AREOLAR MONOGENIC FUNCTIONS
R. N. HASKELL

1. Introduction. There have been several modifications of the defi-
nition of the derivative of a complex function of a complex variable
which lead to theories of non-analytic functions. These generaliza-
tions were initiated by Riemann (1851) and Picard (1892) and fol-
lowed with others by Pompeiu, Kasner and Cioranescu. The general
derivatives of Riemann and Cioranescu depend on direction and
have an infinite set of values at a given point, hence Kasner gave to
the class of non-analytic functions considered the name polygenic
functions to distinguish them from classical analytic, monogenic func-
tions.!

The conditions for classical monogenity have been much reduced by
Looman-Menchoff [7, pp. 9-16; 9, pp. 198-201].2 We shall similarly
reduce the restrictions for the existence of the Cioranescu single-val-
ued areolar derivative and show that under those reduced conditions
the real and imaginary parts of the areolar monogenic function are
biharmonic. Finally the class of areolar monogenic functions so de-
termined will be simply characterized in terms of the Pompeiu de-
rivative.

2. The Cioranescu and Pompeiu derivatives. Let f(2) =f(x, ¥)
=u(x, ¥)+iv(x, y) be defined in a domain D of the complex variable
g=x-+14y. Construct a rectangle in D at a point z of D whose vertices
in positive order are z, 21, 2/, 2.. If 2 is taken as the pole of a polar co-
ordinate system (p, ¢) then z1—3z=p,1e%, 2;—2=pye!¥+7/» and g’ —z
= (p12-+ p2?) Y2ei¢ta) where a=tan~! p;/p1. We now form the quotient

f(@) — f(z1) — f(z2) + f(3)
(21— 2)(22 — 2)

and consider the limit of A% (z) as p; and ps approach zero with ¢ held

(2.1) A’f(z) =
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1 See E. R. Hedrick, Non-analytic functions of a complexvariable, Bull. Amer. Math.
Soc. vol. 39 (1933) pp. 75-96 for an extensive bibliography. The author is indebted to
the referee for the following observation. “Calugareano studied the second derivative
of a polygenic function for only one rectilinear path of approach; Nicolesco studied it
for any two different rectilinear paths of approach and Cioranescu considered the limit
for two mutually perpendicular, rectilinear paths. Kasner and DeCicco have studied
the geometry of the second derivative for a general curvilinear path of approach.”

2 Numbers in brackets refer to the references cited at the end of the paper.
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constant. If u(x, y) and v(x, y) have continuous second order partial
derivatives at 2, the limit exists and we have

wmi s 2708) = Df(3)
(2.2) = (faz — fuv — 2ife)/4 = (faa — fuu + 2if)e4i0/4
= [(20 — thyy + 2023) + i(025 — 1y — 202,)]/4
— [(“zz = Uyy — szy) + (V22 — Vyy + Zuw) ]8"“‘/4,

The necessary and sufficient conditions that D?%(z) shall be inde-
pendent of ¢ are that

(2.3) Yoy = — (V2z — yy)/2, Voy = (Uzz — Uyy)/2.

If (2.3) are satisfied then Df(3) =v.y —4u,yis the Cioranescu derivative.

If now %(x, ¥) and v(x, y) are assumed to have fourth order partial
derivatives at z then from (2.3) we have Viu(x, y) =V%(x, ¥) where
V4i=V2%(V?) and V2 is the Laplacian operator.

We shall make the following definition.

Definition. A complex function f(2) =u(x, y)+1v(x, y) defined in a
domain D will be said to be areolar monogenic at a point (x, ¥) of D
if #(x, ) and v(x, y) have continuous second order partial derivatives
at (x, v) which satisfy (2.3). We shall call f(2) an areolar monogenic
function in D if these conditions are satisfied at every point of D.

The Pompeiu areolar derivative is defined as

Df(a) 1
@.4) =L L f #()ds

where s is any simple rectifiable closed curve of diameter § which
with its interior ¢ is in D and w is the area of o. If %(x, ¥) and v(x, y)
are continuous with their first and second order partial derivatives we
have

D
2.5) Lo [ = 0) + ot w)]/2

and
2

D .
(2.6) _ﬁ = [-" Vay + (Boe — 44)/2 + 1{“:;« + (922 — ”w)/z}]/z-
As remarked by Cioranescu [2, p. 29] we see by (2.6) that the
class of areolar monogenic functions is the class of solutions of the
differential equation D?¥/Dw?=0.
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3. Green’s lemma. Most discussions of monogeneity lead to the
evaluation of [¢r) f(z)dz where the integral is a line integral around
a closed curve in D which in our case we shall assume is a rectangle
with sides parallel to the coordinate axes. This integral is then trans-
formed by Green’s lemma into integrals over the area of the rec-
tangle. A reduction of conditions under which

3.1) fC(R)f(z)dz = — ffR(u,, + v, )dxdy + iffﬂ(u, — v,)dxdy

then leads to reduced conditions for monogeneity. We shall give three
conditions for (3.1) to hold for all rectangles C(R) in D.

(3.2) Condition C. If u(x, v), v(x, ¥), %z, %y, v and v, are continuous
in D, then (3.1) holds for all rectangles in D.

(3.3) Condition A. If F(R) = [c¢w®udy, G(R) = — [¢myudx with simi-
lar conditions for »(x, y) and F and G are absolutely continuous func-
tions of point sets in D, then (3.1) holds for all rectangles C(R) in D.

This is condition (A) of Evans [4, p. 32].

(3.4) Condition M. If u,, u,, v, and v, exist almost everywhere in
D and are summable and, moreover, at each point of D except for at
most a finite or denumerably infinite set, the functions #%(x, y) and
v(x, ¥) have finite Dini derivatives with respect to x and vy, then (3.1)
holds for all rectangles C(R) in D.

This condition among others was given by Menchoff [5, p. 29].

4. The principal theorem. We are now in a position to prove the
following theorem.

THEOREM 1. If u(x, v) and v(x, y) satisfy conditions C, A or M in D
and the equations

4.1 u, — v, = U(x, ), u, + v, = V(z, y)

kold almost everywhere (everywhere under condition C) in D, where
U(x, ¥) and V(x, y) are conjugate harmonic in D, then f(z) =u(x, y)
+v(x, y) is areolar monogenic in D.

Proor. Under the conditions C, A or M the differential equations
(4.1) are equivalent to the integral equations

f vdx + udy = ff U(=, y)dxdy,
C(R) R

f vdy — udx = ff V(z, y)dxdy.
Jew) R

These are the integral equations considered by Evans [4]. Let

(4.2)
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1 1
- (o 3) = W) = = [ fD log—— U(P)dor,

1 1
%, y) = M=————ffl—VPd.
v(2, y) = »(M) P DogMP()ap
Since U(x, y) and V(x, y) are harmonic in D they satisfy a Hélder

condition [6, p. 153] and the first and second partial derivatives of
u(M) and v(M) exist at M and

(4.4 Viu(x, 9) = U(x, 9), V(% y) = V(2, y).
The general solution of (4.2) is

u v Y dv du oY
4.5 %, 9) =—+—+— ,9) = ———+ —
4.5)  u(= y) ax+ay+ay’ (%, ¥) 3 ay+ax’

where ¢¥(x, v) is (in D) an arbitrary harmonic function. Now by the
theorem of Evans [4, p. 33], (4.5) is a solution of (4.1) almost every-
where in D when U(x, ¥) and V(x, y) are only bounded and measur-
able in the Lebesgue sense. In our case with U(x, y) and V(x, ¥)
harmonic in D, (4.5) is a solution of (4.1) everywhere in D and any
solution of (4.1) satisfying C, A, or M can be given the form (4.5).
We have from (4.5) and (4.4)

(4-6) Ug — Vy = Viu(x, y) = U(x, y)r Uy + v, = sz(x, y) = V(x, y)
at all points (x, ) of D and therefore u(x, ¥) and »(x, y) satisfy
(4.7) Viu(w, y) = V2U(x, y) = 0, Vi(x, y) = V¥V (%, 3) =0

at all points (%, ¥) of D. Solutions u(x, ¥) and »(x, y) of (4.7) are ana-
Iytic in D and since u(x, ¥), »(x, ¥) and ¥(x, y) are all solutions of
V4w =0 their first partial derivatives are also biharmonic and there-
fore analytic in D. Therefore #(x, y) and v(x, y) by (4.5) are bihar-
monic and analytic in D. Now from (4.1) we derive that

20y + Waz — V) = Uy + V.= 0,
2059 — (Ugz — Uyy) = — U+ V=0
and therefore f(2) is areolar monogenic in D.
COROLLARY. If u(x, v) and v(x, y) satisfy the conditions C, A or
M in D and the Pompeiu derivative exists for all rectangles C(R) in D
and Df/DR=[U(x, y)+iV(x, ¥)]/2=F(2)/2 almost everywhere in D

and F(2) is monogenic in the ordinary sense, then D*f(2)/DR*=0 at all
points of D and f(3) is areolar monogenic.
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The following theorem is an analog of the first theorem of Menchoff
[7, p. 9] relative to ordinary monogeneity.

THEOREM 2. The function f(2) =u(x, y)+iv(x, ¥) is areolar mono-
genic in a domain D if u(x, y) and v(x, y) satisfy condition C in D
and if the second partial derivatives of u(x, v) and v(x, y) exist, are
finite and satisfy the conditions (2.3) everywhere in D except for a point
set E which consists of at most a finite or denumerable infinity of points.

Proor. Let U(x, y) =u,—vy, V(x, ¥) =4y+v,. Then by (2.3) we
have on D—E
Uz""' Vy = e= 2‘”2y+u3,5-uyy = 0,
Uy+ Vz = 2u3y+v3g - vyy = 0.
By the theorem of Menchoff [7, p. 9] U(x, y) and V(x, y) are con-
jugate harmonic functions in D and F(z)=U(x, ¥)+iV(x, v) is a

monogenic function in the ordinary sense. Therefore, by Theorem 1,
f(2) is areolar monogenic.

(4.8)

CoROLLARY. If u(x, y) and v(x, y) satisfy condition C in D and the
second Pompeiu derivative exists, ts finite and equal to zero at all points
of D except for at most a finite or denumerably infinite set, then f(z) is
areolar monogenic in D.

5. An analog of Morera’s theorem. We have the following analog
of the theorem of Morera.

THEOREM 3. A necessary and sufficient condition that f(2) be areolar
monogenic in D is that it be continuous, and for all circles C(xo, Yo; 7)
with center (xo, ¥o) and radius r in D

(5.1) fcf(z)dz = xr2i[U(xo, y0) + iV (%o, 0)]

where U(x, v) and V(x, y) are given conjugate harmonic functions in D.
PRrOOF. Necessity. If f(2) is areolar monogenic in D we let
(5.2) 4z — vy = U(x, y), Uy + v, = V(2, 5)

and, by (5.1) and (2.3), U(x, ) and V(x, y) are conjugate harmonic in
D. Therefore we have

6.5 fcf(z)dz = fcudx — vdy + ifcvdx + udy

= tfj; [U(x, 3) + iV(x, y)]dxdy.
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Now by the mean value property of harmonic functions we have from
(5.2) that (5.1) is satisfied for all circles C(xo, yo; ) in D.

Sufficiency. From (5.1) by the mean value property of harmonic
functions we have (5.3) and therefore

fcvdx + udy = ffA U(x, y)dxdy,
fcvdy — udx = fj;V(x, y)dxdy.

Now by an argument similar to that for Theorem 1, f(2) is areolar
monogenic.

(5.9

COROLLARY. Tke class of ordinary monogenic functions is a subclass
of areolar monogenic functions [1, pp. 264-265].

In this case U(x, y)+iV(x, y)=0 in D and by (5.1), [cf(3)dz=0
for all circles C(xo, ¥0; #) in D. The solution of (5.4) with the right-
hand member zero is given by (4.6) with u=v=0. Therefore »(x, ¥)
and v(x, y) are conjugate harmonic in D and f(2) is monogenic in the
classical sense.
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