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The characterization—via extremal properties—of the polynomials
of best uniform approximation has been extensively treated in the
literature, e.g. [1-5]. Offered here (Theorem 1) is an abstract form
of the Tchebycheff-Bernstein Theorem, free of finite-dimensionality
and unisolvence restrictions.,

THEOREM 1. Let X denote a nonvoid compact subset of a locally con-
vex linear topological space E, and let ® denote a continuous real-valued
function on X. In order that an element F of E* minimize the expression

A(F) = max | F(®) — &(») |

it is necessary and sufficient that O belong to the convex closure of the set
{xEX: F(x) —®(x) =A(F) }U— {xEX: ®(x) — F(x) =A(F) }.

This theorem may be proved directly or reduced to a special case
of the following theorem, which is itself an abstract treatment of the
“linear programming” problem. Both theorems are proved by means
of the standard separation theorem for convex sets [6, p. 418].

THEOREM 2. Let X be a nonvoid compact subset in a locally convex
linear topological space E, with O not in the convex closure of X. Let ®
be a lower semi-continuous real-valued function on X and v o prescribed
element of E. In order that an element F of E* maximize the expression
F(v) under the restriction

max{F(x) — &@x)} 0
X

it 1s necessary and sufficient that v be a non-negative muliiple of a point
in the convex closure of the set {x(—EX : Fx) =®(x) }

It will now be indicated how the Tchebycheff-Bernstein Theorem
may be derived from Theorem 1. A set of continuous functions
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{fi -+, fa} defined on a closed interval [a, b] is termed a Tcheby-
cheff system if for every choice of # distinct points x,E [a, b], det fi(x;)
#0.

LemMA. Let {fy, - -+, fa} be @ Tchebycheff system on [a, b]. For
each xC[a, b] define an n-tuple 2= (fi(x), - - -, fa(x)). Let aSxo

<1< v L<x, b and let Ny, ¢+ +, N be nmonzgero constants. In order
that O belong to the convex hull of {Nofo, - - - , )\,,o%,.} it 1s necessary and
sufficient that Nih;i—1 <0 for i=1, - - -, m.

TrEOREM 3 [1, p. 3]. Let { fi, 0, fn} be a Tchebycheff system on
[a, b]. In order that a generalized polynomial 3 c.f: be a best uniform
approximation to a prescribed element g of Cla, b] it is necessary and
sufficient that the function e=g— D c.f; exhibit n+1 oscillations thus:
e(x) = —e(xi) = |l¢|, aSx0< - - - <w, <D

Proor. The map x—4 defined in the lemma is clearly continuous.
Thus the set X = {#: a <% <b} is compact in E,. The map is 1-1, for
otherwise the postulate for a Tchebycheff family is violated. Hence
the map is a homeomorphism, and consequently the equation
®(£) =g(x) defines ® as a continuous real-valued function on X.
Identifying the function D c;f; with the linear functional
F=(ci,-++, ¢,) on E, we have A(F)=max;ex IF(x) —<I>(x)|
=MaXssz5b { > cifi(x) — g(x)l. By Theorem 1, > c:f; will be a best
approximation to g iff 0 belongs to the convex closure of the set
V= {#: F(2) —®(2) =A(F) }\U—{&: ®(2) — F(#) =A(F)}. Since Y is
compact so is its convex hull, By a theorem of Carathéodory, the
origin is in the convex closure of Y iff there exist r <#-+1 points of ¥V
whose convex hull contains 0. From the fact that {fi, - - -, fu} isa
Tchebycheff system, r=n-1. An appeal to the lemma completes the
proof.
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