ON A SPECIAL CLASS OF ABELIAN FUNCTIONS

O. F. G. SCHILLING

In the applications of the theory of Riemann matrices to algebraic
geometry and arithmetic it is necessary to emphasize the rings of
complex multiplications in preference to the rational algebra associ-
ated to a given Riemann matrix. In recent years A. A. Albert com-
pleted and amplified the algebraic theory of Riemann matrices that
was inaugurated by G. Scorza, S. Lefschetz, and others.! We shall
construct in this note the fields of abelian functions of genus # whose
multiplication rings contain a given order of a totally real field of
absolute degree n. For the proof we shall compare two types of Rie-
mann matrices defined by S. Lefschetz and O. Blumenthal.2 Applying
equivalences to these Riemann matrices we find suitable matrices
which show explicitly how a permissible ring of complex multiplica-
tions can be realized.

Let 2=R(a) be a totally real field of degree #. Suppose that
a=a®, a®, ... a® are the n conjugate roots of the defining ir-
reducible equation f(a) =0. Lefschetz? has determined the form of the
most general Riemann matrix € of genus #» whose multiplication
algebra () contains an isomorphic image of the field k. The matrix
Q, is equal to

11, T1e®, - 7a®il g ra@ | gDl

Ta1, T21a@®, c oo, Toea®PTL g 1o @)k TP

. . . . . . ,

Tnly T,.1C(("), tt Tnla(n)"_l; Tn2y T,.za(”), Tty Tn2a(n)n—1
where 711, - -+, Tp, Ti2, * * * , Taz are complex parameters subject to

the restriction that @ satisfy the defining equations of a Riemann
matrix.

Now suppose that s =a?, - - -, a,=c{ is a basis of £/R. Let AY
be the minors of the determinant §=6M = laﬁ’)l. Then there ex-
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1 For references see Solomon Lefschetz, Selected topics on algebraic geometry, Na-
tional Research Council Bulletin vol. 63 (1928) pp. 310-395, and A. A. Albert,
Structure of Algebras, Amer. Math. Soc. Colloquium Publications, vol. 24, 1939.

2 Solomon Lefschetz, Or certain numerical invariants of algebraic varieties with ap-
plications to abelian varieties, Trans. Amer. Math. Soc. vol. 22 (1921) pp. 327482
(quoted as L); Otto Blumenthal, Uber Thetafunktionen und Modulfunktionen mehrerer
Verdnderlicher, Jber. Deutschen Math. Verein. vol. 13 (1904) pp. 120-132 (quoted
as B).

3L, loc. cit. p. 397.
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ist infinitely many numbers {=¢® of kB so that {®AP/sw
=B, ..., tWAP /50 =6Y form the basis of an ideal b=bhw
of k.* The Riemann matrix defined by Blumenthal® can then be
written in the form

1) 1) (1) 1) 1) (1)
THOL , TIQ2 5, T ; T12 B1 71282 0 00, T126n
(2) ?2) (2) (2) (2) (2)
ToiQy , Talllg ,***, Ta0s ; T2af1 , Tasbe , -, Toobn
92 =
(n) (n) (n) (n) (n) (n)
Tall1 4 Tpl®2 4 ° * * , Tnlly Tnzﬁl ’ 7'»262 y "t Tn2Bn

where 7p/7h, j=1,

-, m, are restricted by the inequalities

R[(r/m7)/tP]>0.
LeMMA 1. The matrices @, and S are isomorphic.

Proor. We first observe that R(1,a®, - - -, a@®1) =R(?, - - -,

M) =R(BY, - - -, BP). Hence there exist two regular nXn mat-

trices ||| and ”b.,,” in R for which (1, a®, a®n=1)||g, |

=G, off, -, off) and (1, a®, -] a®1)[5.] = 6%, 6P,
, BY), respectlvely. Consequently

leal - 0,
0 b

in other words, €, and €, are isomorphic Riemann matrices.$

We next describe the explicit realization of & as a field of multi-
plications of the matrix Q. Let ¥ =+ be an element of & and set
(agj)) ag)v Tt a,(;”)=a(f), (:ng)’ ﬁg)y Tty ﬁg))=r)(")’ j=1v v, N
Then y@a® =aDC(a, ¥) and yPbD =pDC(h, v) where C(a, v) and
C(b, v) are regular #nXn matrices of R. Consequently

C(a, v) 0
0 C®,v)

The full algebra of multiplications () is simple. In case A( Q)
contains elements satisfying an irreducible equation of degree 27 it
must be a totally imaginary extension K = k(u/?), u<0 in £.8

0

7

diag (’Y(l)y 7(2)’ M) 7(”))92 = (I

4 Georg Landsberg, Ueber das Analogon des Riemann-Rach’schen Satzes in der
Theorie der Algebraischen Zahlen, Math. Ann. vol. 50 (1897-1898) pp. 577-582.

5 B, loc. cit. p. 122.

8 L, loc. cit. p. 365.

7 We use diag (v@, - -
AW, e ),

8 A <K0 means that A and all its conjugates are negative.

+, ¥™) for the #Xn matrix whose diagonal elements are
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By the general theory of Riemann matrices the algebra A(Q;) has
a representation by 27 X2# matrices in R.? Hence each element of
A(R) is the root of an equation of degree 27 over R. Since A(X) Dk
there are multiplications satisfying an irreducible equation of de-
gree n. The algebra () certainly cannot contain a real multipli-
cation satisfying an irreducible equation of degree 2% for the roots
of the characteristic equation must be double in case they are real.!®
Since 2, admits a “general projectivity” a &k the general character-
istic equation cannot be the product of relative prime factors.!! Hence
the algebra A(Q) cannot be semi-simple, that is, the direct sum of
at least two simple rational algebras. Consequently £, must be iso-
morphic to a matrix diag (w, - - - , w). The number of diagonal ele-
ments can at most be equal to two for otherwise the field 2 would
have a rational representation of degree less than #. In case that

w O
0 w

Qy

the algebra A(:) would be the algebra of square matrices over k.
Then A(Q2) would contain all quadratic extensions over k, in par-
ticular a totally real extension of degree 2z over R. This is impossible
as was observed at the beginning of the proof. Thus there remains
only A(Q) =2k (ul/?), u<kO.

In order to realize k as the multiplication algebra of a Riemann
matrix (real case) we let { be equal to the absolute value of the dis-
criminant!? 682, select 75=1, j=1,::-, n, and take for 7,
j=1, - - -, n,asetof transcendental numbers with positive imaginary
parts. In case A() =K (imaginary case) let 75=1, j=1, .., n,
and 7= (WD)V2=M®, 40 in k. Then Q2= Q(u) has the form

@ M) @, EPNEH) @
Qap 5, 02 4, Oy M ﬂlvM BZy"')M 31»
@ (@ ‘2) @), @) @, @) @)@
Q1 , X2 4, Oy | M ﬁlvM 62 1"‘1M Bn
(O o) ) () (n)_(n) )
oy , O ,°°°, Qn , M ﬁl,M 62,"'1M ﬁn
Observe now that the first row of %(u) represents a basis of the
field K=EM). Hence M(a{®, - -, of; M@g®, ... MOBY)

9 L, loc. cit. p. 392.
W L, loc. cit. p. 392.
u L, loc. cit. pp. 395, 397.
2 B, loc. cit. p. 122,
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(@, -+, P MOgH L. MOBY) ||my|| where the matrix
”mi,'” is a regular representation of M in R. Consequently
diag M®, - - ., M®) Qu(u) = Q(u) ||mi|, that is, Q(u) admits

K =Fk(M) for its multiplication algebra.

THEOREM. In the real case there exists for each order o of maximal
rank in k at least one Riemann malrix which admits for its ring of
multiplications the order o. In the imaginary case there exists for each
order O of maximal rank in K=k(M) at least one Riemann matrix
which admits for its ring of multiplications the order .

Proof. Let ©, be a Riemann matrix which has (Q.)=¢k. Suppose
thatwi, - - -, w,is a basis of o over the ring of integers. Then there ex-
ist rational regular » Xz matrices Sy and Sy so that (wy, - - -, wz)S1=a
and (wy, * - -, wy)Se=D0. Consider the matrix

S1 0
0 S

?

o

it is isomorphic to Q. and admits exactly o for its ring of multiplica-
tions. For this observe that ¢(wy, - + +, wa) =(w1, + * -, W,) ”f;,-” with
#Ek, ¢ o gives rise to a matrix ||fi;]| whose elements do not all lie
in the ring of ordinary integers since (wi, - - *, w,) is a basis of O.

Now let 2(u) be a Riemann matrix admitting K=k(M) for its
algebra of multiplications. We suppose that Q(u) is given as in the
proof of Lemma 2. Then the first row of Q:(u) is a basis of K over R.
Let (w1, - - + , wes) be a basis of the given order O in K. Then there ex-
ists a regular rational matrix .S so that Q(u) S has (w1, - - -, wea) for
its first row. Again Q(u).S is isomorphic to Q(u) and admits exactly O
for its ring of multiplications, that is, ®Q(u)S= Qz([.l.)S”F"j” gives
rise to a non-integral matrix || Fijl| in case ®EK, ®EDO.

COROLLARY. In both the real and imaginary case there exist fields of
abelian functions A of genus n which have models whose rings of multi-
plications can be prescribed.

For the proof we refer to the construction of the fields 4 for a given
matrix of periods.!?
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18 A, Krazer, Lehrbuch der Thetafunktionen, Leipzig, 1903 and L, loc. cit. pp. 367—
370.



