A NOTE ON COMMUTATIVE ALGEBRA COHOMOLOGY
BY MICHAEL BARR!
Communicated by Murray Gerstenhaber, September 29, 1967.

This note consists of three parts. First we give an example to show
that the commutative algebra cohomology theory described by
Gerstenhaber in [4], and in more generality in [3], does not in general
vanish in dimension three even when the coefficient module is injec-
tive. This implies that the theory cannot be described as the derived
functor of the second cohomology group as was done in [1]. In the
second part we show that every element of the third cohomology
group can be regarded as an obstruction in the sense of Harrison [5].
Finally in §3 we show that the theory may be restricted, without loss
of generality, to algebras with unit (and unitary maps).

1. An example. Let % be any field and R=Fk[x, y]/(x, )% Then R
has a k-basis consisting of { 1, x, y} with x2=y%=xy=0. The module
M=Hom(R, k), regarded as an R-module by letting (af) (B) =f(Be)
for @, BER, is well known to be R-injective (see [2, p. 30]). If
{e, £, n} denotes the basis dual to the given one, then xt{=yn=¢,
xe=xn=ve=yE=0.

Letf : R® R® R— M be the 3-cochain defined on the basis by

fE®@x®y) =t=—fly®@xQ ),
fO®y®@x) =n=—-fz®y®y),

and f on any other combination of basis elements should be 0. Then
verifying that f is a commutative cocycle is straightforward. More-
over, for any g: RQ R—M,

gx®@x®y) =axgx @) — gx* @ y) + glx @ xy)
— yg(x @ x) € xM 4+ yM = Re,
which implies that f cannot cobound.

2. Third cohomology and obstructions. Let N be a commutative
algebra (without unit) and M be its annihilator. Explicitly,

M ={m&N|mN = 0}.
Let N* be N with a unit adjoined. That is, N*=N Xk as a k-module
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with multiplication given by (#, u)(®/, u') = (nn’+un’+u'n, uu’) for
n, n’ EN, u, w' EK. Let EN=Hompuyx (V, N) be the endomorphism
ring of N. There is the natural multiplication map N—EN whose
kernel is easily seen to be M and whose image is a central ideal of
EN. Let ENIWN be the cokernel; then we have an exact sequence

O—->M-—->N—->EN-—->WN-—-O.

If A is a commutative algebra, a map a: A—WN is called strongly
commutative if 7~!(Im @) is a commutative subalgebra of EN. With
such an o we may associate the element w, in §%(4, M) by applying
the map &3(a, M) to the element of §3(Im a, M) represented by the

sequence
0->M—->N—->7Imae) > Ima—0.

w, is called the obstruction of a.
If 0-N—B—A4—0 is an algebra extension, there is associated a
strongly commutative a: A —WN induced by the diagram

0 ->N—> B —> 4 —0

1] ! la
0O ->M—->N—->EN—->WN->O0

where B—EN is the B-module structure map. Using Theorems 4 and
5 of [3] it is very easy to prove

THEOREM 2.1. A strongly commutative a: A—WN comes from an
extension of A by N if and only if w.=0; in that case the classes of exten-
stons inducing o are in 1-1 correspondence with the elements of §2(4,M).

(Also see [5, Theorems 7 and 8], where this is proved using a proof
based on a direct cocycle argument.)

THEOREM 2.2. Let w=83(A4,M). Then there is an N whose annihilator
s ssomorphic to M and a strongly commutative a: A—WN with w,=w.

Proor. We let w be represented by a sequence 0—M—N.%,B,;
—A—0. Let B denote the algebra of polynomials with no constant
term in the elements of 4, and B—4 denote the obvious map
(a)—a where (a) denotes the generator of B corresponding to a € 4.
B is free in the category of algebras without unit and thus we may
find a map B—Bs so that

B—*B;l

N
4
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commutes. Now if we pull back along B—B; we get that the top row
of the diagram

0—+M——>N-£—>B—->A——)0

U S ) 1
0—->M—>N1—p—l>Bl——>A——>O

is exact and the diagram commutes. Thus the top row also represents
w. Since (0)Eker(B—4), we can find nEN with pn=(0). If ”’ EN
with #'N=0, then 0=p#’(0). But (0) cannot be a zero divisor (even
if the coefficients were not in a field) and so we conclude that pn’=0
or n'&E M. Then M is exactly the annihilator of N. Since N is a B-
algebra, there is a natural map 8: B—EN which induces a: A >WN
so that the diagram

0O ->M—>N—-> B —> 4 —0

11 1t |8 la
0 >M—N—>ENSWN— 0

commutes. Moreover since Im 8 is commutative and N is central,
Im B+71(Im «) is commutative and « is strongly commutative.
Then w,=w, which completes the proof.

3. Algebras with unit.

THEOREM 3.1. Let A be an algebra with unit and M be a unitary
A-module. Then every class of extensions of & (4, M) contains a repre-
sentative 0—M—N—B—A—0 in which B has a unit and B—A pre-
serves the unit.

Proor. Let 0—M—N,—B;—A—0 represent an arbitrary element
of 83(4, M). Let bEB, be any pre-image of 1 and let C denote the
algebra BY localized at the multiplicative set {1, b, b2, - - - } Then
C is Bi-flat and so the sequence

0-MQC—->N,®C—>B,®C—-A4QC—0

(all tensors over BY) is still exact. From the fact that b is a pre-image
of 1, and M is unitary, it follows that the natural maps 4A—4 ® C and
M—MQ C are isomorphisms. Moreover the element b®1/6EB;Q C
is a unit mapping to 1&EA4. Then with N=N;:® C and B=B;®C, the
result follows from the commutativity in
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0 M — N, B, — 4 0

! ! l !
0 ->-MQC—-o>N:19QC—>B1Q®C—> A4 C — 0.

ProrosITION 3.2. The categories of A-modules and unitary A*-
modules are naturally equivalent.

Proor, Trivial.

TureoreMm 3.3, There is a 1-1 correspondence between extensions
0—M—N—B—A4—0 and unitary extensions 0—M—N—B*—A4*—0.

ProoF. Trivial.
The meaning of these statements is that for computing cohomology
it suffices to restrict attention to those sequences

0O—-M—>N—>B—>A4—-0

in which B—4 is a map of unitary k-algebras and M and N are uni-
tary 4 and B modules respectively.
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