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1. Results. In the present announcement we are concerned with
the space of Riemannian metrics on a compact smooth manifold. Let
M be such a manifold, S2T* the bundle of symmetric covariant two-
tensors on M, and C®(S?T*) the smooth sections of this bundle,
endowed with the C* topology. If M C C=(S2T*) is the set of smooth
Riemannian metrics on M (those sections which at each point p of M
induce a positive definite bilinear form on T, the tangent space to M),
it is well known that 91 is an open convex cone in C*(S*T*). If D is
the group of diffeomorphisms of M (with the C* topology), D acts on
C=(S?T*) on the right by “pull-back” and 9 is an invariant set under
the action. We write 4: DX C*(S2T*)—C*(S2T*) and denote 4 (y, 7v)
by 7*(y). A is a right action because (&9)*y =9*E*(y).

Now restrict to 4: DXM—NM. For any NEM define Iy, the iso-
tropy group of N\, by L= {9ED|n*(\) =\}. For a fixed yEM, let
O, be the orbit of D through +.

MAIN THEOREM.

(1) A induces a homeomorphism of D/1, onto O, by nI,—n*(y).

(2) There is a subspace S of M containing vy which has the following
properties:

(@) A(I,, S)=3S,

b) If nED and n*(SYNS= L, then nE1,,

(c) There exists a neighborhood U of the identity coset in D/I, and
a local cross section x: U—D such that the map F: UXS—IM by
F(u, s) = (x(®))*(s) is a homeomorphism onta o neighborhood of vy.

S is called a slice through 4. From this theorem it follows easily that
for any NEWM which is sufficiently near v, there exists &€ D such that
I, gn[-,ﬂ_l.

I, is by definition the group of isometrics of M with respect to the
metric v, so we have shown that this group cannot increase locally.
In particular we know that the set § of metrics which have trivial

1 Most of the results presented here appeared in the author's doctoral dissertation
[2].

? Partially supported by N.S.F. post-doctoral fellowship.
1001



1002 DAVID G. EBIN [September

isometry group is open in 9. If dim M =1, g=¢&. If dim M>1, we
can show that G is dense in 911. Therefore we call it the set of generic
metrics.

2. Outline of proofs. The main theorem as well as its proof is in-
spired by the case of an action of a compact Lie group. If ® is re-
placed by such a group, 9 replaced by a differentiable manifold and
the action 4 is differentiable, then our theorem is a well-known result
(see [1, p. 108]). To prove it, one constructs a D-invariant Rieman-
nian metric on 9, looks at the normal bundle of » of O, and defines S
as the image under the exponential map of a small ball about the
origin in the fibre of » above ¥.

In the case at hand, it is not feasible to give 91T a manifold structure
because 91 is locally like a Fréchet space. Therefore we enlarge it to
the space 9%, the set of sections of S27* which induce positive definite
forms at each point of M and which belong to the Sobolev space
H#(S2T*). (See [3], or [4] where this is called L}(S2T*).) Also we
enlarge D to D*F!, the set of H*+! maps of M to M which have H**+!
inverses (see [4] where they are constructed as sections of fibre
bundles.) D*+! turns out to be a group, D+ and IM* are Hilbert
manifolds, and A extends to a continuous action 4: D+ X IM—Ne,
Also, if yEM, ¢,=4 [ DX {7}—%57(’ is smooth, and its image
0, is a submanifold of Ine.?

Using covariant derivatives and jet bundles on M (as in [3, p. 90])
we construct a natural Riemannian metric on 9, which is D*+!-
invariant. Then using the normal bundle »* to 0}, and the exponential
map exp, on N?, we get (2) of the main theorem except that in (b) we
must restrict to the case where 7 is close to the identity.

Since exp, commutes with the action of D, it maps the smooth
elements of », into M and is a local homeomorphism with respect to
the C> topologies as well. Using the fact that if a sequence of Rieman-
nian metrics on M converges C®, then so does the sequence of ex-
ponential maps associated to them, we prove (1) of the theorem for
the smooth case. This together with the above implies all of (2) as
well.

To prove that GC I is dense in the case dim M>1, we look at the
curvature of M. By perturbing the metric v to some ¥4’ close to it, we
can cause the curvature to be such that I,, must be very near the

3 Here we need to know that the tangent space to 0% is everywhere a closed sub-
space of the tangent space to J1te. This follows from the fact that 7., the map in-
duced by ¢, on the tangent bundles, looks like a differential operator with injective
symbol.
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identity of ©. But I,,&yln~! for g near the identity, so this is im-
possible since it would mean that I, would have small subgroups.
The author wishes to thank Professor I. M. Singer for his many
fruitful ideas.
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