -, Pa Gre non-negative integers
satisfying

26— Bpe =12,

kz1
there exists a 3-valent conmected “graph” (possibly with loops and 2-
circuits) in the plane such that the number of k-gonal countries it
determines equals pi for all k6.

Similar generalizations probably hold for all 2-manifolds.”

Reformulating Eberhard’s theorem or the other results mentioned
above for the dual graphs or polytopes, one obtains statements con-
cerning the valences of vertices of graphs which triangulate the 2-
sphere. Then it is rather immediate to ask about the valences of the
vertices in graphs which are not assumed to triangulate the plane, or
to be planar, or which are restricted by some other requirement. As a
matter of fact, such topics were the object of a considerable number
of papers; see Griinbaum [1970f] for a detailed survey and for
references. Here we shall mention only two aspects:

First, the open problem (Hakimi [1962], Bsttger-Harders [1964 1.
Anonymous [1964], Chvi4tal [1969]) of characterizing the sequences
(a1, - - -, a,) which may occur as the valences of vertices of planar
graphs.

Second, a theorem which is typical of the more general results of
Gallai [1970] (which extends earlier work of Motzkin [1964],
[1967a], [1967b], Kotzig [1965], [CP, §13.4], Heawood [1936],
Malkevitch [1969], [1970a], Dalkey [1967]). In the theorem s and ¢

$ See Note 4 on page 1183.
7 See Note 5 on page 1183.
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are integers such that s, t=3 and (s—2)(!—2)<4; we denote by
w(s, t) the number of faces (s-gons) of the regular (= Platonic) solid
{s, L}, and we designate as an s-angulation of the sphere every
decomposition of the 2-sphere into s-gons.

THEOREM 1.20. If the valence of each vertex of an s-angulation of the
sphere is a multiple of t, then the number of s-gons is a multiple of w(s, t).

For some related questions see Wagner [1936b], Grotzsch [1956],
[1962], Hauschild [1967], [1968], Hawkins-Hill-Reeve-Tyrrell
[1966], Meek [1968], Chvital [1969], Crowe-Molnir [1969], and
Crowe [1969].

1.4. Paths and trees on 3-polytopes. The general question whether
each member of a certain class of graphs (for example, d-polytopal
graphs) contains a subgraph of a specified type (for example, a
Hamiltonian circuit, or a subdivision of a complete graph, etc.)
arises in contexts as various as coding theory, linear programming,
the four-color problem, or the nomenclature of organic compounds.
The results obtained and methods used vary as greatly as the moti-
vating problems. We already mentioned in §1.1 some results of this
kind; a discussion of some related areas (partly overlapping with the
following exposition) may be found in Chapters 16 and 17 (written by
Victor Klee) of Griinbaum [1967a]. Here we shall restrict our atten-
tion mainly to 3-polytopes, and only to a few of the relevant prob-
lems.

We first consider Hamiltonian circuits [and paths] on graphs of
simple 3-polytopes (that is, simple circuits [or paths] containing all
the vertices). Tait [1880] conjectured in 1880 that the graph of each
simple 3-polytope admits a Hamiltonian circuit; it is easy to verify
thatif such a graph possesses a Hamiltonian circuit then the countries
of the corresponding map (that is, the 2-faces of the 3-polytope) are
colorable with 4 colors. (For a result concerning the coloring of 2-faces
of higher-dimensional polytopes see Griinbaum [1970g].) Claims of
proof of Tait’s conjecture have been made by Schoblik [1930] and
Chuard [1932] (in 1930 and 1932); however, in 1946 Tutte [1046]
found a counterexample (with 46 vertices) to Tait's conjecture.
Motivated by the 4-color problem, there was interest in deciding
Tait’s conjecture for graphs of simple 3-polytopes which are, more-
over, cyclically 4- or 5-connected. The first example of a cyclically
4-connected 3-valent 3-connected planar graph without a Hamilton-
ian circuit was given by Tutte [1960b]; a smaller such graph (58
vertices) was found by Hunter [1962]. An example of a cyclically
5-connected graph with these properties was first found by Walther
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[1965]; Walther’s graph has 162 vertices. (See also Walther [1966],
[1968], [1969a].) The smallest known examples of graphs of simple
3-polytopes without Hamiltonian circuits are shown in Figures 1, 2
and 3; they are cyclically 3-, 4-, and 5-connected, and have 38, 42,
and 44 vertices, respectively. The first of them was independently
found by Lederberg [1966], Bosék [1967], and D. Barnette (private
communication). The second is easy to find using the following
Theorem 1.21 due to Grinberg [1968] and Sachs [1968]; the graph of
Figure 3 is due to W. T. Tutte (private communication) and has two
vertices less than a similar graph given by Sachs [1968].

N\

A

AN

FiGure 1

FIGURE 2
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FiGure 3
(Due o W. T. TUTTE)

THEOREM 1.21. If a simple 3-polytope P admits o Hamiltonian
circuit, then there exisis a decomposition pr(P)=pi+p (with non-
negative integers pi, pr') such that

> (k= 2)pf = 2 (k= Dpie
k23 kz3

Taking this equation modulo 3, it easily follows that the graphs of
Figures 2 (in which all 2-faces but one are either pentagons or octa-
gons) and 3 admit no Hamiltonian circuit.

The graphs of Figures 1, 2, and 3 are probably the smallest ex-
amples of the respective types. This, however, is far from established;
indeed, it is only known (Lederberg [1967]) that the graph of each
simple 3-polytope with at most 18 vertices has a Hamiltonian cir-
cuit. A number of related problems was solved by Barnette-Jucovid
[1970].

Two conjectures due to David Barnette should be recorded in this
context.

CoNJECTURE 1.4. If all 2-faces of a simple 3-polytope P are poly-
gons with an even number of edges, then the graph of P has a
Hamiltonian circuit.

CoNJECTURE 1.5. The graph of each simple 4-polytope has a Hamil-
tonian circuit.

Conjecture 1.5 has not been settled even for 4-dimensional prisms
having simple 3-polytopes as bases.

It is worth mentioning that the analogue of Conjecture 1.4 in
which all of the polygons of P are assumed to have a number of edges
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divisible by 3 has a negative solution. Indeed, by “cutting off” suit-
able sets of vertices in each of the non-Hamiltonian graphs mentioned
above (that is, replacing each chosen vertex by a “small” triangle) it
is easy to construct non-Hamiltonian graphs such that the number of
edges of each country is a multiple of 3.

Conjecture 1.5 is precariously balanced between two known facts:

THEOREM 1.22. (Griinbaum-Motzkin [1962], Moon-Moser [1963].)

There exist, for every d =3, d-polytopal graphs which have no Hamil-
tonian circuit.

THEOREM 1.23. (Tutte [1956]; see also Ore [1967, Chapter 5.2].)
Each 4-connected planar graph admits a Hamiltonian circuit.

In this context we have

CoNJECTURE 1.6. Each 4-connected graph embeddable in the
torus, or in the projective plane, admits a Hamiltonian circuit.

Probably there exists a function ¢(#) such that every ¢(z)-con-
nected graph embeddable in a surface of genus <# admits a Hamil-
tonian circuit.?

Very little is known concerning higher-dimensional analogues of
Hamiltonian circuits. The possibility of fruitfully exploring and
exploiting this area has been recently demonstrated by Barnette
[1969Db].

We turn now to the topic of Hamiltonian paths and longest simple
paths in polytopal graphs; it is of interest in connection with exis-
tence problems of certain types of higher-dimension polytopes (see
below, §2.2). We mention the following sample results.

THEOREM 1.24. There exists a simple 3-polytope with 88 vertices which
allows no Hamiltonian path.

Figure 4 shows a graph of this type, kindly communicated to the
author by Tudor Zamfirescu.

TuEOREM 1.25. There exist constants o<1 and ¢, and simple 3-
polytopes P, with n vertices such that the longest simple path in P, con-
tains less than cn® vertices of Py.

Theorem 1.25 was established in Griinbaum-Motzkin [1962], with
¢=2 and a=1-—2"19; recently R. Forcade (private communication)
using modified arguments improved those bounds to ¢=3/2, a=1
—2~11, An independent proof of Theorem 1.25 for circuits was given
by Walther [1967]. The best result in this direction is due to H.
Walther (private communication). He established Theorem 1.25 with

8 See Note 6 on page 1183.
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/

Fi1Gure 4
(DuE 10 T. ZAMFIRESCU)

¢=2 and a<1—2-7, even under the additional condition that all the
faces of P, be polygons with at most 21 sides.

For an inconclusive discussion of Hamilton circuits, and 2-factors,
in 3-valent planar graphs see Chuard [1966].

Simple paths on 3-polytopal graphs (corresponding to not neces-
sarily simple polytopes) have been investigated by T. A. Brown
[1961], Moon-Moser [1963] and others (see §17.2 of [CP]); see also
Walther [1969b ], Klee-Walkup [1967], Jucovi¢ [1968], and Larman
[1970].

Another interesting result concerning graphs of 3-polytopes is due
to Barnette [1966 |; we recall that a graph T is called a spanning tree
of a graph G provided:

(i) T is a tree;

(ii) T is a subgraph of G; and

(iii) each vertex of G belongs to T.

Barnette's result is

THEOREM 1.26. Each 3-polytopal graph admits a spanning tree of
maximal valence 3.

It may be conjectured that each 3-polytopal graph G admits a
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spanning 7" of maximal valence 3, with the property that the edges
of the dual graph G* which correspond to the edges of G not in T,
form a spanning tree of G* of maximal valence 3.

2. Euler’s relation; combinatorial and other invariants. In the
present section we shall survey the relations known to exist between
the numbers of faces of various dimensions of a d-polytope, as well as
similar relations concerning other entities associated with polytopes.

2.1. f-vectors. For a d-polytope P [or for a (d—1)-complex €] we
shall call f-vector of P [or €] the d-dimensional vector f(P)
=(fo(P), - -+, faa(P)) [or f(€) = (fo(€), - * -, faa(€©))], where fi(P)
is the number of k-faces of P for —1<k=d—1. We also find it
convenient to adopt the convention f4(P) =1 and f:(P) =0 for i< —1
or ¢>d. For a family @ of d-polytopes we put f(®) = {f(P)IPE(P}
and A(®) =aff(f(®)), where aff K denotes the affine hull of the set K.
We shall use a similar notation for families of complexes.

Clearly, the characterization of f(®) for various families ® of poly-
topes is an important step in the investigation of the structure of
members of ®. We shall review in this subsection mainly the results
known in case @ is ®¢, the family of all d-polytopes, or ®?, the family
of all simplicial d-polytopes.

The only non-trivial case in which f(®?) has been completely char-
acterized concerns d=3. We have

THEOREM 2.1. (Steinitz [1906].) (fo, f1, f2) EF(C?) if and only if the
integers fo, f1, fa satisfy
fi=fot+ fo—2, 4 = fo = 2f, — 4, 4 = fo = 2 — 4.
The similar characterization of f(®%) is quite trivial: (fo, fi, f2)
Ef(®?) if and only if fo=4, fi=3f—6, fa=2fo—4.

In higher dimensions only the flats 4(®%) and A(®%) have been
characterized.

THEOREM 2.2. (Euler.) The dimension of A(®%) is d—1; more pre-
cisely,

4@ = o+ S

d—1
S (%=1 - (-1
=0

THEOREM 2.3. (Dehn-Sommerville.) The dimension of A(®Y) is
[d/2]; more precisely, A(®F) may be represented as the intersection of the
hyperplanes determined by 1he Dehn-Sommerville equations

a—1 i1
E (—1)J<;: l)fJ = (=)%Y, for=—1,0,1,--.,d—1.
=k
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It is easily checked that the equations corresponding to k=d—2,
d—4, d—6, - - - form an independent system of [i(d+1)]=d
—[d/2] equations. With minor modifications, the equations are
valid for all simplicial manifolds, and even for more general types of
simplicial complexes.

References to the proofs and to the long and involved history of
those results and of related questions concerning various families of
polytopes and complexes may be found in Griinbaum [1967a],
[1967b], Klee [1966], and Griinbaum-Shephard [1969]. To those
references one should add the early and remarkable—though practi-
cally forgotten—paper of Vaccaro [1956] (see also Vaccaro [1954]).
Vaccaro not only established Theorem 2.3 for simplicial manifolds,
but was also the first one to use explicitly the notion of f-vectors.
Another independent approach is that of Hadwiger [1968].?

For a generating-functions approach which works equally well for
the Dehn-Sommerville equations for simplicial polytopes (and their
analogs for other families) and for the corresponding angle-sums rela-
tions (see §2.2) see Macdonald [1970], McMullen-Shephard [1968b].

It is rather easily seen that, if n=[3d], then fo, « + -, fa—y may be
chosen as independent parameters for the solutions of the Dehn-
Sommerville equations. In other words, we may write

n—1

*  fapp = 2 aid, B)f; ford=2nand k=0,---,n—1,

=0

and
n—1

(**) fﬂ+k=i6—1(d’ k)+ EB'(d; k)ft for d=2n+1 and k=0> RN (8
=0

For example,

ai(2n,n — 1) = (—1)»*+it? i+ 1 (2” -2 - ,,>’

n n—1

Bi(2n 4+ 1,n) = (—1)"“‘"12(2” ! i), etc.
n
The expression for a;(d, k) and B8:(d, k) in the general case do not seem
to be representable in closed form with the help of the usual functions
of combinatorial analysis (see Griinbaum [1967a, p. 160], Riordan
[1966]). However, starting from expressions obtained by Macdonald
[1970], McMullen [1970a] has recently established:

? See Note 7 on page 1183,
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THEOREM 2.4. For 05k<nand 05:i<n—1,

. i+1 lip—1—3j 2n-—1—-i—j)
.'2,k= ._1n+t+1_______ ,
ad2m k) = (=1) n+k—-ijz=:')( k )( "

while, for 0Zk<mnand —1Zi<n—1,

o nt+k+22 n—j)(Zn—i-—j)
Qn 41,8 = (=)t 2257 .
Bian+ 1,8 = (=1) n+k—i,§,<k n+1

The formulae of McMullen have one advantage over the pre-
viously known expressions for the a; and (;; they show that the coeffi-
cients in (*) and (**) have alternating signs. This fact has been used
by McMullen [1970a] to settle certain cases of the so-called “upper-
bound conjecture,” which is the next topic of our discussion.?

For integers d, k, v satisfying 1<k =<d—1, v=d+1, the “upper-
bound conjecture” UBC(d, k; v) may be formulated as follows:

UBC(d, k; v). The cyclic d-polytopes with v vertices have the maxi-
mal number of k-faces among all d-polytopes with v vertices.

We recall that a cyclic d-polytope C(v, d) with v vertices is defined
as the convex hull of any v different points of the moment curve
{@ ..., t”)l — o <t< o} in the d-space. Cyclic polytopes were
first considered by Carathéodory [1907] in 1907; they were redis-
covered about half a century later by D. Gale and T. S. Motzkin
(see Griinbaum [1967a, §4.7] for details and references).!* The num-
bers fi(C(v, d)) are known (Griinbaum [1967a, §9.6], McMullen-
Shephard [1968b]); extending an elegant result of Gale [1963],
Shephard [1968d ] has recently characterized sets of vertices of C(v, d)
which determine k-faces of C(v, d), and provided simple arguments for
the determination of the numbers f(C(v, d)). We mention explicitly

fi(C(v, d)) = ( ) for 0 = £ < [d/2].

E+1

v v —n — 2 v
n yd = - fd=2,
f(C, 8)) (n-l-l) ( n )n—l—l or "

v v —n—2

-_-( )-( ) ford = 2n 4+ 1,

n+1 n+1

and

10 See Note 8 on page 1183,
11 See Note 9 on page 1184,
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fes(Co, ) = ( ) ”) —° ford=2m,

v—n

v —n—1
=2< ) ford =2n 4+ 1;

n

the expressions are more involved for other values of &.

For various reasons, the most interesting cases of the upper-bound
conjecture are those in which 2=d—1. Though UBC(, d—1; v)
has not been completely established, it has been proved in “almost
all” cases, due mainly to the pioneering work of Klee [1964b ], [1964c].
We have

THEOREM 2.5. In each of the following cases the maximal number
(v, @) of (d—1)-faces for d-polytopes with v vertices is attained by the
cyclic polytopes C(v, d):

(i) d =8, v arbitrary;

(ii) d arbitrary, v<d+3;

(iii) d arbitrary, v=n*—2 for even d=2mn, or v=2n*+2n—2 for odd
d=2n-+1.

Hence the UBC(d, d—1, v) is still in doubt only for finitely many
values of v in each dimension d=9. For d =9 the undecided cases are
13=sv=21.

Proofs of the various parts of Theorem 2.5 and of the analogous
results on the upper-bound conjecture for #<d—1, with references to
the rather voluminous literature, may be found in Griinbaum
[1967a, §10.1] and in McMullen-Shephard [1968b |. Only the subcase
of (iii) in which v has the least allowed value is more recent and not
mentioned in [CP]; its proof is given in Griinbaum [1969¢].

For proofs of the upper-bound conjecture for k<d—1 in some
cases not covered in [CP] see Griinbaum [1969c] and McMullen
[1970a], [1970b].22

All the proofs of special cases of the upper-bound conjecture rely
on certain non-linear relations between the f;’s. Such relations are also
of independent interest, as they provide additional information on the
sets f(®%), and lead to many open problems. Some relations of this
type are given in the theorems that follow.

THEOREM 2.6. (i) (Klee [1964c], Griimbaum [1967a].) For 0<r <k,

(7

12 See Note 8 on page 1183.
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(ii) (Grimbaum [1970c].) For 0Sr=<k,
k 0 —k
&+ 1)( )fk = (f tr )((k + 1 — ey — 1fi—rr).
r r

Both parts of Theorem 2.6 are valid for complexes. However,
while (i) is known to hold for the f-vectors of any topological cell
complex, the validity of (ii) has been established only for simplicial
complexes (and for cell complexes if k=2). This does not affect the
usefulness of (ii) in connection with the upper-bound conjecture,
because of the lower semicontinuity of f,(P) as a function of P (see
Eggleston-Griinbaum-Klee [1964], or [CP]). Even the validity of
(ii) for non-simplicial polytopes is still undecided if 2= 3.

A very elegant result is due to Kruskal [1963] and Katona [1968];
it may be formulated as follows:

THEOREM 2.7. Let @ be a simplicial complex and let

e = (karl) * (Zk) * <kail1) R (i)

where 1 =1, agpi>a> - - - >ai, and a;=j for j=1, - - -, k+1. (Such
a representation always exists and is unique.) Then the number of p-
faces of ©, where p <j [respectively p>k], is at least [at most]

Q41 Gk Qp—1
(p + 1) + (?) p—1 +

For some related results see Hansel [1967].

The Kruskal-Katona Theorem 2.7 may be used to settle certain
cases of the upper-bound conjecture which are not tractable by other
methods presently available (see Griinbaum [1967a], [1969c],
McMullen [1970b]).

Contrasting the upper-bound conjecture is a pair of problems which
seem to be very difficult: The determination of the lower bounds
¢ (v, d) and ¢; (v, d) of fi(P) for polytopes P such that fo(P) =9 and
PE&@? or PER?. Concerning the first problem, for d =4 the values of
¢ (v, d) are known only if v <d4-4.

We have (Griinbaum [1967a]):

THEOREM 2.8. For 1SkSd—1and 55d+1=5v=d+4,

d+1 d 2W4+1—1
d) = - .
(0, 9) <k+1)+(k+l> ( B4 1 )

It has been conjectured that Theorem 2.8 is valid for all v<2d;
for v>2d there seems to be neither a conjecture about the value of
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¢x(v, d), nor any guess as to which d-polytopes P satisfy fo(P) =0,
Je(P) = (v, d).

In the special case k=d —1 remarkable additional results were ob-
tained by McMullen [1970c]; they correct and extend Theorem
10.2.3 of Griinbaum [1967a]. For the formulation of McMullen’s
results we recall (see Theorem 2.5) that u(v, d) denotes the maximal
possible number of (d—1)-faces in a d-polytope with v vertices, and
we define a new function A (v, d) as follows:

If d=2n+1 is odd, and if for some w=d+3 and some 1 <k < [n/2]
we have v=pu(w, d)+1—2k, then N(v, d) =w-+1.

If d+2<v=<[(d+2)?/4] and v is not of the form v =7+ (s+1)(t+1)
for some integers r=0, s=1, {=1 such that r+4s-+¢=d, then \(v, d)
=2n+4, where n=|d/2].

If v and d are not of either of the above types, then

A, d) =min {w|u(w, d)2v}.

McMullen [1970c] made the following “lower-bound conjecture”:
LBC(d; v). For all v>d =2, ¢a1(v, d) =\(v, d).
The following two results were established by McMullen [1970c].

THEOREM 2.9. ¢a-1(v, @) =\(v, d) for all v>d=2.

THEOREM 2.10. The LBC(d; v) holds if d <4, or if v< [d(d+8)/4],
or if v=p(w, d)+t for some w=d-+2 and some t such that 0<t1<d—1
for evend,or —1=.=d—1 for odd d.

For additional related results see McMullen [1970d].
Concerning ¢; (v, d) it has been frequently conjectured that

d d+1
¢Z(v,d)=<k)v—<k+1>k fort<k<d—2,

and

$a1(v,d) = (d — 1o — (d+ 1)(d — 2),

and that the lower bound is attained for a well-determined family of
simplicial d-polytopes. The problem is known as “simplicial lower-
bound conjecture.” While it is easy to prove the simplicial lower-
bound conjecture if either d <3, or else ¥<d+3 (see Griinbaum
[1967a, §10.2]), non-trivial results were obtained only very recently.

Walkup [1970] proved, among related results on triangulations of
manifolds,

THEOREM 2.11. The simplicial lower-bound conjecture is true if
d=4o0r d=>5.
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M. A. Perles, in unpublished work, established

THEOREM 2.12. The simplicial lower-bound comjecture is true for
v=d+10.

Perles also established that the estimate fi(P) = ¢x (v, d) is valid if
v=d-+11, but was unable to characterize the simplicial d-polytopes
P for which equality holds.

There is an additional recent development that deserves atten-
tion.’ Following McMullen-Walkup [1970] let

& = Zk: (—1)"’“"<d B j)fa‘-

j—1 d—k

5

and the Dehn-Sommerville equations of Theorem 2.3 are easily seen
to be equivalent to the system

g=— gos for —1=k=[(@d-1)/2]

Then

McMullen-Walkup [1970] made the following “generalized lower-
bound conjecture for simplicial d-polytopes”:

g =0 for —1= k< [d/2].

It may be noted that the cases k=<0 of the conjecture are trivial;
the case k=1 reduces for d =4 to the conjecture

d-+ 2
i, d) =dv—( j )

mentioned above, and is by Theorem 2.11 valid ford=4 and d=5."4
The above results may be interpreted as information on the shape
of the projection of f(®?) or f(®?) onto certain coordinate subspaces.
In a few special cases, more is known about those projections. For
example, the sets {(fo(P),fl(P))IPE(P‘*} and {(fo(P),f3(P))|PE(P4}
have been completely characterized (Griinbaum [1967a, §10.4]),
while the sets {(fo(P), f2(P))|PE®*} and {(fi(P), fu(P))| PEC!}
were investigated by Reay [1968a] and Barnette-Reay (unpub-

13 See Note 10 on page 1184.
14 See Note 11 on page 1184.
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lished). In the first of the above cases the most interesting feature is
the non-existence of 4-polytopes corresponding to two “exceptional”
pairs (8, 17), and (10, 20), which are not excluded by any general
condition known. (The pairs (6, 12) and (7, 14) are excluded by
Theorem 2.8; they are analogous to the well-known non-existence of
3-polytopes with precisely 7 edges.) Similar “exceptions” are prob-
ably to be expected in most projections of the sets f(®9).

Many additional problems concerning the f-vectors of polytopes or
complexes of various types still remain to be solvcd, or even to be
properly posed. One question of such nature concerns inequalities
between the fi’s for complexes € embeddable in a space of given
dimension. We mention only one result of this type, which is very
easy to prove:

THEOREM 2.13. If @ is a 2-dimensional topological cell complex in
E3 such that each vertex and each edge belongs to at least two 2-faces of @
then

f2(@) 22f1(€) —2fo(@).

For a proof of Theorem 2.13 and some generalizations, and for an
application of such inequalities to coloring problems on polytopes
(analogous to the four-color conjecture) see Griinbaum [1970g].

The remark that the inequality of Theorem 2.13 becomes an
equation if € is the 2-skeleton of a simplicial 4-polytope motivates
the following

CoNJECTURE 2.1. For each n-complex @ such that each i-face,
0=<:i=<n—1, of @ belongs to at least # n-faces of € we have

n-l ,1i+1 2n — 1
fn(e)§§<—1)++ n+1( . )f,-(e)

if @€ is embeddable in E?»~!, and

2n+1 n—l
fa(@) = (—1)n2< nn >+ 3 (— 1)ttt

=0

(5

if € is embeddable in E?».,

The first part of the conjecture is open for all #= 3, the second for
all =2; it would be interesting to decide the conjecture even in the
special case that @ is simplicial.

* ok ok

A number of additional classes of d-polytopes have been considered.
We mention here only
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(i) cubical polytopes (and complexes), all proper faces of which are
(combinatorial) cubes;

(ii) self-dual polytopes (i.e. d-polytopes combinatorically equiv-
alent to their duals);

(iii) centrally symmetric polytopes.

For each of those three classes an analog of Theorem 2.3 is valid
(see Griinbaum [1967a, Chapter 9]), and problems analogous to the
upper- and lower-bound conjectures may be posed. Among the few
known results concerning those questions we mention only that for
centrally symmetric d-polytopes with f, vertices the upper bounds for
Jfx are smaller than the value obtained from Theorem 2.5 and the
requirement that all fi's be even (Griinbaum [1967a], McMullen-
Shephard [1968a]).

In this connection the following facts should be emphasized. An
inspection of the proofs shows that most results on the upper-bound
conjecture remain valid if one considers triangulations of the (d—1)-
sphere S%! instead of simplicial d-polytopes. The only exception
concerns the case v=d-+3, but even in this case the result remains
valid due to a recent thecorem of Mani [1970b]: Every triangulation
of S9! with d+3 vertices is isomorphic to the boundary complex of
some simplicial d-polytope. However, since already for d =4 there
exist triangulations of S%1=.S® with only 8 vertices which are not
isomorphic to the boundary complex of any 4-polytope (Griinbaum-
Sreedharan [1967], Barnette [1970b], Barnette-Wegner [1970],
Griinbaum [1970b]), one should distinguish between the upper-
bound conjecture for polytopes and the analogous but distinct one
for triangulations of spheres.’® Similar distinctions should be made
concerning the other problems discussed above. Though it is possible
that the solutions of the two upper-bound problems coincide, the
two classes certainly behave in distinct manners if one imposes the
condition of central symmetry. For example, while a centrally sym-
metric 4-polytope with 12 vertices may have at most 46 facets
(Gritnbaum [1967a, §6.4], McMullen-Shephard [1968a]), there exist
centrally symmetric triangulations of S® with 12 vertices and 48
facets (Griinbaum [1970b], [1970c], [1970d]).

For investigations related to the Kruskal-Katona Theorem 2.7
and dealing with cubical complexes see Harper [1964], Lindsey
[1964], Bernstein [1967], Kruskal [1969], Clements-Lindstrém
[1969], and Clements [1970].%

15 See Note 8 on page 1183.
16 See Note 12 on page 1184,
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Besides the Euler characteristic x(@) = D :z0 (—4)¥:(€), various
other “combinatorial invariants” of complexes have been investi-
gated in algebraic topology. Among them are several integer-valued
invariants, based on incidences of faces of various dimensions (see
Bott [1952] and, in particular, Wu [1965], where additional refer-
ences to the literature may be found). For many of them it seems that
an investigation of their behavior for polytopes should be both
interesting and feasible. For definiteness, we shall discuss only one
such invariant, denoted x;7 by Wu [1965]. Given a simplicial com-
plex €, let a; (@) denote the number of ordered pairs (F%, F?) con-

sisting of an ¢-face F¥ and a j-face F7 of @ such that FFN\Fi= . Then
x5 is defined as

xi (@) = 3 (—1)#iai (@),
$,i20

The statement “x5 is a combinatorial invariant” means that for
every simplicial subdivision @’ of the simplicial complex € we have
x5 (€") =x4 (€). (Concerning erroneous formulationsof certain unique-
ness statements of Wu [1965], Lee [1959] and other authors see
Griinbaum [1969e].) Among problems concerning polytopes and
x3 we mention:

(i) It is well known that x5 (P) =x5 (B(P)) =1—(—1)¢ for every
simplicial d-polytope P. Does the same relation hold for all d-poly-
topes? More generally, is x5 an invariant even in the sense that it
remains unchanged for all cell-subdivisions of the given complex?

(ii) Is x& (P)=1—(—1)% the only linear relation between the a;;'s
valid for all d-polytopes?

(iii) Do the «;;'s of simplicial (or simple) d-polytopes satisfy equa-
tions analogous to the Dehn-Sommerville equations?

Itis not hard to prove that the answer to both parts of (i) is affirma-
tive, and it may be conjectured that the answers are affirmative in
the other two cases as well. The situation is probably similar for
other combinatorial invariants.

2.2. Angle-sums and related concepts. We now turn to a field which
displays a fascinating interdependence between metric and combi-
natorial aspects of the theory of polytopes. Though its beginnings go
back to Euclid or earlier, and contributions to it were made by people
like Gram, Poincaré, Dehn, Sommerville and many others (see
Griinbaum [1967a, Chapter 14] for an account of the history, and
for references to the original papers; see also Carlitz [1961]), a
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deeper understanding was reached only during the last few years.

Let P be a d-polytope in d-space, F a k-face of P, and z a point of
the relative interior of F. The angle ¢(F, P) of P at F is defined as
the ratio of the content of SNP to that of .S, where S is a sufficiently
small (d—1)-sphere centered at z. It is easy to see that ¢(F, P) is
independent of S and 2, and that it coincides (up to a constant factor)
with the usual “solid angle.” We define, for 0=k =d, the kth angle
sum oy (P) as the sum, over all the k-faces F of P, of the corresponding
angles ¢(F, P). Hence, for example, ag(P) =1 and ag_1(P) =3fs1(P).
We define the a-vector a.(P) of P by a(P) = (ao(P), - - + , aa—1(P)).

As analogs to Euler’s Theorem 2.2 and to the Dehn-Sommerville
equations (Theorem 2.3) we have

THEOREM 2.14. The affine hull of the a-vectors of all d-polytopes has
dimension d—1. More precisely,

aff{a(P) | P € ¢¢} = {(ao, Ce e, )

d—1
% (=1 = (=D
=0

THEOREM 2.15. For each simplicial d-polytope P and for each k with
0<k=d—1 we have

-t i+ 1
= (| Jau®) = (—Danp) = o)
ik k+1

The older proofs of Theorems 2.14 and 2.15 were rather cumber-
some (see Sommerville [1927], Hohn [1953], Griinbaum [1967a]).
Recently, new approaches to those theorems and to many new results
were developed (see below) and led to very simple proofs (Shephard
[1967a], Perles-Shephard [1967b]).

In order to formulate an additional set of results we have to intro-
duce some notation. First, we will use the symbol ¢(F, P) even if F
is not a face of P, setting in that case ¢(F, P)=0. Next, denoting
by F¢!, . . ., F& ! the m =f;_1(P) facets of P, we define, for a k-face
F of P,

3(F, P) = 1— 3 6(F, F; ).
=1

We call §(F, P) the angle deficiency of P at F, and we define the kth
angle deficiency of P by 8:(P)= D r 8(F, P), the summation being
over all the k-faces F of P.

Clearly 8;_1(P) =084—2(P) =0 for each PE®4.

Generalizing the well-known elementary result for d =3, Shephard
[1968a] proved the following theorems (here and in other statements
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of this section, for sake of simplicity we formulate the results only
for polytopes, or for simplicial polytopes, though more general re-
sults are known).

THEOREM 2.16. If P is a d-polytope and F a k-face of P, where
0<k=d-—3, then 8(F, P)>0.

THEOREM 2.17. If P is a d-polytope then

d—3
2 (—D)B(P) =1 — (1)
=0
THEOREM 2.18. For every simplicial d-polytope P and for each k=0,
1, - - -, d—3 we have

£ i 1 + 1 — d—1
= 0o = o,

(Analogs of Theorems 2.15 and 2.18 for cubical polytopes have
also been investigated.)

The main idea of the Perles-Shephard [1967b] and Shephard
[1968a] approaches to angle-sums and deficiencies has been used in
other contexts as well (see, for example, Fary [19049], Banchoff
[1967]). It belongs to integral geometry and utilizes connections be-
tween angles of polytopes and faces of suitable projections. Since
integration over the Grassmannian manifold of all j-dimensional flats
through a point (provided with the appropriate invariant measure)
is used, attention may be restricted to j-flats which are in “general
position” with respect to the faces of the polytope. With this ap-
proach, in which the angle-sums (or closely related entities) cor-
respond to j=1, while deficiencies correspond to j=2, the results of
Theorems 2.14 and 2.17 become, essentially, averaged forms of
Euler’s theorem for the various (d —j)-dimensional projections of the
given polytope, while Theorems 2.15 and 2.18 are averaged versions
of the Dehn-Sommerville equations. The method may be generalized
toj= 3, and yields a wealth of relations between “Grassmann angles”
of polytopes (see Griinbaum [1968b]). Grassmann angles, of which
the solid angles and the deficiencies are special cases, are additional
entities giving information on the shape of a polytope near its var-
ious faces. The consideration of Grassmann angles helps to put into
proper perspective the similarities and differences between the results
for angle-sums and those for deficiencies. For j=d —1, the Grassmann
angles are essentially identical with the exterior angles (see below,
§2.3; compare also Banchoff [1967]).
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We return now to a discussion of angle-sums following Perles-
Shephard [1967b]; similar results hold for deficiencies (Shephard
[1968a]) and, more generally, for Grassmann angles (Griinbaum
[1968b]). Let P be a d-polytope in d-space, and let L be a line not
parallel to any face of P. We denote by P(L) the (d—1)-polytope
obtained by projecting P, parallel to L, onto a (d—1)-flat orthogonal
to L; such a projection P(L) of P is called a regular projection. All
the regular projections of P belong to a finite number of different
combinatorial types. Let Py, - - -, P, be (d—1)-polytopes represen-
tative of all the different combinatorial types of regular projections of
P. With a slight abuse of notation, let f(P;) = (fo(Ps), *+ + + , fa—a(P3), 0).
For a d-polytope P let @(P) denote the family of all d-polytopes
affinely equivalent to P.

THEOREM 2.19. For every d-polytope P,
conv{a(Q)|QEa(P)} = rel int conv{3(f(P) ——f(P.-))Ii=1, <o ,q}.

Hence, in particular, f(P) —2a(P) is a convex combination of the
vectors f(P;), ¢=1, - - -, ¢.V7

We refrain from listing all the interesting results contained in the
papers cited above; instead, following Perles-Shephard [1967a], we
shall describe an application of those metric results to a combinatorial
problem. The circle of ideas involved is the first attempt to treat in
higher dimensions the type of problems we considered for 3-poly-
topes in §1.3.

Let a d-polytope P be called facet-forming provided there exists a
(@+1)-polytope Q such that each d-face of Q is combinatorially
equivalent to P. In case d=2 it is a simple consequence of Euler’s
equation that the only facet-forming 2-polytopes are the triangle,
the quadrangle, and the pentagon. Easy examples (such as the duals
of cyclic 4-polytopes) show that there exist facet-forming 3-poly-
topes with arbitrarily many 2-faces (or vertices). The question
whether there exist 3- or higher-dimensional non-facets (i.e., polytopes
which are not facet-forming) was solved by Perles-Shephard. One of
their criteria is derived from Theorem 2.19; using the notion of regular
projection introduced above, it may be formulated as follows:

TuaEOREM 2.20. If P is a d-polytope and if for some jwith0<j<d—2
we have
d+1—3j
fi(P) = ;:’T_‘_—] max{fi(P1), - - -, fi(PY},

17 See Note 13 on page 1184.
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then P is a non-facet.

In case d=3, j=1, denoting by A£(P) the maximal possible number
of edges belonging to a simple circuit in the graph of P, there follows:

TaEOREM 2.21. If P is a 3-polytope and if h(P) =3f1(P), then P is
a non-facet.

The existence of 3-dimensional non-facets now follows by easy
examples; simple 3-dimensional non-facets may be obtained using
Theorem 1.25. Many additional types of non-facets of dimensions =3
were also obtained by Perles-Shephard [1967a] through different
applications of Theorem 2.20. We quote only one of their results,
recalling that a d-polytope P is neighbourly provided every [1d] of its
vertices determine a face of P (see Griinbaum [1967a] or McMullen-
Shephard [1968b] for a more detailed account; the cyclic polytopes
are neighbourly, but there are neighbourly polytopes not combinato-
rially equivalent to cyclic polytopes).

THEOREM 2.22. For d#£3, there exists a function v(d) such that each
stmplicial, neighbourly d-polytope P satisfying fo(P) >v(d) is a non-
facet.

The determination of the smallest possible v(d) seems to be a diffi-
cult problem; in the Perles-Shephard treatment it is made to depend
on the upper-bound conjecture (see above, §2.1). The estimate
v(d) < [31d]?—2 for d=4 (along with better estimates) is given by
Perles-Shephard [1967a]. The existence of v(3) is still undecided.

Using the case d =4, j=2, of Theorem 2.20, Barnette [1969b ] has
recently established the existence of simple 4-polytopes which are
non-facets. One of Barnette’s tools, interesting also for its own sake,
is an analog of Theorem 1.25, dealing with 2-manifolds contained in
the 2-skeletons of simple 4-polytopes.

The existence of simple non-facets of dimensions =5 is likely, but
still undecided. Many other open problems on non-facets are men-
tioned by Perles-Shephard [1967a]; possibly the most provocative
is: Are all simplicial d-polytopes with d+44 or more vertices non-

facets?
* * *

With only minor modifications, the results on angle-sums, defi-
ciencies and Grassmann angles mentioned above may be reformulated
for polyhedral cones, or for spherical polytopes (see Perles-Shephard
[1967b], Shephard [1968a], Griinbaum [1968b]). Probably more
important, however, are extensions of the notions and results to var-
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ious classes of polyhedra or complexes embedded in Euclidean spaces;
some of the results that have been obtained are polyhedral analogues
of well-known differential-geometric facts. It would lead us too far
to attempt to reproduce here the relevant material. For different
generalizations of Grassmann angles (or their special cases) to poly-
hedra the reader is referred to Allendoerfer-Weil [1943], Banchoff
[1967], Hadwiger [1969b], Mani [1970c], and Larman-Mani
[1970b]. In many respects it seems that the investigation of the
whole field has barely begun, and that important developments and
applications should be expected.

One of the most important aspects of the angle-sums and other
entities discussed in the present section is that they are associated
specifically with geometric complexes. Therefore they are one of the
few tools (see also below, Chapter 3) that enable us to establish results
for geometric complexes which are not necessarily valid for abstract
or topological complexes.

For example, in contrast to Theorems 2.20 and 2.21, it is not known
whether there exists a 3-polytope P such that no cell complex
homeomorphic to the 3-sphere S? has all 3-cells isomorphic to P.

2.3. Steiner points, mean widths, mixed volumes. Steiner points and
the other functions discussed below provide excellent examples of the
interplay between differential-geometric and discrete approaches to
a topic. Though the recent development of the subject was rather
rapid, many problems are still open; we are probably even lacking
the proper point of view of the whole area.

Following Steiner’s [1840] introduction in 1840 of a point s(C) as
the curvature-centroid of a planar curve C, different authors have
extended the definition of the Steiner point s(C) to higher-dimensional
compact convex sets C, dispensing at the same time with differen-
tiability assumptions (see Griinbaum [1967a, p. 313] for an account
of the history, and for references to the literature). A useful definition
of the Steiner point s(C) of a compact convex set C in E? is

s(C) = fd_ uh(u, C)du,
S 1

where p is the normalized measure on the unit (d —1)-sphere, and
h(u, C) is the value of the supporting function of C in the direction
of the unit vector «. For other formulas for s(C) see Shephard [1966a |
and Flanders [1966].

Among the most important properties of Steiner points are:

(a) Additivity. s(Cy) +5(C) =s(Ci+ C,) for all compact convex sets
Ci, C,, the addition on the right being vector addition of sets.
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(b) Invariance. s(T'C)=Ts(C) for all compact convex sets C and
all orthogonal transformations 7.

(c) Continuity. s(C) is a continuous function of C, the space of all
compact convex sets in E¢ being metrized by the Hausdorff distance.

As a solution of a problem raised in Griinbaum [1963b ] we have:

TuareoREM 2.23. The Steiner point s(C) is the only vector-valued func-
tion defined for all compact convex sets C in E* which satisfies (a), (b),
and (c).

The history of Theorem 2.23 is rather interesting. For d =2 it was
proved by Shephard [1968b]. Schmitt [1968] published a proof for
the general case which, however, was incomplete at a crucial step.
Berg [1969b | proved the theorem for d = 3, and Meyer [1969] proved
it for all d assuming uniform continuity in (c). Theorem 2.23 as for-
mulated here was finally established by Schneider [1970]. Sallee
[1970] showed that Theorem 2.23 fails if the continuity assumption
(c) is dropped.

Some of the interest in Theorem 2.23 (and in the results discussed
below) derives from the fact that Steiner points are useful in various
seemingly unrelated investigations (see, for example, Firey-Griin-
baum [1964], Flanders [1966], Shephard [1964b], Berg [1969a]).
On the other hand, a crucial part in the proofs of Theorem 2.23 is
played by certain spaces of “asymmetry classes” of convex sets,
which are interesting for their own sake and seem to be applicable to
different other problems as well (see Ewald [1965], Ewald-Shephard
[1966 ], Schmitt [1967], Shephard [1966b ]; for related questions see
also Bantegnie [1965], Shephard-Webster [1965]).

The Steiner point s(P) of a d-polytope P may alternatively be de-
fined as

fo(P)

s(P) = Z Va(Vi, P),

i=1

where ¢(V, P) is the exterior angle of P at its vertex V (that is, the
(normalized) measure of the set of those unit vectors # which are
outer normals of hyperplanes supporting P at V). In order to shorten
the exposition of the remaining parts of the present section, we make
the following notational agreement. If g is a function defined for all
polytopes P, we put g;(P) = _; g(F?), the summation being over all
the i-faces Fj of P. Thus, for example, ga(P) = g(P) for each d-poly-
tope P.

Using this notation, the rather surprising results of Shephard
[1966a] (see also Griinbaum [1967a, §14.3]) may be presented in
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the following form, analogous to the equations of Euler and of Dehn-
Sommerville.

THEOREM 2.24. If P is a d-polytope then

2 (—1)isi(P) = (—1)%sa(P).

=0

THEOREM 2.25. If P is a simple d-polytope and if 0=k =d, then

k fd — 1
> 0 7)) = i,
i=0 d—k

This system is easily seen to contain [%(d+1) ] linearly independent
equations, and it seems likely that every other linear relation be-
tween the s;(P)’s, valid for all simple d-polytopes P, is linearly de-
pendent on them. This problem is still open, as is the more general
problem of characterizing the (d+1)-tuples (so(P), - - -, sa(P))
which correspond to simple d-polytopes P. Also open are the anal-
ogous questions concerning Theorem 2.24.

Another open problem is whether each vector-valued function s(P)
defined and continuous (in the Hausdorff metric) only for polytopes,
which satisfies (a) and (b) for polytopes, is necessarily the Steiner

point of P.
* %k %

Many other functions defined for polytopes exhibit a behavior
similar to that of Steiner points. As one example, which is both of
independent interest and useful in proofs of other relations, we men-
tion the following result of Shephard [1968¢], in which %(«, P) is the
supporting function of P (see above for the convention regarding the
definition of %;).

THEOREM 2.26. For every d-polytope P and for each vector u,

d

2 (= Dhi(u, P) = — h(u, —P).

=0

The remarkable feature in this result is the appearance of —P.

While the negative sign here could be transferred to #, it seems to be
rather naturally attached to P in view of the next result. For any
polytope P, and integer r, 1 <7 <d, and any convex bodies K3, - - -,
K, let

v(r)(P;K1‘+17"',Kd)=v(Ps"')P7Kr+1:""Kd)

be the mixed volume of the bodies P (r times), Kry1, * + +, K4. Then
we have (Shephard [1968¢c]):
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THEOREM 2.27. For every d-polytope P and any convex bodies
Kr+l’ Tty Kdr

d T (r) r (r)
Z('—l) Vs (P; Kr+1) ) Kd) = (—1) v

=1

("'P; Kr+1y ) Kd)o

As a special case of Theorem 2.27 (if r=1and K, =K;= - - - =K,
is the unit ball of E?) we have the following theorem of Shephard
[1968e]:

THEOREM 2.28. If m(P) denotes the mean width of lhe polytope P,
then for every d-polytope P we have

d
2 (= 1)*mi(P) = m(P).
t=1
In analogy to the situation concerning Steiner points, the functions
m; of simple or quasi-simple d-polytopes satisfy additional linear
equations, which are derivable from the Dehn-Sommerville equations
(Shephard [1968e]).

L .

Though we do not know of any causal relationship, it seems worth-
while to recall here a result similar in form to Theorem 2.27, and to
the Dehn-Sommerville equations for simple d-polytopes. For a com-
pact convex set PCE? let v (P)=v"(P; Kyp4, - - -, Ka), where
K,.3= : - - =K is the unit ball of E4 Then we have

THEOREM 2.29. If K is a convex body of constant width 1 in E¢, then

d d —
> () D)rotm = (e

forr=0,1, - ..,d.

For d = 3 this result is due to Blaschke [1915]; proofs of the general
case were given by Dinghas [1940] and Santalé [1946]; an especially
simple proof is due to Debrunner [1955]. It would be very interesting
to investigate the possibility of a deeper connection between The-
orem 2.29 and the formally similar results discussed in the other
parts of this paper.

L . . 3

Another aspect of Steiner points deserves special mention. Let
g(C) be any function defined for all sets that appear as its arguments;
let a family €= {Cl, ceey, Cn} of sets be given, and let 1 =r=<#n. We
define
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g(@) = X gCaN - NCy),

(41, Vir)

the summation being over all r-tuples (¢, - - -, ,) such that 1=4,;
<4< -+ + <i,=n. Then we have (Sallee [1966]):

THEOREM 2.30. Let K= {Kl, <.y, K,,} be a family of compact
convex sels in E* such that K=K;\J - - - UK, is convex. Then

s(K) = D (—1)#is@ (%),
i=1

In other words, the function s has a restricted kind of the valuation
property. This restriction is related to the fact that s(C) was defined
only for convex D. Theorem 2.30 suggests an extension of the defini-
tion of s to the class of sets in E¢ which are unions of finitely many
bounded convex sets. Investigations in this and related directions
were carried out by Hadwiger [1969a], [1970], Sallee [1966], [1968],
Mani [1970c], and Perles-Sallee [1970]. One byproduct of the results
obtained by these authors is a clarification of the quite surprising
interrelations between the properties of a function to be valuation-
like, and to satisfy Euler-type relations; the results are relevant to
different quantities discussed in the present chapter. For more precise
statements the reader is referred to the original papers. As pointed
out by W. J. Firey (private communication), some of those results
could also be obtained from the more classically-oriented work of
Hadwiger [1957, Chapter 6] on functionals defined on the space of
sets which are unions of finitely many convex sets. For other results
in this direction see Volland [1957], Fary [1960], [1961], Miiller
[1967] and Scherk [1969].

3. Gale transforms and Gale diagrams. Certain algebraic con-
structions, traces of which may be found in some works of T. S.
Motzkin and D. Gale, were systematically developed by M. A. Perles
and used to establish a number of results on polytopes which were
completely unreachable by other methods. Perles’ results were pub-
lished in Griinbaum [1967a], and formed the starting point for recent
investigations by McMullen, Shephard, and others. The aim of the
present chapter is to give a summary of some of those results and of
material related to the theorems obtained in this manner. For a de-
tailed exposition of the Gale diagram technique see McMullen-
Shephard [1970c], for a brief introduction see Stoer-Witzgall [1970].

3.1. Definitions and techniques. Let X = (x1, - - + , x») be a sequence
of (not necessarily distinct) points %1, - - -, %, in Euclidean d-space
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E3. For sake of simplicity we shall assume that aff X =E¢, though
the theory may be developed without this restriction. A sequence

X=(&, - - -, &%) is said to be a Gale transform of X provided the
matrix

1,1 219 1 %1 %1 e]

X2 1 X290 1 Zop X2,e

Xn,1 Xn ,d 1 Xn 1 Xn e

is non-singular and provided its last e=#n—d—1 columns are or-
thogonal to its first d+1 columns; here x;=(x;1, - - -, %i,4) and
xil':(xj,l) R :E.i,e)' _

Simple dimensionality arguments establish the existence of X C E¢
for every X with aff X = E4. Also, it is clear that Y 7, # =0, that
X positively spans E¢, and that X is also a Gale transform of X +y
=(x1+y, - - -, x.+y) for each y& E? Hence it is possible and some-
times convenient to replace X by a translate X’ such that D r_, x;=0.
If X itself satisfies this relation, there is a duality between X and X,
since X is in this case a Gale transform of X. This duality has a par-
ticularly important consequence (which may also be established
directly):

If Z=(z, - - -, 2a) is an n-tuple which spans E»4-1 such that
ZLI z;=0, then there exists X C E¢ such that Z is a Gale transform
of X.

It is not hard to show that if X and X’ are Gale transforms of the
same X then X and X' are linearly equivalent. Similarly, it is easy
to follow the influence of various other types of transformations
(affine, projective) on Gale transforms.

The relevance of Gale transforms for the theory of polytopes is
due to the following fundamental facts.

THEOREM 3.1. Let X be the set of verlices of a d-polytope PC E4, let
X=X,UX, where X1# F#~X, and X1:N\Xs= &, and let X5 be the
subset of X consisting of the points which correspond to the points of Xs.
Then conv X1 is a proper face of P if and only if 0Crel int conv Xo,.

In other words, X is the set of all vertices of some face of P is and
only if X, positively spans its linear hull.

THEOREM 3.2. An n-tuple X = (x1, - - -, x,) which spans E?¢ is the
set of vertices of some d-polytope P if and only if
either £;=0 for 1=1, - - + | n (in which case P is a d-simplex);
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or else for every open halfspace H of E*41 such that 0&bd H, we
have card {i| ;EH} 2 2.

Hence Gale transforms permit the translation of questions regard-
ing the facial structure of polytopes to questions on positive depen-
dences, and vice versa. Paralleling Theorems 3.1 and 3.2 are criteria
for P to be simplicial, or to be a pyramid, etc., expressed as simple
properties of X. This is particularly advantageous for the theory of
polytopes in cases #—d is small, since then the question becomes one
concerning positive dependence in low-dimensional spaces, which
are sometimes easier to handle. In the following sections we shall
discuss in detail a number of such applications. For another applica-
tion see Reay [1968b].

If one wishes to use Gale transforms of X =vert P in order to study
the facial structure of the polytope P, it follows from Theorem 3.1
that X may be submitted to various changes which will not affect
its usefulness for the investigation of the structure of P. For example,
replacing each non-zero #; by #;=%:/|#%| leads to a sequence
#=(#&, - - -, £,) which is not necessarily a Gale transform of X (or
of any other sequence); but the criterion of Theorem 3.1 still relates
the facial structure of X with the positive-dependence properties of
X. Such sequences X are called Gale diagrams of X; as we shall see
in §3.2, the consideration of Gale diagrams is sometimes even more
useful than that of Gale transforms.

The above facts and terminology are taken from Griinbaum
[1967a]; in the papers of McMullen and Shephard which will be dis-
cussed below (as well as in Griinbaum-Shephard [1969]) a slightly
different point of view and terminology are used.

One of the less attractive aspects of the algebraic treatment of
Gale transforms described above is the apparent arbitrariness of the
whole concept, and the lack of intuitive meaning. This is alleviated
by the following observation which may be used as a starting point
for the theory of Gale transforms (McMullen [1968a]):

THEOREM 3.3. Let E4 and E"9-1 be orthogonal subspaces through the
origin 0 of E*=1, and let T be a regular (n—1)-simplex with centroid
0. If X is the orthogonal projection of vert T into E?, and if X is the
orthogonal projection of vert T» ' into E*4-1 then X is a Gale trans-
form of X, and X is a Gale transform of X.

For another geometric interpretation of Gale transforms see
McMullen [1968a], [1968b], McMullen-Shephard [1968a].

Guided by these geometric interpretations of Gale transforms,
McMullen-Shephard [1968a], [1970b] were also able to devise
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analogous methods for the treatment of centrally symmetric poly-
topes, or polytopes with a higher-dimensional axis of symmetry. We
shall briefly describe the derivation of the centrally symmetric case
from the Gale transforms introduced above.

Let X = {xl, —X1, X2, * * * , Xn, —x,.} be a centrally symmetric set
of points in E¢ which linearly spans E¢. Among the Gale transforms X
of X there are some having the form

X1 %2 - xe il 10 0 --- 0 O 11 Tz v Fie
%21 X229 - %29 |1 -1 1 0 --- 0 O T2,1 To2 c v Toee
............... 1 0 =1 1 cee O O r+occveenencnnnnnn
............... -1 1
............... 0 =1 L e
Xn,1  Xn,2 %mall 0 0 O 0 -1 Tna Fn2 Xn.e
—%,1 —%2-c-—x%xqejl 1 0 0 ---0 0] —%1 —F2-— %1,
—%21 —%22c - — %9 |1 =1 1 0 --- 0 0] —f1 —Foz- - — Tape
............... 1 0—-1 1 O O +cvvvvvnnnnnnns
............... -1 1
............... 0 —1 1] eovvovnneenenns
—%n1 — %2t — Xna |1 0 0 0 «--0-1 —%n,1 —&Fn2cc — ne

where the last e=%—d columns are chosen orthogonal to the first d
columns, all of them being automatically orthogonal to the central
n columns. In order to determine the facial structure of X it is not
necessary to specify explicitly all of X; the knowledge that we are
dealing with a centrally symmetric set, together with the n-tuple
X=(&, -+, %), where &= (&1, -, %i.) CE°, determine X.
X is called a centrally symmetric transform of X. Using the above defi-
nition, Theorem 3.1 may easily be translated into the following re-
sult, first obtained by a different method by McMullen [1968a] and
McMullen-Shephard [1968a].

THEOREM 3.4. Let X = {xl, —X1, * c , Xn, —x,,} be the vertices of a
d-polytope PC E? centered at 0, and let each €; be +1 or —1. Then
conv {elx,-,, -« -, &x;} is a face of P if and only if

e, + - + &&;, € rel int conv ¥,

where Y is the set of the 2" points of the form
a7 7P R 7R

pu ¢ -

with {71, -+ +, Gaer} = {1, - - -, ]\ {41, - - -, 4r}.
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In the investigation of centrally symmetric polytopes the advan-
tage of X over X (or X) is in the presence of fewer points (7 instead
of 27) in a space of lower dimension (z—d instead of 2 —d—1). A
disadvantage is the form of the condition of Theorem 3.4, which is
much harder to use than the condition of Theorem 3.1.

For a discussion of Gale transforms appropriate for polytopes
having a higher-dimensional axis of symmetry see McMullen-Shep-
hard [1970a] and McMullen [1968b].

L T

Before turning to a somewhat detailed description of some of the
achievements of Gale transforms techniques in the general theory of
polytopes, we shall conclude the present section by a brief discussion
of two recent variants of the technique.*® One of them is particularly
adapted to the study of zonotopes and of arrangements of hyper-
planes, the other to the investigation of positive bases.

Zonotopes are polytopes which may be represented as vector sums
of segments. Though they form a rather specialized subclass of the
centrally symmetric polytopes, they have important connections
with various areas of analysis (in particular, vector measures) and
geometry. Bolker [1969] is an excellent survey of known results, and
should be consulted for references to the voluminous literature. See
also Bolker [1970], Shephard [1967b], Schneider [1967a], Lindquist
[1968], and McMullen [1970f] for some related results. A major ad-
vance in the theory of zonotopes was recently achieved by McMullen
[1970e]. The starting point of McMullen’s work is the observation
that if a d-zonotope Z is the vector sum of segments S;,2=1, - - - , k,
(where no generality is lost by assuming Si;= —S;=conv {u;, —9:})
then the facial structure of Z may be related to the centrally sym-
metric transforms V of the set { +u;, - - -, +;}. Among the most
striking results of McMullen [1970e] on zonotopes we mention only:

(i) Ford=2 and n=d+2 there exists a one-to-one correspondence
between the isomorphism types of cubical d-zonotopes with # zones
and cubical (z—d)-zonotopes with n zones.

(ii) Anenumeration of the isomorphism types of cubical, and of all,
d-zonotopes with n zones, for n=d+2.

We recall here the notion of a d-arrangement. By this is meant a
finite set of (d—1)-hyperplanes in the real projective d-space, such
that no point belongs to all the hyperplanes. The d-arrangements

® See Note 14 on page 1184.
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were the subject of many investigations; the topic acquired additional
interest recently due to its connection with pattern recognition and
similar problems. There are many connections between arrangements
and polytopes (see Griinbaum [1967a, Chapter 18] for an account of
some of the results, and for references). More recent material may be
found in Griinbaum [1970d], [1970e], Bonnice-Kelly [1970], Rot-
tenberg [1970], Alexanderson-Wetzel [1970], and Canham [1969].

Due to the one-to-one correspondence between (d-1)-zonotopes
and d-arrangements (see, for example, Coxeter [1962]), the above
results on zonotopes led McMullen [1970e] to an enumeration of
the different isomorphism types of d-arrangements with at most d-+3
hyperplanes, to the fact that for n=d+1, d+2, or d+3, there is only
one type of simple d-arrangements, and—most surprisingly—to the
following reformulation of (i):

THEOREM 3.5.If d=1 and n=d-3 there is a one-to-one correspon-
dence between the isomorphism types of simple d-arrangements of n
hyperplanes and simple (n—d—2)-arrangemenis of n hyperplanes.

* ¥k

Theorem 3.1 may clearly be used “in reverse” to obtain informa-
tion on positive dependence properties of X from the facial structure
properties of X. However, if positive dependence is the main object
of investigation it is more advantageous to use a slightly different
form of the Gale transform technique by not allotting any particular
role to the column vector having all components equal to 1. This
approach was developed in a most effective fashion by Shephard
[1970a] and applied by him to the study of positive bases. Along with
interesting new results, Shephard [1970a] obtained simplified proofs
of some results established previously by Davis [1954], McKinney
[1962], Bonnice-Klee [1963], and Reay [1965a], [1965b], [1966],
[1967]. Some of the ideas concerning positive bases go back to
Steinitz [1913] and Minkowski [1897], [1903] and are in many ways
relevant to the theory of polytopes. Steinitz's work is related to the
theorems of Carathéodory and Helly on convex hulls, and on inter-
sections of convex sets; see Danzer-Griinbaum-Klee [1963] for a
survey of known results and for references, Bonnice-Reay [1969]
and Hansen-Klee [1969] for some recent developments. Minkowski's
work on the determination of polytopes by their “area functions”
leads to results (see Firey-Griinbaum [1964 ])which may be viewed
as refinements of some theorems concerning positive bases, and to
“primitive polytopes” (compare Steinitz [1909], Fejes Téth [1962],
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Schneider [1967b]). Related is also the problem of “fixing sets” for
polytopes (see Griinbaum [1964], Bollobss [1967], Mani [1970d]).
For details the reader should consult the papers mentioned.

3.2. Enumeration of isomorphism types. Problems of enumeration
of different isomorphism types of polytopes were among the first aims
of the study of polytopes (see, for example, Euler [1752a], [1752b],
Steiner [1830], Kirkman [1854], Cayley [1862]). Though much
work was done in recent years concerning the enumeration of 3-
polytopes or of special kinds of 3-polytopes (see, among others, Grace
[1965], Bowen-Fisk [1967], Federico [1969], Jucovi¢ [1962],
Rademacher [1965], Guy [1967], Brown [1965], Tutte [1968]),
only few advances have been made concerning higher-dimensional
polytopes. The following brief historical survey is believed to be
complete. We shall use ¢(v, d) to denote the number of different iso-
morphism types of d-polytopes with v vertices, ¢,(v, &) for the number
of simplicial ones among them.

The first results on the enumeration of higher-dimensional poly-
topes were obtained by Victor Schlegel and by Max Briickner. In
1891 Schlegel [1891] proved c,(d+2, d) = [3d], and in 1893 Briickner
[1893] listed the simplicial 4-polytopes with 6 and 7 vertices, as well
as all 4-polytopes with 6 vertices; he also attempted to enumerate all
4-polytopes with 7 vertices. Regarding c(v, d) for d 24 no new results
seem to have been obtained till 1967. In Griinbaum [1967a] it was
shown that ¢(d+2, d) = [4d?], and the d-polytopes with d+3 vertices
were enumerated for d £6. Lloyd [1970] found explicit formulae for
c(d+3, d) for all d. These recent results, as well as the result of
Perles mentioned below, were obtained using Gale diagrams.

Concerning simplicial d-polytopes Schoute [1905] rediscovered the
value of ¢,(d+2, d), and Briickner [1909] attempted to find ¢,(8, 4).
Due in part to difficulties rooted in the difference between the notion
of boundary complex of a polytope, and that of triangulation of a
sphere (see below, §3.4), Briickner's attempt failed and the enumera-
tion of simplicial 4-polytopes with 8 vertices was accomplished only
in Griinbaum-Sreedharan [1967]. The values of c¢,(d+3, d) were
determined by M. A. Perles for all d (see Griinbaum [1967a]).

In Tables 1 and 2 we have collected all the available information on
¢(v, d) and ¢,(v, d). In Figure 5 we represent (by their contracted
standard Gale diagrams, see below) all 4-polytopes with 7 vertices,
together with the corresponding f-vectors.

We have already mentioned in §3.1 that the facial structure of a
polytope P with vertices V is determined by the Gale transform V of
V. More precisely, the isomorphism type of P depends on the family
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v—d
1 2 3 4 5 6
d
3 1 2 7 34 257 2606
4 1 4 31
5 1 6 116
6 1 9 379
d 1 [1d] ™

TasBLE 1. The numbers c(y, d) of different isomorphism types of d-polytopes with
v vertices. The values for d=3 are due to Hermes [1899] (for v=8) and Federico
[1969] (for v<9), those for vy =d-+3 are due to M. A. Perles and have been indepen-
dently checked by the author (see Griinbaum [1967a; §6.3]). (*) was determined
by Lloyd [1970].

v—d
1 2 3 4 5 6 7 8 9
d
3 1 1 2 5 14 50 233 1249*  7595*
4 1 2 5 37**
5 1 2 8
6 1 3 18
7 1 3 29
8 1 4 57
9 1 4 96
10 1 5 183
11 1 5 318
12 1 6 603
13 1 6 1080
14 1 7 2047
15 1 7 3762
d 1 3] (o

TaBLE 2. The numbers ¢, (v, d) of different isomorphism types of simplicial d-poly-
topes with v vertices. The values * are due to Bowen-Fisk [1967],** is from Griin-
baum-Sreedharan [1967], while the value (***) as determined by M. A. Perles is
reproduced in Griinbaum [1967a, p. 113].

of subsets W of V having the property
* 0 € rel int conv W.

Therefore, if a set X is in a one-to-one correspondence with V and
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has the property that (*) holds if and only if the corresponding subset
of X satisfies the analogous relation, the set X may be used instead of
V for the determination of the facial structure of P. Any such set X
is called a Gale diagram of V or of P. If each point of X is either the
origin, or else is on the unit sphere, X is called a standard Gale dia-
gram. One way of obtaining standard Gale diagrams obviously
consists in replacing each non-zero member V of by /|4

As an application we may consider the case of a d-polytope with
d+2 vertices. Then its Gale transform will be in E! and its standard
Gale diagram will be supported by the set {—1, 0, 1} (compare
Figure 6, where the integers m,; indicate multiplicities, and the
restrictions result from Theorem 3.2). Using standard Gale diagrams
the determination of ¢(d+2, d) and ¢,(d+2, d) becomes quite trivial.

In the most rewarding application of Gale diagrams we consider
d-polytopes with d+3 vertices. Then the standard Gale diagram
consists of d+3 points distributed on the unit circle and its center in
such a manner that each open half-circle contains at least 2 points
(counted with proper multiplicities). The special feature of this case
is the possibility of replacing each diagram by one in which all the
non-zero points are at ends of equally-spaced diameters of the circle.
Moreover, one may insist to use either the least, or else the largest,
possible number of those diameters, thus obtaining the “contracted
standard Gale diagrams” or the “distended standard Gale diagrams.”
Since either type of diagram may easily be independently character-
ized, this leads to the possibility of carrying out the enumerations
mentioned above. For details the reader should consult Griinbaum
[1967a, §6.3], McMullen [1968b], or McMullen-Shephard [1970b].
A straightforward application of Pélya’s [1937] enumeration theorem
either to the contracted, or to the distended, standard Gale diagrams
of simplicial d-polytopes leads to a determination of ¢,(d+43, d)

-1 0 1
o < e’ ]
Wy = 2 o = 0 m=>2
FIGURE 6.

(M. A. Perles, see Griinbaum [1967a, §6.3]). A rather more involved
reasoning which deals with contracted diagrams and parallels
the method of the proof of Pélya’s theorem, leads to an explicit for-
mula for ¢(d+3, d) (Lloyd [1970]).

* % %
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Similar reductions—from Gale transforms to Gale diagrams or to
standard Gale diagrams—are possible mutatis mutandis for some of
the variants of Gale transforms discussed at the end of §3.1. When-
ever possible, they lead to simplified enumerations—among them
some rather surprising ones. The reader is urged to consult McMullen-
Shephard [1968a ], [1970a], McMullen [1968b ], [1970e],and Shephard
[1970a].

3.3. Projectively unique polytopes. A d-polytope P (and its isomor-
phism type) are called (see Griinbaum [1967a, p. 68]) projectively
unique provided every d-polytope P’ isomorphic to P is even projec-
tively equivalent to P (that is, P’ is the image of P under a non-
singular projective transformation).

It is not hard to prove that if a d-polytope is projectively unique so
is each polytope dual to it, and that each d-polytope with at most
d+2 vertices (or else, dually, with at most d+2 facets) is projectively
unique. The cartesian product T3 X T, of two simplices is projectively
unique, though in general the cartesian product P;XP; of projec-
tively unique polytopes P; is not necessarily projectively unique. For
d=2 no polygon with 5 or more vertices (or edges) is projectively
unique. The first nontrivial result in this direction concerns the case
d=3; we have (see Griinbaum [1967a, p. 68]):

THEOREM 3.6. A 3-polytope P is projectively unique if and only if
P has at most 9 edges.

There are only 4 different types of 3-polytopes with 9 or fewer
edges (see Figure 7), and it is easy to check that they are projec-
tively unique. It is also easy to check that

*) each of the types with 10, 11, or 12
edges is not projectively unique.

(There are 2 different types with 10 edges, 4 with 11, and 12 with
12 edges; see, for example, Federico [1969] and the references given
there. Compare Figure 7.) To complete the proof we invoke
Steinitz’s Theorem 1.8, and its proof as presented in Griinbaum
[1967a, §13.1]. In the terminology and notation used there, it is
enough to observe that

(i) if a 3-polytope P is obtained from a 3-polytope P by reversing
one of the reductions w; or 9;,1=0, 1, 2, 3, and if P is not projectively
unique, then P is not projectively unique; and

(ii) each 3-polytope P with at least least 13 edges is obtainable in
such a fashion from some P which (by induction and (*)) is not
projectively unique.
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fi=6 8 9 9
10 10

11 11 11 1

12 12 12 12
12 %

12 12 12

12 12 12 12

FIGURE 7.

Another result on projectively unique d-polytopes characterizes
those which have d+3 vertices; it is due to M. A. Perles (see Griin-
baum [1967a, p. 120], McMullen [1968a], [1968b]) and is a simple
consequence of general results on Gale transforms:

THEOREM 3.7. A d-polytope with d-+ 3 vertices is projectively unique
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if and only if its contracted standard Gale diagram has one of the forms
indicaied in Figure 8, where the non-negative multiplicities m; are
inlegers salisfying the indicated conditions and Zizo m;=d-+3.

Theorem 3.7 and an inspection of the list of 4-polytopes with 7
vertices (see Figure 5) show that there is no analogue of Theorem
3.6 for 4-polytopes. Indeed, (7, 17, 18, 8) is the f-vector of 4 different
isomorphism types of 4-polytopes, of which one is projectively unique
while the other three are not.

my

my20 my 20 my 20
m 22 for i=1,2,3,4 mymg2l  mymy22 m 21 for i=1,2,3,4 5,6

FiGure 8.

In the case of 4-polytopes, the results mentioned above lead to 11
different projectively unique types. Besides the 4-simplex and the 4
types of 4-polytopes with 6 vertices and their duals (the 2-fold 4-
pyramid over a quadrangle being self-dual) they are the two poly-
topes with 7 vertices having the Gale diagrams shown in Figure 9,
and the dual of the second (the first being self-dual).

It may be conjectured that there are no other types of projectively
unique 4-polytopes. However, for each d =4 we are unable to settle
even the

CoNJECTURE 3.1. For each dimension d there are only finitely many
different types of projectively unique d-polytopes.

One of the reasons for the apparent difficulty of this conjecture
seems to be related to the fact (Griinbaum [1967a, pp. 96, 208])
that a projectively unique polytope may have facets which are not
projectively unique. This fact also implies that Theorem 1.11 does
not generalize to higher dimensions.!?

McMullen [1968a], [1968b] studied in some detail constructions
which yield projectively unique polytopes from given polytopes with
that property. Among results he obtained we mention here only the
fact that if the projectively unique polytopes P, and P, are contained

19 See Note 15 on pages 1184-1185.
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in skew flats then their join (that is, conv(P;\JP,)) is also projectively
unique.

2 1
1 1 1 1
1 1 2 2
1
FIGURE 9.
* ok k

For centrally symmetric d-polytopes P it is rather natural to
consider a notion related to projective uniqueness by requiring, in the
definition of projectively unique polytopes, the polytopes P’ of the
definition to be centrally symmetric. (Then the projective equivalence
of P and P’ is already a linear equivalence.) Polytopes having this
property were investigated by McMullen [1969] who called them
“linearly stable” and characterized them as convex hulls of centrally
symmetric subsets of the set of vertices of the regular d-cube.

Analogous classes of polytopes may be defined with respect to any
group of symmetries of d-polytopes; however, no other results seem
to be known.

3.4. Irrational polytopes. One of the greatest triumphs of the tech-
nique of Gale diagrams is the negative solution by M. A. Perles to
the following problem of Victor Klee (see Griinbaum [1967a, §5.5]):

Does every isomorphism type of d-polytopes have representatives
all vertices of which are at points of E¢ having only rational co-
ordinates?

As has been mentioned above (Theorem 1.9) the solution of Klee's
problem is affirmative if d=3 (it is obviously so for d=2). Using
Gale diagram techniques M. A. Perles was able to establish the
following two results which complement each other in a certain sense.

THEOREM 3.8. Each d-polytope P with at most d-+3 vertices may be
arbitrarily closely approximated by polytopes of the same isomorphism
type as P and having vertices at rational points of E°.

THEOREM 3.9. There exists an 8-polytope P with 12 vertices which is
essentially irrational; thai is, each polytope P’ isomorphic to P has some
vertex at a point not all coordinates of which are rational.

The proof of Theorem 3.8 is very easy using general properties of
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the Gale diagrams. The proof of Theorem 3.9 uses Gale diagrams to-
gether with the fact that there exists a 2-arrangement of 9 lines and 9
points in the real (projective) plane which is not realizable using only
points with rational coordinates. The details may be found in Griin-
baum [1967a, §5.5]; the same method yields the analogous result in
all dimensions = 8. In dimensions 4 to 7 the question of existence of
essentially irrational polytopes is still open.

Another unsolved problem that should be mentioned in this con-
text is:

CoNJECTURE 3.2. For each d there exists a finite extension field
Qi=Q(a, -+ -+, ar,) of the field Q of rationals such that every iso-
morphism type of d-polytopes is realizable by a d-polytope in the d-
dimensional linear space Q3 over the field Qa.

V. Klee (private communication) raised also the question whether
every isomorphism type of polytopes in d-dimensional linear spaces
over a (not necessarily archimedean) ordered field is realizable in the
real d-space. At least for d=3 an affirmative answer may be con-
jectured.2®

A related open question concerns the effective enumerability of
rational d-polytopes with v vertices. No algorithm is known for
deciding whether a given (real) polytope is isomorphic to a rational
one.

Rationality questions are of interest in connection with other
results on polytopes as well. As an example we may mention the
following result of M. A. Perles (see Griinbaum [1967a, §5.1]): For
each d-polytopes PCE? with f facets, for each (f—1)-simplex
TCE’/-!, and for every point pEint T, there exists a d-flat L such
that pEL and LNT is affinely equivalent to P. This result fails to
hold already for d =2 and f=4 if we deal with rational spaces instead

of reals ones.
* % %

A problem similar to Klee's was posed some years ago by I. J.
Schoenberg in private communications. Schoenberg asked whether
each polygon may be approximated arbitrarily closely by totally
rational polygons having the same number of sides. Here a polygon
is called totally rational provided its edges and diagonals all have
rational lengths. The answer is known (Besicovitch [1959], Mordell
[1960], Daykin [1963]) to be affirmative for triangles and for
quadrilaterals, even if the approximating polygons are required to
have rational area as well. For some related results, and for additional

20 See Note 16 on page 1185.
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reference to the quite voluminous literature, see Sheng [1966],
Hadwiger-Debrunner [1960], Hadwiger-Debrunner-Klee [1964],
Ang-Daykin-Sheng [1969].

It seems that it is an open problem whether each convex n-gon
(n=4) may be approximated by totally rational #-gons having ver-
tices at rational points. For =3 an affirmative solution may easily
be obtained from the example of Miiller [1953] of a dense set of
points on the unit circle, all having rational coordinates and rational
mutual distances.

An affirmative solution to both Schoenberg's problem and the
present one would obviously follow from a positive answer to the
following question of P. Erdés (see Hadwiger [1958], Ulam [1960]):
Does there exist a dense subset of the plane such that all the distances
between its points are rational?

Another open problem is: Can every d-simplex be approximated by
d-simplices having rational contents of all faces of dimensions
1,2, - --,d—1,d? The answer is easily seen to be affirmative if only
the edge-lengths are required to be rational.

It is obvious that all the above problems have analogues for d-
arrangements of hyperplanes (in projective d-space). However, no
results seem to be known beyond the fact (Griinbaum [1967a, §5.5])
that already for d =2 there exist essentially irrational d-arrangements.

A different rationality problem concerning certain 3-polytopes was
considered by Sansone [1928].

* X %

The results and problems discussed so far and dealing with rational
polytopes are part of the more general question concerning the
relationship of similarly defined objects in different settings. We
would like to mention a few more instances of such parallel theories
since we feel that the understanding and clarification of the differ-
ences are very important.

In Chapter 2 we have already mentioned the fact that there exist
triangulations of the 3-sphere which are not isomorphic to the
boundary complex of any 4-polytope. More generally and more pre-
cisely, let € be a simplicial complex which is realizable by a complex
the underlying set of which is a d-sphere. Then there exist a number
of a priori possible ways of realizing €; in particular, @ may be iso-
morphic to

(a) the boundary complex of a simplicial (d-1)-polytope.

(b) a spherical-geometric complex. (A spherical-geometric complex
is a triangulation of the sphere by spherically convex simplices.)
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(c) a geometric complex in E¢!, the underlying set of which is
star-shaped (that is, visible from a suitable point 0).

(d) a geometric complex in Ed+1,

(e) no geometric complex in Ed+1,

It is easily seen that the generality increases as we pass from (a)
to (b) to (c) to (d); but the inclusion is not strict since it may be
shown that the class (b) of complexes coincides with class (c). Also,
it follows from the results discussed in §1.2 that for d =2 the classes
(a), (b), (c), and (d) coincide, while (e) is empty. For d= 3 it is known
that there exist complexes € in one of the classes (d) and (e) which are
not in class (a). (For this result and related-material see Cairns
[1940], van Kampen [1941], Griinbaum [1967a, Chapter 11],
[1970b], [1970c], Griinbaum-Sreedharan [1967], Barnette [1970b],
[1970e] Barnette-Wegner [1970].)2! While any additional informa-
tion on the relations between the various classes would be of interest,
probably the most tantalizing is the following special case of Con-
jecture 1.2: The class (e) is empty for each d.

Completely analogous problems arise if one considers centrally
symmetric triangulations of the d-sphere, and restricts the classes (a)
to (e) by requiring that all the objects considered be centrally
symmetric. The results known in this case parallel those mentioned
above (see Griinbaum [1970b], [1970c], [1970d], [1970e]).

In some cases it is possible to use Gale diagram methods to show
that a certain complex does not belong to the class (a). For example,
results of McMullen-Shephard [1968a] on the possible degree of
neighborliness of centrally symmetric polytopes (obtained by the
use of centrally-symmetric diagrams) show that certain triangula-
tions of the 3-sphere (Griinbaum [1970b], [1970c], [1970d]) are not
isomorphic to the boundary complex of any centrally symmetric
polytope.

* * *

Another pair of parallel theories concerns d-arrangements. For
simplicity, and also because of scarcity of results in higher dimen-
sions, we shall discuss only the case d =2. Then, besides the 2-arrange-
ments of lines as defined in §3.1, following Levi [1926] one may
consider arrangements of pseudolines. An arrangement of pseudolines
is a finite family of simple closed curves in the real projective plane,
such that any two curves have one point in common at which they
cross each other. While arrangements of pseudolines share many
properties with arrangements of lines, not every one is “stretchable”
—that is, isomorphic to an arrangement of lines. Explicit examples

2t See Note 14 on page 1184.
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for this observation of Levi [1926] were given by Ringel [1956]
(see also Griinbaum [1970d ], where a more detailed discussion of the
topic is given). However, despite some recent work by Kelly-Rotten-
berg [1970] and earlier results of Ringel [1957], the precise delinea-
tion of the properties distinguishing arrangements of pseudolines
from those of lines still eludes us.

NoTEs ApPDED IN ProOOF (SEPTEMBER 15, 1970). During the few
months since the manuscript of the present paper was completed,
quite a few rather remarkable achievements were published, or
brought to my attention. With the aim of making this survey as up-
to-date as possible, the principal new results are briefly mentioned in
the following notes.

1. Steinitz's theorem is also the core of the characterization of
lattices isomorphic to lattices of faces of 3-polytopes, given by
Altshuler [1970].

2. For arelated result see Reidemeister-Horneffer [1968].

3. In a far-reaching generalization of these results Mani [1970e ]
has proved that every 3-polytopal graph G may be realized by the
1-skeleton of a suitable 3-polytope P such that each automorphism
of G is induced by an automorphism of P.

4. Analogues of Eberhard’s theorem for polytopes with a center
(or line, or plane) of symmetry have been established by Zaks
[1970b]. The same paper provides also negative solutions to some
problems of Motzkin [1967c].

5. For results analogous to Eberhard’s theorem but dealing with
maps on the torus see Zaks [1970c¢]| and Barnette-Jucovié-Trenkler
[1970].

6. According to R. A. Duke (private communication) the function
¢(n) exists for each positive integer # and has values satisfying

4=c(1) 26
354+ v(16n + 1)] < ¢(n) < [4 + V(61 + 3)] forn > 1.

7. The early proofs of Euler’'s theorem assumed tacitly the shell-
ability of the boundary complex of each polytope. A surprisingly
simple proof of the shellability of those complexes was recently found
by Bruggesser-Mani [1970] (thus vindicating those early approaches
to Euler’s theorem); their method of shelling was found very useful
also in McMullen’s [1970g] proof of the upper-bound conjecture
(see Note 8 below).

8. In July 1970 a complete proof of the upper-bound conjecture
for convex polytopes was obtained by P. McMullen [1970g]; the
surprisingly simple proof combines the shelling method of Brug-
gesser-Mani [1970], and the use of the numbers g; rather than work-
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ing directly with the f;'s. It is very tempting to speculate about the
validity of the upper-bound conjecture, or of the g-conjecture dis-
cussed below, for triangulated spheres.

9. For some related investigations see Derry [1968].

10. In another surprising development, D. Barnette (private com-
munication) proved in July 1970 the lower-bound conjecture for the
number of facets (¢, (¥, d) =(d—1)v—(d+1)(d—2)) forallv>d =1.

11. The numbers g; seem to be destined to play an important role
in future developments of the combinatorial theory of polytopes,
although an intuitive explanation for their relevance is still lacking.
P. McMullen (private communication) has involved them in the
following, rather intriguing g-conjecture.

For positive integers a, %k, and j let

o=

)+ GD+ -+ (),
where @ >ar—1> - - - >ai1>a:2721 (compare Theorem 2.7), and
let

Gt ap+-J—k —1+i—k @ §+j—k

T =+ T 4+ -+ GEED.
Then, in extending the “generalized lower-bound conjecture for
simplicial d-polytopes” McMullen conjectured that the f-vectors

of simplicial d-polytopes are precisely those which satisfy the in-
equalities

05 g s git™h?

for all 0Sk<j< [3d]—1.

The inequalities in case k=0 of this conjecture are true, since they
are just the upper-bound conjecture proved by McMullen [1970g].
McMullen has also proved the conjecture for d =5, as well as for
fo=d+2, and for fo=d+3 if d=8.

12. The analogue for cubical complexes of the Kruskal-Katona
theorem was recently established in full generality by Lindstrém
[1970b].

13. Bounds for angle-sums of different representatives of the same
isomorphism type of polytopes were given by Barnette [1970f].

14. In an additional application of Gale diagram techniques
Shephard [1970b] found necessary and sufficient conditions for a
spherical-geometric complex on the (d—1)-sphere S%! to be the
radial projection of the boundary complex of a d-polytope. This ex-
tends and explains the result of Supnick [1951], who found a solution



1970) POLYTOPES, GRAPHS, AND COMPLEXES 1185

of the problem for S2.

15. A construction of M. A. Perles (private communication)
yields projectively unique d-polytopes such that the numbers of both
vertices and facets are of the order of ¢ 34/% for some constant ¢ near
to 1.

16. Lindstrom [1970a] gave an affirmative answer to Klee’s ques-
tion by proving that every polytope in a linear space over a (not
necessarily archimedean) ordered field is isomorphic to a polytope
in a real Euclidean space E°.
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