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It has been long known that the cohomology H(4) of the mod 2
Steenrod algebra 4 admits squaring operations. (For example, see
[6].) Since H(A) is isomorphic to the E, term of the mod 2 Adams
spectral sequence [2], it is natural to inquire as to the relation of
these squaring operations to the structure of the Adams spectral
sequence. In this note we announce some results of this type extend-
ing those of [5]. Details will appear elsewhere.

The author is indebted to J. F. Adams, M. G. Barratt and M.
Mahowald for conversations and correspondence which were helpful
in the present work.

1. The quadratic construction. The main tool in this study is the
quadratic construction, a functor from pointed spaces to filtered
spaces which has been studied by J. F. Adams, M. G. Barratt and
M. Mahowald (unpublished).

Let X be a finite CW complex with basepoint. Denote by Q’*(X)
the space S* X (X AX). (If B is a space with basepoint b, 4 IX B shall
mean A B/AXb.) Define the involution T:Q'*(X)—(Q*(X) by
T(x, v, 2) =(—x, 2, ¥), where —x is the point antipodal to x. This
defines an action of Z; on Q'*(X) and we set Q*(X)=Q"(X)/Z.
Q(X) =Q=(X) is called the quadratic construction on X and is clearly
a functor. It is not difficult to show that Qr(S*) is homeomorphic to
S*AP*", where P;" denotes the stunted real projective space
RPwtr/RPn1,

LemMmA (1.1). If n=29 where ¢=¢(r) [3], S*=Pp is a retract of
prr,

Proor. [3], [4].

Denote by ¢, - such a retraction.

Let aEn(S%) =G, correspond to a € E3***(S% and let & be repre-
sented by a map f: S***—S" where #=2¢ and ¢=¢(r) (and perhaps
much larger). Define ®,(f): S*+* APptit"—S2 by ®,(f) =(S* A¢n,r)
o Q'(f). Let

2(n+t)+k 2 (n4-t)+k—1

ntt+k ntt+k—1
Or: (E s S

) — (S'H-t/\ Py, Sﬂ“ N Puye )
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denote the characteristic map of the cell of dimension 2(n+t)-k in
Q7 (S»+*). Finally, let WoDW,DW,D - - - be a realization [2] of
B(A), the bar construction on 4 [1] with W, having the homotopy
type of S?». With this notation and hypotheses, we state

THEOREM (1.2). ®,(f) s homotopic to a map ©: Sttt APRIIT W,
such that

(A) O(S"MAPRIIYY C Wy, 05k =7, and

(B) the composite © o O, represents a cycle of E¥~%*+%(S50) whose
image in Ey P21%(S0) is o Uy a.

This theorem proves an early conjecture in the study of the quad-
ratic construction.

2. Some differentials. Knowledge of the cell structure of Pn'”
together with Theorem (1.2) yields information concerning certain
differentials in the Adams spectral sequence.

If m=2a+1)2ct44, 0<c<3, then p(m)=2°+8d. With this nota-
tion we state

THEOREM (2.1). Let a EEF**(S°) be a permanent cycle. If k+1
Spl+k+1), a \Uia is also a permanent cycle.

(2.1) follows from (1.2) and the fact that Piii** is reducible [4,
p. 214] if k+1=<pQ2e+t+k+1)=p(t+k+1) if g is large enough
[3], [4].

Similar arguments can be used to prove the following theorem.

THEOREM (2.2). Let i=0, 1, 2 or 3. If a S E}***(S°) is a permanent
cycle and that

G) k+1=p(t+k+1), and

(i) t+k=2%1—1 mod 2+,
then o \Jyyaes a survives to Eg,1(S®) and

82‘+1(a U)H.z" a) = h.-(a Uk a).

For =0, Theorem (2.2) corresponds to identities in G« such as
2a2=0 if @& Gory1 Or &% =0 if € EGyrys. These identities are provable
using the quadratic construction.

3. Homotopy operations. The quadratic construction has been
used by Adams, Barratt, B. Gray and Mahowald to define cup-:
products in G.. We discuss two examples of such operations and their
relation to the cup-z products in the Adams spectral sequence.

Let a&G; be represented by f: S**+t—S», n =29, ¢ large. Let 6; be
as in §1. Then the quadratic construction yields a null-homotopy H
of ®,_4(f) 0 6/_1, where 6/, =0,| S2nt++r—1,
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ExampLE A. If r4+1=p(t+r+1), then 6/, itself is null homotopic
in Qr—1(S»*¢). Let K’ be such a null-homotopy. Then K =®,_,(f) o K’
is a null-homotopy of ®,_;(f) o 8/_1. The set of all such difference ele-
ments d(H, K) is called & \U, a.

THEOREM (3.1). Let aEG, correspond to a CEY (S and suppose
that r+1=<p(t-+r-+1). Then there is an element of & \J, & (as defined in
Example A) which corresponds to o \J, a € E2~"#1%(S0),

ExampLE B. Let t=2##1—1 mod 2! and r=2¢for :=0, 1, 2 or 3.
Then we may suppose that 0/_y: S?t2¢+r—1582n+2¢ Suppose that
&?=0. Let K’ be a null-homotopy of f/Af and let K be the composite
of K’ with the cone on 6/_;. In this case the set of all such difference
elements d(H, K) is called & U, a.

THEOREM (3.2). Suppose that aEG, corresponds to aCEy*+(S°)
and that t=2%1—1 mod 2}, 1=0, 1, 2 or 3. Suppose also that a*=0
and that there is an honest relation 6,8=c2 Then a\Js & (as defined
in Example B) contains an element which corresponds to o \Jgy a-+h,p.

Notation. A formula §—"t+1+e—rB =~ C [3** i called an honest rela-
tion if &7 V1T ""*=0 for k20, I=1. A condition like this occurs
in the work of Moss [7].

If yEE** and v EEL*+E then v+’ denotes v, Y47’ or v as
s<s', s=s’ or s —s’, respectively.
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