THE GENERALIZATION OF A LEMMA OF M. S. KAKEYA
J. GERONIMUS
We shall prove the following:

LEMMA. It is always possible to find the unique polynomial
2s
@) = 3 vt
k=0

of degree 2s possessing the following properties:
I o*(2) = ci¥(z)1(2)7*(2), ¢ = const.,
the polynomial 1(z) of degree o <s having all roots in the domain Iz] >1:
i) = [ (z = a), |a¢|>1, i=12,--+,0,
=1

and the polynomial 7(2) being of degree v=s—o:
v 1 v
7(3) =[] (2 — o), ™(2) = 27 (—) = 1 — z).
i=1 2 i=1

I1. It s subject to the conditions

28 .
w1(¢*) = ’YI?‘CI(:) = di, 7 = 0, 1’ ey S,
k=0
the given linear functionals w; being such that every polynomial ¢(z) of
degree n=2s for which

2s n
&) . k
wi(¢) = Yl = Oy (i = Or 17 tt S)r ¢(Z) = Z'Ykz )
k=0 k=0
has s+1 roots at least in the domain |z| <1.
In the particular case when

wi(¢) = ¢V (zw), | 2] <1,

this lemma has been proved by M. S. Kakeya [1];! without being
aware of his result we have proved this lemma in the case?

! Numbers in brackets refer to the bibliography at the end.
2 In [1]and [2] one may find the application of this lemma to some extremal prob-
lems.
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1 /di
wt(¢)=———< ¢> s 1=20,1,---,5s.
2=0

i\ dzt

In order to prove this lemma in the most general case we consider the
following extremal problem:

PROBLEM. To find the minimum of the iniegral
2T
(1) uw:f | ¢(2) |26(6)do, z = eif,
0

t(z) being the given polynomial of degree s with £(0)=0 and b(0) being
a trigonometric polynomial of order n=2s:

/1 z . )
4 k=0
subject to the conditions®
23
5} )
(2) wi(b) = wi(¢) = Z'chk = d,, 1=20,1,--- , S.
k=0

The fundamental property of our functionals w; yields at once that
every trigonometric polynomial 5(8) subject to the conditions

wi(d) = 0, i=0,1,---,s5,

has in (0, 27) no more than 2(n—s—1) changes of sign. It is clear
that there exists a solution of our problem. Further, the necessary
conditions for an extremum are

sgn b*(0) l tz) |2 = R Y Az¥, = ¢,
k=n—2s
whence we find at once that the Fourier expansion of sgn 5*(0) is of
the form
sgn b*(6) = R > Bzt z = e,
k=n—s

We have shown in [2] that every trigonometric polynomial with this
property must be of the form

b*(0) = R{c‘z"“2”+"q2(z)}r(z)?(l/z), z = e,

g(2) being a polynomial of degree o <s all of whose roots lie in the
domain Izl <1, and 7(2) being a polynomial of degree v =s5—o0.

3 The functionals w; are the same as above.
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The polynomial 6*(8) for which the minimum is attained is unique.
If there were two such polynomials, b#*(0) and b5*(6), then we would
have

b

LoH <L (—"«325——) < L(b);

then b*(0) and bs*(6) would change sign at the same points, that is,
the polynomial

b(0) — b¥(0) = R{z"2+g(2)} {a1| ri(e) |* — &2 12(2) |2}, 2= e,
would have at least 2(z —») changes of sign in (0, 27); but since
wi(bf — bs¥) = 0, i=0,1,---,5s,

the polynomial b:#(0)—bs*() cannot have more than 2(n—s—1)
changes of sign in (0, 27); this contradiction proves the unicity of the
polynomial solving our problem. Thus we find that there exists the
unique polynomial b*(0) minimizing (1) under conditions (2) and it
must be of the form
b*(8) = R{cz"T¢2(z)1(2)7(1/2)}

= R{Fda" + 7t 4 - + Fazr}, z = ¢".
Since the real parts of two polynomials coincide on the unit circle,
these polynomials are identical, that is,

G ()T = T+ T -+ T,
whence we find finally
0*(a) = v + izt -+ e = @D ),
where
i(2) = ¢*(z) = #7q(1/3).

Thus we have found the polynomial ¢*(2) satisfying all the conditions
of our lemma.
BiBLIOGRAPHY

1. S. Kakeya, Maximum modulus of some expressions of limited analytic functions,
Transactions of this Society, vol. 22 (1921), pp. 489-504.

2. J. Geronimus, On a problem of F. Riesz and on the generalized problem of Tcheby-
cheff-Korkine-Zolotareff, Bulletin de 1’Académie des Sciences de I'URSS., vol. 3
(1939), pp. 279-288.

TECHNOLOGICAL INSTITUTE,
Kuarkow, U.S.S.R.



