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1. The present note is a summary of results obtained in the study
of groups of automorphisms of a Borel space (the pertinent defini-
tions are given in §2). Our object is to generalize some aspects of the
classical theory of von Neumann [15] and Kryloff-Bogoliouboff [11;
16], involving a single automorphism. The main results of this note
are announced for countable but otherwise arbitrary groups of auto-
morphisms of “sufficiently smooth” Borel spaces. Appropriate coun-
terexamples can be given to illustrate the difficulties that arise when
the “smoothness” restrictions on the Borel spaces are dropped. De-
tails will be given in a future publication.

2. A Borel space is a pair (X, ®) where X is an abstract set and ®
a g-algebra of subsets of X; when no confusion can arise we refer to
X itself as the Borel space. (X, ®) is countably generated if there is a
denumerable sub-family DC ® such that ® is the smallest o-algebra
of subsets of X containing D. (X, ®) is standard if the o-algebra &
is o-isomorphic to the o-algebra of Borel subsets of a complete separa-
ble metric space. (X, ®) is analytic if ® is o-isomorphic to the o-
algebra of Borel subsets of a separable metric space which is an ana-
lytic set in its completion. (For the relevant techniques involving
standard and analytic spaces see [2; 12; 14].) A measure v on a Borel
space (X, ®) is a nonnegative countably additive set function on ®
with »(X)=1. If 9 is a set of measures on (X, ®) we denote by
a (M, @) the smallest o-algebra of subsets of M with respect to which
the maps 74: v—»(4) are measurable for each 4 € ®; when we speak
of the Borel space 9 we mean (M, G(, B)). An automorphism a of
(X, ®) is a one-one map of X onto itself such that a*(4)E® if and
only if A& ®. A G-space is a triple (X, ®, G) where (X, ®) is a Borel
space, G a group and for each g&G there exists an automorphism o, of
(X, ®) such that agy,,, =0y, 0 ay, for all g, g2EG. The G-space is said
to be countably generated (respectively standard, analytic) if (X, ®)
is so. A measure » on (X, ®) is G-invariant if v(A) =v(c; '(4)) for all
AE® and g&EG; it is G-ergodic if it is G-invariant and if ¥(4)=0o0r 1
for any A E® which is invariant, i.e., a;'(4) =4 for all g&G. The

1 This work was done when the author was a temporary member of the Courant
Institute of Mathematical Sciences during 1961-1962 under the partial support of the
National Science Foundation.
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o-algebra of all A € ® which are invariant is denoted by ®¢, and by ®
when no confusion can arise. We write 3x,® (or 3) and &x,% (or &)
for the set of G-invariant and G-ergodic measures respectively. It is
well known, if G is countable, that & is the set of extreme points of the
convex set 3. If (X, ®, G) is a G-space we write N={4: AC®, u(4)
=0 for each u€3} and ={4: A€ N, 4 invariant} = NN®. For
any Borel space (X, ®) we write § for the Banach space of all real
valued bounded functions f on X which are ®-measurable with
H fll =sup.ex I f(x)l. If X is a topological space we denote by €(X)
the space of bounded real valued continuous functions on X.

3. It is an important consequence of the von Neumann-Kryloff-
Bogoliouboff theory that every measure invariant under an auto-
morphism of a sufficiently smooth Borel space is an integral of ergodic
measures. Such representation theorems are, in special contexts,
consequences of the general representation theorems of Choquet [4]
and Bishop-deLeeuw [1]. For our theory we begin with the following
much simpler proposition. This proposition can be immediately de-
duced from the Choquet-Bishop-del.eeuw theorems; but it is not
necessary to do so since a simple proof of it is available. We remark
also that in our special context we shall obtain representation theo-
rems more general than those of Choquet and Bishop-deLeeuw (cf.
Theorem 4).

THEOREM 1. Let X be a normal Hausdorff space and ® the o-algebra
of Baire sets of X, i.e., the smallest o-algebra of subsets of X with respect
to which all elements of €(X) are measurable. Let T' be a convex set of
measures on (X, ®) which is compact in its weak*-topology and let TV
be the set of extreme points of I'. Then for a given AE®, v(4)=0 for
all v&T if and only if v(4A) =0 for all v& T,

The “only if” part is trivial. For the “if” part we may assume A
is a closed G;. If we write u=sup{»(4):v€T'} and T1= {u:uET,
u(4)=u} then it can be easily shown that T is a nonempty closed
(hence compact) convex subset of T'. If ¢ is an extreme point of Ty
then e€I” and this proves the theorem.

In the Kryloff-Bogoliouboff theory the notion of a time-average of
a function plays an important role. Our basic observation is that if
a is an automorphism of (X, ®), f a bounded ®-measurable function
and u is any invariant measure, lim,., (1/5)(f(x)+flax)+ - - -
+f(an1x)) is the conditional expectation E.(f|®,) of f given the
c-algebra of sets in ® which are invariant under a (see [6; 13] for
a detailed discussion of conditional expectations and their properties).
Our purpose now is to construct a mapping U:f—f* with fairly
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reasonable properties such that for each G-invariant measure ,
f*=E,(f| ®) v-almost everywhere.

THEOREM 2. Let (X, ®, G) be a G-space, G being a countable group.
Then there exists a mapping U of § into itself, U: f—f* with the follow-
ing properties: (i) If f=0, then f*20. (ii) f* is ®-measurable and f*=f
if f itself is ®-measurable. (iii) For anmy G-invariant measure v, f*
=E,(f I ®) v-almost everywhere. (iv) H r* I §H f“ Moreover if U, and
U are two such mappings and fESF, then {x: (Urf) (x) # (Usf) (x) } E:.

By exhibiting G as Us-; Gi where Gy, is generated by £ elements and
GiCG:C - - -, and utilizing the so-called martingale-reversed con-
vergence theorem [13, pp. 389-396], we drop down to the construc-
tion of U for the G-space (X, ®, Gi). For k=1 we are through using
the Birkhoff ergodic theorem; the general case is settled by induction.
If Gi41is the group generated by Gi and a cyclic group Zi4a, Vi, Vs the
mappings similar to U for the G-spaces (X, ®, Gi) and (X, ®, Zy41)
then we construct U for (X, ®, Gx41) by utilizing the Hopf-ergodic
theorem [10] or the recent results of Burkholder-Chow [3]; their
application rests on the observation that ®g,,,=®a/ ®z., Where
®u denotes, for any subgroup HCG, the c-algebra of sets AE®
which are invariant under H.

Utilizing various technical devices we can now obtain the follow-
ing theorem valid for standard G-spaces. A similar result can be
proved for analytic G-spaces but its precise formulation is somewhat
more delicate. We recall that & is the set of G-ergodic measures.

THEOREM 3. Let G be a countable group, let (X, ®, G) be a standard
G-space and let 3% . Then &7 & and there exists a set NEX and a
map 0: x—0, of X — N onto & with the following properties: (i) For each
bounded ®-measurable function f, the function x— [xf(y)d8.(y) is ®-
measurable. In particular, x—0, is a measurable map and buy ) =0, for
all x€X —~ N and g=G. (ii) For any bounded ®-measurable f and any
G-invariant measure v, we have [xf(y)dv(y) = [x—n([xf(¥)d0.(y))dv(x).
In particular, if we write f for the function which is 0 over N and is
Jxf()db.(y) for any xEX — N, then f=E,( fl ®) v-almost everywhere.
If x—8. is another such map, {x: 04 #=60,} EN, i.e., is an invariant set
whose measure is zero under every invariant measure.

COROLLARY. For any e€§ write E;={x:xEX—N, 0,=¢}. Then

E,NE,,= if e1es, Useg E;.=X—N and for €8, ¢/(E)=1 if

'=¢, =0 if ¢/ #£e. Moreover, if v is any invariant measure and A € ®,
we have
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»(4) = fx 0u(A N Eoo)du(a).
N

REMARK. It may be noted that the results of Theorem 3 have non-
empty content as soon as 35 . We shall observe later that for any
countable G there are always standard G-spaces (X, ®, G) for which
3 (and hence &) are nonempty.

THEOREM 4. Let G be a countable group, let (X, ®, G) be an analytic
G-space, and let 3= . Then &% & and & is an analytic Borel space.
Moreover, there exists an one-one correspondence o—v between the set of
all measures o on & and the set 3 of all G-invariant measures v on (X, ®)
such that for all AC®

y(4) = ﬁ; e(4)do(e).

Further if (X, ®, G) is a standard G-space then & is a standard Borel
space.

When X is a separable metric space and ® is the class of Borel
subsets of X we shall say that an x&€X is regular if there exists an
invariant set E and an ergodic measure e such that (i) x€E, (ii) for
any ergodic measure €', ¢/(E)=1 or 0 according as ¢ =e or ¢’ e,
(iii) e(W)>0 for each open set W containing x.

THEOREM 5. If X is a separable metric space and ® is the class of
Borel subsets of X and if (X, ®, G) is standard, then we can choose
N1EX such that each xEX — Ny is regular.

One can exhibit a wide class of situations in which our theory has
content. Let Y be a compact metric space and € the class of Borel
subsets of Y. Let G be a countable group. We write Y ¢ for the space
of all functions y from G to Y and @€g for the smallest o-algebra of
subsets of Y ¢ with respect to which the maps y—y(g) are measurable
for each g&€G. Under the product topology Yg¢ is a compact metric
space and Cg is the class of Borel subsets of Y. For any g&G and
yE Y g we define a,(y) € Vg by oy(y) (B) =y(hg). Then «, is a homeo-
morphism of Y¢ and (Y, Cq, G) is a standard G-space. It can be
easily shown that 3, and a fortiori 8, are nonempty. It may also be
remarked that if X is any compact metric space and G a suitably
restricted countable group of homeomorphisms of X, one can assert
the existence of invariant measures [7].

As for counterexamples we have

THEOREM 6. For any infinite countable G there are countably gener-
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ated G-spaces (X, ®, G) such that there exist continuum many G-invari-
ant measures but no G-ergodic measures.

REeMARKS. (1) If X is a compact metric space and G is a countable
group of homeomorphisms of X, the representation given in Theorem 4
is an immediate consequence of the theorem of Choquet [4]. It may
be remarked that in this case one need not even assume that G is
countable. But when G is uncountable, an example due to Kolmog-
oroff [7] indicates that the decomposition theory outlined in Theo-
rem 3 and its corollary may not obtain; even the weaker Theorem 7
may fail to be valid.

(2) Let (Y, @) be a Borel space and (X, ®) the cartesian product
of countably many copies of (¥, @). We regard X as the space of

functions x from {1, 2, - - - } into ¥ and for any permutation g of the
integers {1, 2, - - - } we define a;: x—x’ by setting x’(n) =x(g~'(n))
for n=1, 2, - - .. When (Y, @) is analytic and G is the group of all

¢ which move only finitely many integers, Theorem 4 can be applied
to (X, ®, G) and contains essentially the results of De Finetti [5]
and Hewitt-Savage [9].

4. It may not be without interest to make a few remarks on a way
of reformulating the problem of representing invariant measures as
integrals of ergodic measures which applies to all Borel spaces. Let G
be countable and (X, ®, G) a G-space. A g-algebra DC ® is said to be
of type (R) if (i) Every set in D is invariant i.e. DC®, (i) if AEB
there exists a set BE®D such that 4 A B=(4—B)U(B—A4)EN,
(iii) if »1 and v, are two invariant measures such that v1(4) =»2(4) for
all A €D, then vy =v, Obviously if there exists a D of type (R) then
® is itself of type (R).

THEOREM 7. If G is countable, then for any Borel space (X, &, G),
® is of type (R). If (X, ®) is countably generated (respectively standard,
analytic) there exist countably generated (respectively standard, analytic)
a-algebras of type (R).

We shall say that a G-space (X, ®, G) has sufficiently many ergodic
measures if for any invariant set A € ®, v(4) =0f{or allinvariant meas-
ures » if and only if e(4) =0 for all ergodic e. Clearly any analytic
G-space has sufficiently many ergodic measures.

THEOREM 8. Let G be a countable group and (X, ®, G) a G-space.
Then given any measure o on (X, ®) such that o(N)=0 for all NEX
there exists a unique invariant measure v on (X, ®) such that v(4)
=0(A) for all AC®. Moreover, in order that every invariant measure
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be expressible as a unique integral of ergodic measures it is necessary
and sufficient that (X, ®, G) have sufficiently many ergodic measures.

The writer wishes to thank Dr. R. Ranga Rao, Dr. R. Sacksteder
and Dr. H. Teicher for several interesting discussions on the circle
of ideas around which this note is centered.

Added in Proof. Since this note was submitted the author has ex-
tended the present results to the case of Borel G-spaces, G a separable
locally compact group; details will be given in the publication men-
tioned at the beginning.
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