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ON THE SUMMATION OF MULTIPLE FOURIER SERIES. III!
K. CHANDRASEKHARAN

Let f(x) =f(x1, - - -, xx) be a function of the Lebesgue class L,
which is periodic in each of the k-variables, having the period 2. Let

1
(2m)*

Qoo =

+r +r
f f f(x) exp {— i(m@s + - - - + viwi) Jdxy - - - da,

where {:} are all integers. Then the series ) _a,,. . .,, exp (w1t - - -
+wixx) is called the multiple Fourier series of the function f(x), and
we write

F(®) ~ D ayyenery €Xp B(ma%s + + ¢ o+ V).

Let the numbers (»2+ - - - +»?), when arranged in increasing order
of magnitude, be denoted by A<\ < + + + <A< - -+, and let

C,,(x) = E Qyy. o9y €XP i(v;xl + LR + vkxk),
where the sum is taken over all 2+ - + « +w?=N\,,
¢(xv t) = Z Cn(x) €Xp (_ )\nt)y

Se(x) = X Ca(%), A S R < Mg
MSE?
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Also, let Rx(\,) and 7x(\,) represent respectively the number of solu-
tions of »24 - -+ +12=S\, and of v 2+ -+« - +yi=A.

The object of this note is to study the convergence of multiple
Fourier series, when summed up spherically by Bochner’s method,
that is, of the series _ Ca(x). We prove the following results.

TreOREM I. If
it A gl <,
then the series D m.oCn converges at every point of continuity of f(x).
TaeoreM II. If

2 2 k/2+ 2
i) |G| < ®, >0,
then the series ) .oCn converges absolutely.

The following result of Bochner? is used in the proof of the above
theorems.

LEMMA. At a point of continuity of f(x), ¢(x, t) tends to a limit as ¢
tends to zero.

Proor oF THEOREM 1. We shall first prove that
1) lim Sg(%x) = lim ¢(x, &),
t—>+40

Row
whenever the limit on the right exists. Next, by the application of
the above lemma, we deduce that at a point where f(x) is continu-
ous, »_Ca(x) is convergent.

Now
Sr(%) — ¢(x,8) = >, Cu[t — exp (= Mf)] = 2 C exp (— )
(2) 8 gmmnt-1
=3 J1—Js
say. We have,

Ji= 2”: Ci[t—exp (=\2)]

8=0

n

= > [1—exp (=) @sy-. vy €3p [i(aat - -+ +vizs) ]

8=m0

= 3 Gyerony xp i(p1Eat -+ Frim) [1—exp (—pi— - - - _Vl’c)t])

2 S. Bochner, Summation of multiple Fourier series by spherical means, Trans. Amer.,
Math. Soc. vol. 40 (1936) pp. 175-207.
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where the third sum runs over \,=»2+ - - - +»2 and the last sum
runs over »;2+ - - - +p2=<N\,, so that
[ J1] £ 2| aneeonfl — exp (— y— e — v:)t} |
< [Z (,,f 4+ ...+ ch)knl a,l...,.,tl2
(3) XX {l—exp(=m—- =} it 4w 1"
n 1/2
< 0(1)4[ > r,,(x.,)xf""”] ,
8=0
where the first sum runs over »;24 + - + +¥2=<N\,.
Now,
n n—1
S atgnT = T RO = N0 4 RO
8=0 8=0
A .
4) =0 (f xdx) + O(\»)
0
=0(\.
Hence, from (3), we obtain,
(5) | 71| = O(t\n).
Again,

|]2| = i C,exp (— )\xt)‘

8=n+1

=N AN Cuexp (= M) |
(6 ot
2. k/2

20 P ) D S |
X Y exp {— 201+ - - - +w)t}]"”

2
| a”l""’h|

1/2 —k/4
é €n (t)\n)
(in the last two sums »;2+4 - - - +»;? runs from N\,41 to «), where

E (vf-|- s 4 yz)kﬁ’l a,l...,,kl2 = ¢,

12+ - - - +wi? runs from N,y1 to ), and €,—0 as n—», since
Y e ¥t=0(t"12) as t—0. Thus, we have, from (5) and (6),
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1/2 —k/4
]

(7 Se(%) — ¢(#, 1) = O(\a) + olen (INs)
If ¢ is so chosen that ¢\, = §, =¢,Y*, then,

1/2  —k/4

Sr(x) — ¢(x,8) = 0(8,) + O(es -6, ) = o(1), as # — o,
Proor oF THEOREM II.
SlC) | = X aneeonl
< {Z (Vi"l' cee V:)k/2+4| @, ‘"k|2}1/2
xX{> (,,f + -4 yi)"‘”“} v

—k/2—e 1/2

=0(1) X (AN )

= O((fka(x)x""”"l"‘dx)m)
= 0((fwx"1**dx)1/2) < .

On using Hélder’s inequality instead of Schwarz’s in (3) and (6),
we can easily generalize Theorem I as follows:

If

Z(Vi + A + yi)k(p—-'l)lz Qy, . . "’kl r<L @,
where 1 <p <2, then ), C,, converges at every point of continuity of f(x)-
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