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1. Introduction. Let X and B denote topological spaces. By a
topological submersion w: X—B, we understand a continuous map of
X onto B which admits local cross-sections. With such a map one can
associate an exact homology sequence

(1.1) -+ > HAX) > Hy(B) > Hea(X) > Hea(X) > - - -

in which the terms Hy(X), H,(B) are singular integral homology
groups and the terms H(X) certain “residual homology groups” to
be defined. We shall examine two special cases for which the residual
groups can be identified with ordinary homology groups. The first
result is as follows.

THEOREM 1. When w is the projection of an oriented k-sphere bundle,
there exist canonical isomorphisms Hy(X) ~H, ,(B) by which (1.1) is
reduced to the Thom-Gysin sequence.

As our second example we consider the case where 7 is a differen-
tiable submersion (in the usual sense) of codimension 1. Thus we
assume that X, B are C*-manifolds of dimensions #-4-1 and #», respec-
tively, and that 7 is a regular differentiable map. Such a submersion
is orientable if the induced line element field on X is orientable, and 7
will be called simple if #=1(b) is connected for all bE B.

THEOREM 2. When w is a simple oriented submersion of codimension
1, there exist canonical isomorphisms Hy(X)~Hy1(U), where U de-
noles the set of all b& B such that w—1(b) is compact. Thus (1.1) reduces
to an exact sequence

co > Hy(X) = Hy(B) > Hyo(U) = Hyr(X) — - - -

Among the consequences which ensue from this result, we mention
the following

COROLLARY 1. Let? w: E3—B be a simple submersion of codimension
1. Then B must be S? or E?, depending on whether there does or does not
exist @ point b B such that w—1(b) is compact.

COROLLARY 2. If w: E**'—S" is a simple submersion, then n=2,

1 Supported by National Science Foundation Grant GP-6648.
3 B will denote Euclidean #-space and S* the n-sphere.
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(For n=2 such a submersion can be obiained from the Hopf fibration
S§3—52,)

2. The exact sequence. Given a topological submersion 7: X— B,
let C"(X) denote the kernel of the induced homomorphism
my: C(X)—C(B) connecting the singular integral chain complexes,
and let C*(X) denote the quotient of C(X) by C7(X). One has thus a
short exact sequence

0— CHX) 3 CX) B co(x) > 0,

and this gives an exact sequence

@1) - HX S EX) 5 H(X) 5 Hyy(X) >

connecting the corresponding homology groups. One also obtains a
chain monomorphism #¢: C¢(X)—C(B) such that w*8=m; We will
prove

LEMMA A. 7 induces isomorphisms n5: Hy(X) = Hy(B) for all g.

Let 2& Cy(X) be a cycle such that 7¢(z) =3¢ for some ¢& Co1(B).
The existence of local cross-sections s: B—X implies that the bary-
centric subdivision Sd"¢c admits a lifting ¢& Cy41(X) for » sufficiently
large. Thus we have 74(¢) = Sd*c, and consequently w¢dB(¢) =mweSdrz.
Since 7 is injective, this gives 2~0, proving that =% is injective. Sur-
jectivity follows by a similar argument.

This result permits us to rewrite (2.1) as an exact sequence

r 8 r
S HX B B0 S BB S B () > -
where §=+(n%)"1

3. Sphere bundles. Now let #: X— B be the projection of an ori-
ented k-sphere bundle £. Moreover, we suppose that £ is imbedded in
a vector bundle p: E—B, so that X may be identified with a subspace
ECE (space of “unit vectors”). We propose to construct homomor-
phisms ¢: H},_,(E)—H(E, E) making the following diagram commute,

X ; ) )
s H(E) D Hq(E) ﬁ H(E, ) = Hoy(B) —

(3.1) = H,,(B) ’

EN

BB S HE) S Hea(B) S Hos(B)—
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where 7%, j» are induced by inclusion maps and 9 is the boundary
operator. Since the horizontal lines in (3.1) are exact, it will follow by
the 5-lemma that ¢ is an isomorphism.

Let s: B—E denote the zero cross-section, and 7: C(E)—C(E) the
chain homomorphism induced by sp. There now exists an obvious
chain homotopy D: 1~7. More precisely, for ¢=0 and ¢:A,—E a
singular simplex, let P,: A;XI—E denote the singular prism defined
by P.(x, t)=(1—t)o(x). By the usual construction this gives homo-
morphisms Dg: Co(E)—Cya(E) such that
3.2) 0D+ Dy =1 — 1,

Consider d: C"(E)—C(E, E) defined by d=jDa. Since C*(E) Cker 7,
(3.2) gives dd = —dd, so that d is an “antihomomorphism” of degree
+1. It consequently induces homomorphisms ¢: H'_,(E)—H(E, E).

To establish commutativity of (3.1), one first observes that

TxBx = Pxlx, leaving

3.3) j*?*l = ¢9,

(3.4) 6¢ = Ox

to be verified. Consider an element A& H,(B). Since 7= pl E admits
local cross-sections, one can choose a representative cycle z= Za,-o.- of
h such that each singular simplex o; admits a lifting &; to E. Setting
Z= ) a:5; one obtains a “residual” cycle 93EC!_,(E) representing
8(h). Mapping 9z to C,(E, E) by d gives a cycle 2’ representing ¢3(h).
One sees by a short calculation that s’~sy(s) (where s;: C(B)
—C(E, E) denotes the chain map induced by s), and this proves
(3.3). The verification of (3.4) is also easy, and one thus obtains

LeMMA B. There exist isomorphisms ¢: Hi_,(E) =~ Hy(E, E) satisfy-
ing (3.3) and (3.4).

Setting Q@ =®¢, where ®: H,(E, E)—H, ;_1(B) denotes the Thom
isomorphism, one has

S HB B HB) D Heaa(B) D Hos(B) - - - -
=1 =1 e 1=
D H(B) BB S Ho(B) S Hos(B) - - - -

where ¥=®&j,p3! and p=9%-1. Conditions (3.3) and (3.4) imply
commutativity. Moreover, the top line gives the Thom-Gysin se-
quence? of &,

3 See Spanier |21, p. 260].
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4. Submersions of codimension 1. Let r: X—B denote a simple
submersion of codimension 1. We set E=#"1(U) and consider the
exact sequence

(41) - = Hy(E) = Hy(X) — Hy(X, E) — Ho_y(E) — - - -

connecting the residual homology groups. As a special case of a theo-
rem established in [1], we obtain

Lemma C. HY(X, E)=0 for all g.

The idea of the proof is this: Every residual cycle 2& Cj(x) can be
written in the form z= D a:(0;—0!) with 7o;=m¢!. One can now
define singular prisms P;: A, X I—X connecting o; and ¢/ such that
wPi(x, t) =wai(x) for all (x, t). A suitably defined “triangulation” of
P, will yield residual chains D;& Cy,,(X). We can define chains DJ;
by the formula dD;+D3;=0;—0c, and thus obtain z ~ Y a;Dd;. It
can be shown that ».a;08;~0 mod E.

By Lemma C and exactness of (4.1) we have isomorphisms
H(E) ~ Hi(X). On the other hand, | £ is the projection of a 1-sphere
bundle over U. Hence H}(E)=~H,1(U) by Theorem 1, and this
establishes Theorem 2.
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