HYPERGEODESIC CURVATURE AND TORSION
DAVID B. DEKKER

1. Introduction. A hypergeodesic curve! on a surface satisfies an
ordinary second-order differential equation similar to that for the
geodesic curves except that the coefficients, instead of being Christof-
fel symbols, are taken to be arbitrary functions of the surface co-
ordinates. At a point of the surface the envelope of all the osculating
planes of hypergeodesic curves of a family determined by such an
equation which pass through the point will be a cone usually of
order four and class three with its vertex at the point. If the cone at
each point degenerates into a single line of a congruence of lines, then
the family of hypergeodesics is the family of union curves? relative to
this congruence. Recently, a union curvature® and a union torsion*
have been defined relative to a family of union curves as generaliza-
tions of geodesic curvature and geodesic torsion.

The following investigation deals with the differential equation for
an arbitrary family of hypergeodesic curves on a surface and the
definition of a hypergeodesic curvature and a hypergeodesic torsion
relative to a family of hypergeodesic curves in such a manner that
the definitions will reduce to those for union curvature and union
torsion when the family is taken to be a family of union curves. A
geometric interpretation of hypergeodesic curvature is given which
generalizes the geometric interpretation for union curvature and
geodesic curvature. Finally, a geometric condition that a hyper-
geodesic be a plane curve is obtained as a generalization of a theorem
known for union curves.

The notation of Eisenhart® is used throughout except that I'g, is
used for Christoffel symbols of the second kind with respect to the
coefficients of the first fundamental form for the surface. The sum-
mation convention of tensor analysis with regard to repeated indices
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will be observed with Greek letter indices taking on the values 1, 2
and the Latin letter indices taking on the values 1, 2, 3.

2. The differential equation of a family of hypergeodesics. Con-
sider a surface S in ordinary space of three dimensions represented by
the three equations x*=x%(ul, u?) (¢=1, 2, 3) referred to a rectangular
cartesian coordinate system. The functions x? and their partial deriva-
tives of the second order with respect to the parameters %! and u? are
assumed continuous at any point of the surface. The solutions
u?=u?(u') of an ordinary second order differential equation of the
form

2.1 d (duz) At B du? + C(du2)2+ D(du2)3

' du! dut duw) ’
in which 4, B, C, and D are analytic functions of ! and #?, are the
curves of a two-parameter family of hypergeodesics. If u®=u2(s)

(a=1, 2), where the parameter s is arc length, is a hypergeodesic of
the family, then equation (2.1) takes the form

(2.2) eagtt’ U8 = A g u’u'bu’,
in which e;z=1, ey = —1, ;1 =e5,=0, and
A = 4, Ang + 4191+ A1 = B,
A2 + Aoz + Ao = C, Az = D,
and the primes indicate differentiation with respect to s.
Under a transformation #*=#*(u!, 4?) (a=1, 2) of surface co-

ordinates for which the Jacobian does not vanish, the differential
equation

(2.3)

Captl W' = A ot "W
is obtained in the new coordinates, where
- 6(121 #?) au“ ouf ouv our 0P
(2.4 4., =
a(ut, u?)
It is clear, however, that A.s, is not in general a tensor.

In order to express the equation (2.2) in tensor form, consider
the geodesic curvature vector® whose contravariant components p7 are

(2.5) Pf + I‘ﬂ'y
Substituting the values of %’/ from (2.5), equation (2.2) becomes

€Caf — .
Y owr ome ame T o owonr

/ﬂ "

¢ Eisenhart, loc. cit. p. 187.
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(2.6) ea‘rulap‘r = [Aaﬂ‘y + eaTI‘;'Y]u u u
The left-hand member of this equation becomes a scalar if multiplied
by g2, where g is the determinant of the coefficients of the first
fundamental form, namely,

g = €*g1ag2s
with

i

8ap = %,a¥\g

and
e? =1, et = — 1, el = ¢2? = (),

Hence, the differential equation may be written in the tensor form
2.7 €artt %pT = Qag,u’*u'Pu’",

where €., =g!2%,, and the functions Q.g, of %! and #? are defined by

T 1/2
(2.8) Qaﬁ'y = earI‘ﬁ‘Y + g Adﬂ‘)"

Since the left member of (2.7) is a scalar, so also is the right member.
Cansequently, the functions Q.g, are the triply covariant components
of a tensor of the third order; thatis, under a transformation of surface
coordinates,
) Q ou™ ou® oue
T S 9af omr

as may be verified by direct computation. Now equation (2.7) may
be written

(2.9 €artt' %7 = Q,

in which the scalar @ is defined by the right-hand member of (2.7).

To specialize the components Q4s, to be symmetric in each pair of
indices actually constitutes no restriction on the family of hyper-
geodesics to be considered. Employing this symmetry in (2.8) gives

Ao11 — Az = F:l + I‘:I,
Ang — A1 = 0,
Agiy — Aygs = Ts + I‘iz,
A2z — Aan = 0,

(2.10)

which with equations (2.3) are found to have the unique solutions
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A = 4,
Ang = A1y = (B — 'y — I‘:;)/3,
Asm = (B + 2T + 2T3)/3,
Agg = A = (C + I‘:z + P:z)/3p
A = (C — 2r,, — 21‘:2)/3:
Az = D.

(2.11)

Hence, a necessary and sufficient condition that Qagy be a symmetric
tensor in any pair of indices is that the functions A .y be given by the
relations (2.11).

3. Hypergeodesic curvature. The differential equation (2.9) is
transformed into two differential equations by simply multiplying it
through by the expressions e*g,u’? (=1, 2), where e*=e¢/g!2,
The left-hand members of the equations so obtained reduce to —p?
(6=1, 2) from the facts gg,u"Pu'7=1, g,pp"u'"=0, and a subtraction of
g8’ =0 (6=1, 2). Hence, a family of hypergeodesics can be
represented by the two differential equations

3.1 M= pb 4 eug,,u'1Q = 0 6=1,2).

The left members of equations (3.1) define the contravariant com-
ponents N of a vector which will be called the hypergeodesic curvature
vector of a curve C given by u*=wu*(s). If N® is a null vector along a
curve, then equations (3.1) are satisfied and the curve is a hyper-
geodesic of the family, and conversely.

It is easily shown? that u? defined by

(3.2) po= — gt (0=12)

are the contravariant components of a unit vector which makes a
right angle with the unit vector #’¢, so that

(3.3) eaau'“/ﬁ = 1.
Now, geodesic curvature® K, is defined by
3.4) K, = et %,

which implies that
(3.5) P = Kb,

so that (3.1) assumes the form

7 Eisenhart, loc. cit., p. 136.
8 Eisenhart, loc. cit., p. 187.
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(3.6) M= (K, — Q)u = 0.

Therefore the hypergeodesic curvature vector N* makes a right angle
with the unit vector #’«,
Hypergeodesic curvature K, will be defined by

3.7 Ki = eats’ N},
which by (3.6) and (3.3) gives
(3.8) K}.EKg'— Q;

that is, hypergeodesic curvature is geodesic curvature diminished by
the scalar Q. With the definition (3.4) equation (2.9) may be written

(3.9 Ky,=9, or K, —Q=0,

so that a family of hypergeodesics is characterized by the property
(3.9); namely, the geodesic curvature is equal to the scalar Q@ which
is a function of #!, %2, ', and %’? only. From (3.8) and (3.9) arises
the following theorem which is a generalization of a corresponding
theorem for geodesics: a necessary and sufficient condition that a curve
ut=u2(s) be a hypergeodesic of a family is that the hypergeodesic curva-
ture along the curve be identically zero in s.

4. The elements of the cone related to the hypergeodesics through
a point. The elements of the cone enveloped by the osculating planes
of a family of hypergeodesics through a point P of the surface S are
to be determined in tensor form.

If the curve u*=u2(s) is a hypergeodesic on the surface S given
by xf=x%(u!, u?), then the osculating plane of the hypergeodesic at
the point xi(#!(s), #2(s)) is given by the determinantal equation

(1) (26— 29 22 T _
. €in(& — x) — =0,
i ds ds?
where the #* are the current coordinates. But from
dx? i e d2x® . %k
4.2) —_—= x:.,u' , = x:‘,u” + W u'ﬁ,
ds ds? du*ous

the Gauss equations?
02x*

uouf

(4.3) = Dlstry + dasX ',

and equations (2.5), equation (4.1) becomes

¢ Eisenhart, loc. cit. pp. 215-216.
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k
4.4) e,,k(vt — x)x,,u o x,, + d,gu'au'ﬁX ) =0,
where the X* are the components of the normal unit vector to S at P,
and the dug are the doubly covariant components of the second funda-
mental quadratic tensor of the surface. Since

ik i &
(4-5) €jk¥, 0¥y r = €jk%,1%,2€0r,

and by use of (2.9), equation (4.4) may be written
ik
)lx,2

(4.6) eiin(E — x‘)[ o

Q4+ x,.,X K,,u :I = 0,

where the normal curvature K, is defined by
“.7 K, = dagu'*u'b.

Differentiation with respect to each of the parameters #’' and #”?
gives the two equations

x,1%,2 0 ik ou'e 10 0K,
(4.8) e,,k(x - x)[—— + x,.X {K,. + u }] =0

gl ou' ou'r du'"
(r=1,2).

Since K,u"* and @ are homogeneous of degree three in %' and %",
Euler’s relation for homogeneous functions shows that the three
planes given by (4.6) and (4.8) are coaxial. Consequently, the char-
acteristic lines of the envelope of the one-parameter family of
osculating planes (4.6) are the intersections of the planes given by
(4.8).

The direction numbers of the normals to the planes (4.8) are

k

6K,, i
Am = + (K + u't )Emjkxle
u

/1

I AR A
b, = P X4+ u vy €n ik %1 X

,, 9Ka d ok _
+ ‘—‘—‘a €min®,2 X (m =1, 2, 3)1
U

6K,.
+ (K + u'? P )e,,,kx,gX (n=1,23),
u'?

since e;x 3% 5/g4? = Xi. The direction numbers ¢* of the intersection
of the two planes (4.8) are ¢*=e*""a,,b,, which by neglecting zero de-
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terminants, interchanging columns, and renaming dummy indices
when desirable, become

1Y) oK, o / oK, m ik
ch = e"””‘l:{ (u’l - K, + u't )}X en,v,x,lX

o' \" ot/ ou\ ou't
9¢ 0K\ 92 OKN) m i
* {au’l (K7l o 6u’2) T oun (u’2 du't )}X ity X

+ {(K + un aK") (K + aK")
du" ou'?
aK,. aKn - L}
B (u’1 w2 )\ Gt ) st X eanaX ]

Using the facts egx,jx3Xé=g2, XiXi=1, x,.Xi=0, and a well
known formula for the simplification of a triple cross product of
vectors gives

hmn __m ik 13
e X Cnikx,lX = %,1,
hmn __m ik h
(4.9) € X enju,2 X = %,
hmn ik r 8 1/2 __h
€  €min%1X €%, X =g X .

Euler’s formulas for the homogeneous functions K, and Q are

oK., 9K, 00 90
+ wr—= = 2K,, r2

4
(4.10)  w? du't ou'? ou't ou’?

= 3Q.

Use of (4.9) and (4.10) reduces the expression for ¢* to the simple

form
- 0K, o2\ & r 29 OKa\ &
=305 = K)ot 3(me g -0 )

(4.11)
+ 3g1/2(Kn)2Xh’

giving ¢* as a single-valued function of the point (#!, #?) and the
direction %', #’?, except at points and directions on the surface for
which both K,=0 and 2=0. In this case there is no unique plane
(4.6) which has contact of the second order with the hypergeodesic
in the direction %’ for which K,=0 and 2=0; that is, all the planes
containing the tangent line to this hypergeodesic will have contact
of the second order with it. Consequently, the tangent line may be
considered an element of the cone and in an asymptotic direction
since K,=0.
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At a point (#!, #?) and in a direction %!, #"2 such that K,=0 and

30, (4.11) has the form
h 12 ap OKn &
(4.12) c =30 ¢ v %yq
Now the vectors #'* and €#dK,/0u'# are in the same direction, as is
evident from the fact that the sine of the angle between the two
vectors is zero since the cross product
af 0K, " _ B 4K, Y 0K, u;v

€€ —— U =0qp——Uu =
T oue T u's ou'r

= 2K, = 0.

Therefore, also in this case the element of the cone is tangent to the
surface in an asymptotic direction.

At a point (#!, 4?) and in a direction #'!, #’? such that K,>0, (4.11)
may be written

h 172 2[ ga O Q A h
(4.13) c = 3g (Kn) [é P (E:) %e+ X :l

If we discard the nonzero multipliers, the expressions for ¢* in (4.12)
and (4.13) are replaced by

a aKn
(4.14) &= — Bra (K = 0, @ 5 0)
and
(4.15) &=+ X (Kn 5 0),
where
3 /@
(4.16) re = e"“au,p (}Z‘ (K, 5 0)

defines the contravariant components of a vector which is the pro-
jection of ¢* onto the tangent plane to the surface. The assumption
that the surface be expressible with the asymptotic curves as a co-
ordinate net insures that in (4.14) 0K,/0u’#=0 for both 8=1 and
B=2 is impossible; so (4.14) will have meaning.

5. A geometric interpretation of hypergeodesic curvature. It will
be shown that the hypergeodesic curvature of a curve C, u*=wu>(s),
is the curvature of the curve C’ which is the projection of C upon the
tangent plane at the point P, the lines of projection being parallel
to that element of the cone determined by the direction %’ at P.
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Let S’ denote the cylindrical surface consisting of the parallel
lines of projection. If 1/R is the normal curvature of S’ in the direc-
tion of C at P, and « is the angle between the principal normal to C
and the normal to S’ at P, then by the theorem of Meusnier

(5.1) e/R = p~1 cos a,
where e= 11, and p™! is the curvature of C at P. Also, if 1/7 is the

curvature of C’ at P, and if 8 is the angle between the principal
normal to C’ and the normal to S’ at P, then

(5.2) ¢/R = r1cos B.

After eliminating R from these two equations, it is found that
cos a

(5.3) efr = .
pcosf

Computation of cos a and cos B yields the formulas

(5.4) cos a = _* [Ky — Kneqn' 7] (K. # 0)
L sin ¢
and
(5.5) cos B = —— (K, 5 0),
L sin ¢

where ¢ is the angle between the vector ¢?, as given by (4.15), and the
unit tangent vector x,5%'? to the curves C and C’, and L is the length
of the vector ¢’. Now, by (4.16) and the fact that /K, is homogene-
ous of degree one in the parameters %', it can be shown that

(5.6) eyt P = Q/K, (Kx 5 0).

Substitution of the formulas for cos a and cos 8 into (5.3) with use
of (5.6) gives

5.7 e/r=K,— Q=K, (K. # 0),

that is, the curvature of the curve C’ is exactly the hypergeodesic
curvature of the curve C whenever the curve C is not in an asymp-
totic direction. When the curve C is in an asymptotic direction at P,
the element of the cone determining the direction of the required
projection of C will lie in the tangent plane, and consequently will
not give a proper projection of C onto the tangent plane.

6. Hypergeodesic torsion of a curve. The torsion at P of the hyper-
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geodesic #*=wu2(s) having the same direction as the curve C at P will
be called the hypergeodesic torsion 74 of C at the point P.

Let o, 8¢, 4%, be the tangent, principal normal, and binormal unit
vectors of the hypergeodesic in the direction of C at P. Since the
principal normal 8¢ of this hypergeodesic lies in the plane of af and ¢?,
the element of the cone given by (4.15), it follows that

6.1) B = aa' + bct,

where a and b are to be determined. Multiplying (6.1) by «f and
summing gives

(6.2) a = — bclat = — bL cos ¢,

and multiplying (6.1) by B¢ and summing gives
(6.3) 1/b = Bict = L sin ¢.

Substitution of the values of ¢ and b obtained from (6.2) and (6.3)
into (6.1) yields

]
(6.4) B¢ = csc ¢ [——GE — cos qba‘:l .

The restriction that K,>0 occurs in (6.4) since in general a hyper-
geodesic in an asymptotic direction has ¢* in coincidence with af
making ¢ =0 so that (6.4) would be meaningless.
From the Frenet-Serret formula dvy?/ds =738 multiplied by 8¢ and
summed arises
vt
(6.5) Th = Bt——00-:
ds
Now «* is given by e;aiB*, which by af=dx?/ds and (6.4) reduces to

i ck
(6.6) vt = csc ¢€iik£x"‘ i.
ds L

Differentiation of (6.6) with respect to s yields

dvyt & cot & do dx? c* n d*x! ¢k
—— = — CSC co — € — — CsC N _—
ds ds e L bk T T
6.7)
n ¢ dxi d [c":l
CSC ik — | —|.
“*4s dsL L

By the substitution of the expressions for 8¢ and dvy*/ds, omission of
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the zero determinants, and a change of dummy indices, (6.5) becomes
6.8) . ct dx"[d (c") d’x:l
. = csc? pegip— —— | —(— ) — cos¢p —|.
™ Peisn L ds Lds\ L osé ds?

Since the components c*/L are scalars relative to transformations
of surface coordinates, the partial derivatives of ¢*/L with respect to
u® are the same as the covariant derivatives of ¢*/L with respect to
u%; therefore, the derivative of ¢¥*/L with respect to s may be written

00 (D= (D)t sm (D
. —(—=)=—),'" — Ju'',
ds\ L L ouw'y\ L

From (4.15) the covariant derivative of ¢*/L takes the form

(3= = Tt g2t ()bt ()
I a = I ¥\8a I ya I ya¥,8 I yadk

which, by use of the Weingarten and Gauss equations!®

k ¥ k k k
Xia= — Barg %, %ap = dopX

may be written
ck
(6- 10) (_L‘) o = aixfﬁ + baXh’

where a? and b, are defined by

VAl 1
ai = (—)m - = da'rgw’

(6.11) L L
. be="10d +(1)
G_L aB L Qe

Also, the partial derivatives of ¢*/L with respect to #’” are given by

(6.12) a (c") d (r") k + a <1>Xk
. — )= — )%, — .
ou'*\L du'Y\L # ou'r\ L

From (2.5), (4.2), and (4.3) it is evident that

d2x* 8k b
=px, K. X .
P p xp+

Hence, from the relations (6.9) through (6.13) it follows that

(6.13)

10 Eisenhart, loc. cit. pp. 216-217.
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d <c’°> d?xk
—|—) — cos¢
ds\L ds?
a Ta |
(6.14) - {[af, _ I pﬂ] s+ [b., e K,.:l X"}u
L L
d fﬂ k a 1) lc} 1744
— )z, — )X ru
o (2) A 5 ()

in which use was made of the formula cos ¢=gs(r’/L)u’
=(ro/L)u’e,

Substitution of (6.14) in (6.8), if one uses (4.2) and (4.15) and
neglects the zero determinants, gives

i ik " , T
7 = csc? Pei x,px,aX Zua ba—_},-K" u

) 1 Ta
+ X xfaxlfp(L) 8 l:ai - IP‘S]“'

i Xk 78 0 1 1"y
+ @555 —L-u 3w \T u

X: ik 1 15 a I 1oy
+ X,8%,8 L u ou' 'Z' u )

which by the fact that e;x%x);X* =€z and by a rearrangement and
simplification of terms becomes

csc? «
Th = ¢€ﬁa{fﬁba— o ———[p "'fK]} ! ’
6.15)
( csc? ¢ a4 By r1v 1%
— I eﬁa:’j—;"_‘l (f )u

However, for a hypergeodesic of the family under consideration it
follows from (3.4), (5.6), and (3.9) that

(6.16) enlpf — K Jut = — K, + 2 = 0;
and from (4.16) it follows that
w7yt
uw' 7ou’"

- GZ"[Gu"r( ) ]

29 -
€35 ou' (P u" "4’ = e,sae"ﬁ
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or, since 9(Q/K,)u''7/0u’" is homogeneous of degree zero in the
parameters u'®,

(6.17) €85 au"y (fﬁ)u’l'yuiﬁ = (.
Therefore, (6.15) is reduced to

csc? ra
(6.18) Th = * ¢e,g5{rﬁb.,, - ai}u u'b,

which, by the definitions (6.11) of a® and b., may be written in the
final form

csct ¢ 1 rY
™= % {“{(f) e + A d.,-,]
i 1
B [(z) T T dg]}‘

The analytic expression (6.19) for the hypergeodesic torsion at P
of the curve C with direction #’2, not an asymptotic direction, is a
function of the point P, the direction %2, and of course the particular
family of hypergeodesics under consideration. Therefore, all curves C
with the same direction #’* at P will have the same hypergeodesic
torsion at P relative to the family under consideration.

(6.19)

7. A geometric condition that a hypergeodesic be a plane curve.
In order to obtain a geometric condition equivalent to the condition
that the torsion of a hypergeodesic be zero, namely that the expres-
sion (6.19) vanish, consider the developables of the complex of cone
elements and their intersections with the surface. If only a very
special set of developables is admitted, then the differential equation
of the net of curves of intersection of these developables with the
surface will be precisely the expression (6.19) set equal to zero. Hence,
a hypergeodesic not in an asymptotic direction will be a plane curve
if and only if it is a curve of this special related ¢ntersector net of the
complex of cone elements of the family of hypergeodesics under con-
sideration. The word net is used here in a more general sense to mean
a set of curves consisting of two or more one-parameter families of
curves.

To arrive at the differential equation of this special intersector net,
a point with coordinates xi+#ci/L is taken on the line of a cone
element through P, and the point P is allowed to move along a curve
C, ur=u>(s), for which the point x+4ic?/L will describe a curve
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tangent to the line of the cone element through P. That is, xi+ici/L
will generate the edge of regression of a developable. This develop-
able will belong to the desired special set if ¢i/L at P is taken as only
that cone element which corresponds to the values #’= for the curve C.

The above mentioned tangency to the cone element requires that

7.1) d(x‘+tc—>=dxi+td(£—-)+idt=mc—:
I )7L L

where m is to be determined. Multiplication by ¢?/L and use of
(¢t/L)(¢?/L) =1 and (¢?/L)d(ci/L) =0 gives m =dt+ (c?/L)dx* so that
(7.1) after a division by ds becomes

7.2) dxt ¢t ¢l dxi—l—t d (c") 0
) ds L L ds ds\L/

Replacing the derivatives with respect to s by use of the relations
(4.2) and (6.9) and multiplying by (¢i/L),s vields

(D)= (D) T T54]
(71.3) T 8% I '8 I Lx,a u
¢t ct ra ¢t 9 [ct\ e
+H(E)e(Z) w4 (5w (F) =0

From (4.15) and (6.10) it follows that

ct ‘ 3 i i P
(7.4) (-z) wBxa = (agx,a + b,gX )x,a = Agfsas
(7.5) a ('a . X‘) b=l
. — X8 =\ %a - X8 = —— Lapy
I %8 I I 8 I 8ap

(7'6) (%)1«(%) w = a‘;a’;ga‘r + babﬂy

SN RN F
) L ’ du'*\ L = ke ou'*\ L ﬁau’“ L)

and

(7.8) Ci(ci) gyt —bs = 0

. L L)B"‘Laﬂg“’i Lﬂ'— ’

where the zero in (7.8) occurs since covariant differentiation of
(¢*/L)(ct/L) =1 gives (¢?/L)(¢?/L),s=0. Therefore, (7.3) reduces to
the two equations
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& a c T
asgsatt’” + [{aatsger + babs} e’

(7.9 + {aﬂgas 6—67 (i) b 62’“(%)} u”a:lt =0
B=102).

Eliminating ¢ from these two equations gives the determinantal
equation

eﬂea;gaau'a[ { Tyefor + bybe } u'”

(7.10) +{ 6<ﬂ>+b 8(1»_m] o
el no e | — u = U,
1 o\ L W\ L

The part of (7.10) involving #’’* may be written, after replacing
be by —r7alg,, as obtained from (7.8), in the form

Be s o 9 [ n 9 (1 “u"
(7.11) € 0pfsalelno [‘a‘u,.,(f>_' au'v<f>]u Yo

However,

Be & do 8
(7.12) € aga. = ae , e agsag,,, = glan,
where a=e,.afa; and g=er"g,g.2; so that after some simplification
(7.11) may be written

ag ar?
—_— ea"
L ou'r

u’“u"‘/,

which vanishes by (6.17). Consequently, equation (7.10) is reduced to

re v

e aﬂgﬁa [a‘yaégo"r + b b ]u = 0’

which by replacing b, as obtained from (7.8) and by use of (7.12)
becomes

L4 [4 re Y
ageas|ay — v bylu' 4’ = 0.

If we discard the nonzero factors ¢ and g'/2, and if we use the fact that
g% s = — g%, 0= — €,4, the differential equation of the special inter-
sector net of the complex of cone elements takes the form
(7.13) €oalr’by — ay]u’"w'" = 0.

When equation (7.13) is compared with the formula (6.18) it is
apparent that a hypergeodesic not in an asympiotic direction is a plane
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curve if and only if it is a curve of the special intersector net of the complex
of cone elements.t

This result may be stated in a purely geometric manner as follows:
a hypergeodesic not in an asympiotic direction is a plane curve if and
ounly if the one-parameter family of cone elements, which are the elements
of comtact of the osculating planes of the hypergeodesic with the cones,
constitutes a developable.

The differential equation (7.13), after use of (6.11) and (4.16) and
clearing of fractions, will in general be homogeneous of degree eight in
the parameters #’*; consequently, the differential equation is of the
first order and the eighth degree. Therefore, the special intersector net
in general has the property that through any point on the surface pass
eight curves of the net. However, there are many cases of families
of hypergeodesics for which an equation of lower degree than eight is
obtained. Such is the case when the family of hypergeodesics under
consideration is a family of union curves.

8. Union curves. A family of union curves is a family of hyper-
geodesics for which the osculating planes of all curves of the family
through a point on S form an axial pencil. In this case the cone de-
generates into a line of a congruence, one through each point of the
surface and not in the tangent plane. If the direction cosines &i of
the lines of congruence are

(8.1) £ = p'w + X' (g > 0),

with p? and ¢ as functions of ! and #? alone, then from (4.15) it
follows that for a family of union curves

v r° 1
(8.2) =, — =

q

7 A

so that, by (5.6), @ must have the form
(8.3) Q = Kpeqott'* — -
q

It is apparent that for a family of union curves the factor K, may
be discarded from equation (4.6) of the osculating planes, since Q has
K, as a factor. Therefore, for a union curve in an asymptotic direction
equation (4.6) can be considered to define a unique osculating plane
which will contain the line £¢ of the congruence. Hence, the difficulties

1L A generalization of a corresponding theorem first proved for union curves by
Sperry, loc. cit. p. 220.
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and exceptions which occur in the asymptotic directions for a general
family of hypergeodesics are eliminated in the case of a family of
union curves by taking (8.3) to define @ even for K,=0.

Now, (8.3) is stated as a theorem as follows: a necessary and suffi-
cient condition that (3.9) be a differential equation of the family of union
curves relative to the congruence &% is that the scalar Q be given by (8.3).
Substitution of the expression (4.7) for K, and the expression
Qas,u’*u’Pu’r for Q in (8.3) yields a non-symmetric form for Qgg,,
namely,

7

?
(8.4) Qapy = €qq¢ —q—' dﬁ-y.

When the value of Q in (8.3) is substituted in the expression (3.8)
for hypergeodesic curvature, the result is an expression for union
curvature K, as found by Springer; namely, K, =K, — K€, 4'® p°/q.
Also, by use of (8.2), the expression (6.19) for hypergeodesic torsion
reduces to the expression for union torsion 1, as found by Springer;
namely,

ru = csc” deu{s [fa+ 2" dar) — qlpra — Gdarg”1}u"u"
Likewise, the differential equation of the intersector net of the con-
gruence £¢ obtained from (7.13) after a multiplication by ¢ and use of
(6.11) and (8.2) is
coad 9 [0r + 2'dn] — alpry — adasg” 1}o’u”" = 0,

which is homogeneous of the second degree in the parameters u’!
and #'% Consequently, in the case of a family of union curves the
intersector net has only two curves through each point of the surface
instead of eight.!?

The geometric interpretation of union curvature is the same as that
for hypergeodesic curvature with the one simplification that the
method of projection (parallel to £ at P) is a function of the point P
only and not the direction %'«

9. Geodesics. If the congruence £ for a family of union curvesis
normal to the surface, then the curves are the geodesic curves of the
surface. The congruence is normal if and only if

9.1) pe=0, g=1 (=1, 2).

12 The curves of this net were originally called the torsal curves relative to the
congruence by Sperry, and later referred to as I-curves by Lane and more recently as
curves of the intersector net by Springer.
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From (8.3) itis apparent that the property (9.1) is equivalent to the
condition that the scalar Q be identically zero. As a result, the fol-
lowing theorem may be stated: a necessary and sufficient condition
that a family of hypergeodesics defined by equation (3.9) be the family of
geodesics is that the scalar Q be identically zero in u', u?, u'l, u'? or
what is equivalent, that the symmetric components Qasy be identically
zero in u' and ul

It is observed then from (3.8) that hypergeodesic curvature reduces
to geodesic curvature when the family of hypergeodesics is the family
of geodesics. Also, the geometric interpretation of hypergeodesic
curvature reduces to the correct geometric interpretation for geodesic
curvature, and the expression (6.19) for hypergeodesic torsion will
reduce to the expression

Ty = € d st *u’

for geodesic torsion® 7,.

From the above discussion it is seen that hypergeodesic curvature
and hypergeodesic torsion are proper generalizations of geodesic
curvature and geodesic torsion since they are identical when the
family of hypergeodesics under consideration is taken to be the
family of geodesics.

UNIVERSITY OF WASHINGTON

18 Eisenhart, loc. cit. p. 247.



