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ABstrACT. When the zero solution of an almost periodic dif-
ferential system is uniform-asymptotically stable, it is shown that
the zero solution is diminishingly asymptotically stable and
totally asymptotically stable. Generalization of the above theorem
to bounded solutions and functional differential equations with
finite time-lag are obtained by the same method. The techniques
used in the proof also give a more general approach to perturba-
tion theory of differential equations.

1. Consider a system of differential equations

(E) « = /i (¢, %)
and its perturbed equations
(P) o = f(t, ) + p().

We always assume at least that:

(i) f(t, %) is defined on [0, ©)XS, where S,= {xGR":IxI <c,
c>0} , such that f(-, x) is measurable for each x, f(¢, ) is continuous
for each ¢, and f is bounded on every compact subset of [0, ©)XS.;

(ii) p(¢) is defined and measurable on [0, «).

In a recent paper Strauss and Yorke [2] have shown (for defini-
tions, see §4)

THEOREM 1. Suppose the origin 0 is uniform-asymptotically stable
(UAS) for (E), and f belongs to the class of Lipschitz or linear or inner-
product or periodic functions. Then for every absolutely diminishing
p(t), the origin O is eventually uniform-asymptotically stable (EvUAS)
for (P).

For a detailed discussion of Theorem 1, refer to [2].
A natural question is: does this theorem hold if f(¢, x) is almost peri-
odic? An answer is given in Theorem 2.

2. Define f.(t, x) =f(t+7, ) and H(f) = {f.:r€R}. H(f) denotes
the closure of H(f) in the sense of uniform convergence on all of
R XS, for any compact subset SCS..
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DEFINITION. A continuous function f:RXS.—R¢ is said to be
almost periodic in ¢ uniformly in « if for all €> 0, for all compact sub-
sets SC.S,, there exists k=Fk(¢, S)>0, such that for every interval
(a, a+k), there exists T& (e, a+k) such that

| f- 0) — ft, 0)| <e foralltER, x € S.

BOCHNER’S THEOREM. f is almost periodic in t uniformly in x on
R XS, if and only if H(f) is compact.

THEOREM 2. Suppose the origin 0 is UAS for (E), H(f) is compact,
and for every g H(f) solutions of x' =g are unique to the right. Then
x=0 is integrally asymptotically stable for (E). This implies [1] for
every absolutely diminishing p(t), the origin 0 is EvUAS for (P).

OUTLINE OF THE PROOF OF THEOREM 2. Given >0, x&.S,, g&E H(f)’
tE [0, ), let R(n; x, g, ¢) be a set in S, X H, which consists of all the

points (¢(¢), g.) for which ¢(-) is an absolutely continuous function
defined on [0, =),

[T1o@ s 60 lds<n and 4@ ==

It is not difficult to show that if for every >0, there exist §>0,7>0
such that le <8 implies R(p; %, g, t)CS(0XH, ¢), for all t=0,
gEH(f), then the origin 0 is integrally stable for x’ =f. Further, the
origin O is integrally attracting for x’ =f if there exists 8,>0, and for
every €> 0, there exist 7> 0, 1> 0 such that |xl <d8pimplies R(n;x, g, )
CS(0XH, ¢€), for all t=T, gcH(f). (S(0XH, ¢) denotes the e-ball
containing the set 0 X H in the metric space R¢X H.) Theorem 2 then
follows from Lemma 1 and the following relation:

R(n; %, g, t + ') C R(n; R(n; =, g, ), V).

LEMMA 1. Suppose H(f) is compact, and for every g& H(f), solutions
of x' =g are unique to the right. Let T>0, SC.S, be a compact subset and
¢’ <c. Assume that F(t, x, g) € Se for every gEH(f), xES, and t& [0, T'].
Then for every >0, there exists n(€) >0 such that

T
[ ls0la<n  implies | P59 = P, g4+ 9) | <
0

for all t& [0, T] and g€ H(f), where F(t, x, g) denotes the solution of
x' =g through (0, x).

By using a similar method, we obtain
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THEOREM 3. Under the assumptions of Theorem 2, the origin 0 is
totally asymptotically stable for (E).

3. There are examples due to J. Kato and J. Yorke in which H(f)
is compact, f is locally Lipschitz, the origin 0 is UAS for (E), and the
origin 0 is not totally stable. The reason is that there are functions
gE H(f) for which the uniqueness requirement is not met.

By using a different topology on H(f), we can obtain a different
class of functions for which the conclusions of Theorems 2 and 3 hold.
For example, if we use the compact-open topology, Theorems 2 and
3 hold with f satisfying the condition that f is bounded and uniformly
continuous, on every set R X.S, where S is a compact subset of S.. An
example given by Strauss and Yorke [2] shows that this is, in a sense,
the best possible result one can obtain.

There is an analog of Theorems 2 and 3 for functional differential
equations with finite lag. The author learned that recently Theorem 3
for functional differential equation with finite lag has also been ob-
tained by T. Yoshizawa and J. Kato, independently [3].

Similar results have been obtained in certain cases of nonunique-
ness.

It is not hard to show that the above theorems still hold in case the
perturbation depends on x, that is, p has the form p(¢, x).

Details of this paper will appear elsewhere.

4. Let F(t; to, %o, f) denote a solution of (E) through the point
(to, x0), and let F(t, xo, f) = F(¢; 0, xo. f).

The solution x =0 is said to be integrally stable for (E) if for every
€>0, there exist 5(¢)>0 and n(e) >0 such that |xo| <8 and

N [ ECIERT

0

imply, for all 12,20,
) | F(t; to, %0, f + 9) | < e

If, in addition, there exists §o>0, and corresponding to any given
€>0, there are T(¢) = 0 and n(e) >0 such that Ixol <8y and inequality
(1) implies inequality (2) for ¢= T+to, then x =0 is said to be inte-
grally asymptotically stable for (E). The second property alone is called
integral attraction of the zero solution for (E).

If we replace (1) by

€)) o] <, tzZt
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then we have the definition of x =0 being totally stable (respectively
totally asymptotically stable) for (E).

The origin 0 is said to be EvUAS for (E) if there exist 60> 0 and
a0=0, and for every ¢>0, there exist a(e) >0, 6(¢)>0, and T(e)>0
such that |xo| <8, t=te=a(e) implies | F(¢, to, o, f)| <€ and |xo| <,
b=, t= T+t implies ( F(t;ro, xo,f)| <e.

A measurable function p: [0, ®)—R? is said to be absolutely
diminishing if

t+1
f Iﬁ(s)lds—)O ast— o,
t

REFERENCES

1. S. N. Chow, Remarks on integral stability (to appear).

2. A. Strauss and J. Yorke, Perturbing uniform asymptotically stable nonlinear
systems, J. Differential Equations 6 (1969), 452-483.

3. T. Yoshizawa and J. Kato, 4 relationship between uniformly asympiotic sta-
bility and total stability, Funkcial Ekvac. (to appear).

UNIVERSITY OF MARYLAND, COLLEGE PARK, MARYLAND 20742



