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1. It has been conjectured that every von Neumann algebra on a
separable Hilbert space has a single generator. The conjecture is true
for type I algebras [3] and for hyperfinite algebras [7, Theorem 1].

T. Saité [6] showed recently that for a certain class of von Neu-
mann algebras, every algebra generated by two operators has a single
generator. We show in §2 of this paper that every finitely generated
algebra of the class has a single generator. In §3, we prove that every
properly infinite von Neumann algebra on a separable Hilbert space
is singly generated.

Throughout this paper, 3¢ will denote a separable complex Hilbert
space. Operator always means bounded linear operator on a Hilbert
space. ®8(3C) is the set of bounded linear operators on 3C. If @ is a
von Neumann algebra, then @’ is the commutant of @, and for
2=n=N,, M,(Q) is the algebra of # X7z matrices with entries in @
which act boundedly on D 2., ®3. ®(4, B, - - - ) denotes the von
Neumann algebra generated by the family {A, B, - - - } of operators.

The author wishes to thank Dr. D. M. Topping for his helpful
suggestions regarding this paper.

2. If @ is a von Neumann algebra, let (*) be the property that @
is *-isomorphic to M2(@). We will prove the following

THEOREM 1. Let @ be a von Neumann algebra which satisfies () and
suppose that @ is finitely generated. Then @ has a single generator.

The following lemmas are needed in the proof of the theorem.
These lemmas are generalizations of lemmas proved by T. Saité
in [6].

LeMMA 1. Suppose a von Neumann algebra @ is generated by n oper-
ators Ay, Ae, - - -, A, n22. Then M,y(Q) is generated by the n+1
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The proof of this lemma is straightforward and is omitted.

LeMMA 2. Suppose a von Neumann algebra Q is gemerated by
{Al, Ay - v o, A,,}, where Ay is normal and n=2. Then M:(Q) is
generated by n—1 operators.

Proor. We may suppose that 4y, Ay, - - -, 4, are invertible and
are strict contractions. Let

(")
B,' =
0 0

fori=1, .., n~1and let

(= )

U = *

Tn —A,

where S, = (I —A4,4)Y2 and T,=(I—A}A4,)"2. Then U is a unitary

operator (cf. [2]), and B, is normal. Thus ®(U) and ®&(B,) are abelian
von Neumann algebras, so &(B;, U) has a single generator C by[3,

top of p. 832]. Hence ®(By, - * -, Baw1, U)=®R(C, Bs, * - +, Bp-1), 80
it remains to show that M:(@)=®R(By, - * -, Baa, U).
Let ®R=®(B,, + - -, Ba_y, U). Then

(1 0 (Alo(Af‘ 0){;01
0 0) 0 o>o 0 ’
As O I 0
X=(T,. o>_U(o o)ea'

Then M,(®(4,)) = ®(X) by [4, Lemma 1]. Thus we have
(A1 0 A, 0 A4, 0 0 7
) o) o) (6 oEn
0 0 0 O 0 O 0 o

and & = M:(@) by Lemma 1.

COROLLARY 1. Let n2 3 and suppose @ 1is generated by the operators
Ay, Ao, - - -, A, where A1, A, Az are normal. Then Mo(Q) 1s generated
by n—2 operators.

so that

Proor. ®(4;) and ®R(A4s) are abelian von Neumann algebras,
so ®(4,, 4;) has a single generator B by [3, top of p. 832]. Then @
=Q®(41, B, Ay, - - -, 4,) with 4, normal, so by Lemma 2, M;(@Q) is
generated by n—2 operators.
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LeMMA 3. Let @ be a von Neumann algebra gemerated by

{Ay, Ay - -+, A,.}, n=2, Then My(Q) is generated by n-+1 unitary
operators.

Proor. We suppose 41, 4., + - -, A, are invertible strict contrac-
tions. Let

I 0 A; Sy .
W = >J U; = *); 1‘!:1,""”7
0 —I T: —A;

where S;=({I —A4:A})Y? and T;=(I—AfA)Y2 The U; are unitary
and W is a symmetry. Then

(A‘ 0>—U(1 O)E(R(U W)
T, o/ \o o b

(I 0)—1(I+W)
o o/ ° '

Thus we see that ®(Uy, W) = M2(®(41)) by [4, Lemma 1], Therefore

since

0
(0 ;)e Ma(K(4,)) = QU W)

and we have
A; O A, 0 A4, 0 0 I
(0 0)’ (0 0)"”’<0 0)’ <0 o)
e ®(Uy, Uy - -+, U, W).

Hence ®(U;, Uy, + - -, U, W)= M,y(@) by Lemma 1.

Proor oF THEOREM 1. Suppose @ is generated by % operators,
n=2. Then @ is generated by n+1 unitary operators by Lemma 3.
Hence @ is generated by (n+41) —2 =% —1 operators by Corollary 1.
It follows that @ has a single generator.

REMARK 1. In the above proof, if we do not assume that @ satisfies
(%), then the argument shows that if @ is generated by n= 2 operators,
Ms(@) is generated by n—1 operators. Hence

COROLLARY 2. If @ is a von Neumann algebra gemerated by n=2
operators, then M p1(Q) is singly generated.

REMARK 2. The question of which von Neumann algebras satisfy
(*) is only partially answered. It is known that properly infinite alge-
bras and type II; hyperfinite factors satisfy (*).
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3. In this section we prove the following

THEOREM 2. If @ is a properly infinite von Neumann algebra (i.e., G
contains no finite central projections) on a separable Hilbert space, then
Q@ has a single generator.

We prove this theorem by means of

LeMMA 4. Suppose a von Neumann algebra @ is generated by n opera
tors, 2=n=No. Then M,(Q) is doubly generated.

Proor. Let G,=(R({Ak};‘..1), 1=#=N,. We can suppose that
| 4i]] £1 for all . Define 4 € M,.(@) by

A1

4 0
2A3

If I is the identity operator on 3¢, then clearly M,(CI)C M.(Q),
where C denotes the complex numbers. M,(CI) is a type I factor, so
(e.g. by [3]), there is an operator BE M, (CI) with R(B) = M,(CI).
We assert that ®(4, B) = M,.(@). Suppose CER(4, B)' with C self-
adjoint. Then CER(B)' = M,(CI)’, so

D

for some selfadjoint DE®(3C). C also commutes with 4, so D com-
mutes with 4; for all k. Therefore DE@’. Thus

D
D 0
®(4, B) = D :DE
0

Then clearly &(4, B) =®(4, B)" = M.(@Q).

ProoF oF THEOREM 2. Since @ is properly infinite, we know that @
is *-isomorphic to M, (@) for 1=n=<8, (cf. [5, p. 458]). Choose an
at most countable set {A}2., of operators which generates @ (cf.
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[1, p. 33]). By Lemma 4, @ is doubly generated, so by Theorem 1, @
has a single generator.
The following is a corollary of Lemma 4.

COROLLARY 3. If a von Neumann algebra @ is generated by n opera-
tors, 1 =n < =, then M,(Q) has a single generator.

ProOOF. M,(@) is doubly generated by Lemma 4, so M. (@) is
singly generated by Corollary 2.
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