ON TRANSLATIONS OF FUNCTIONS AND SETS!
RALPH PALMER AGNEW

1. Introduction. It is the object of this note to prove the following
theorem and two lemmas (see §3) on translations of sets which are
used in the proof of the theorem.

THEOREM 1. In order that a sequence x.(t) of complex-valued func-
tions measurable over — o <t< o may be such that, for each real se-
quence Ny,

(1) lim %,(6 — N\,) =0

n—oo

for almost all t, it is necessary and sufficient that for each 6 >0

(2) 2 lub. |Ed{r=stsh+1;|x@)] 28] <.
n=1 — O <h<®
Necessity for Theorem 1 is established by proving the following
more incisive theorem.

THEOREM 2. If a sequence x,(t) of complex-valued functions measur-
able over — o <t < « s such that, for each real sequence \,,
lim %,(6 — A\) =0
n—o

for each t in some set D of positive measure (where the set D may depend
upon the sequence N,,), then (2) holds.

Measure is that of Lebesgue, and a property such as (1) holds for
almost all ¢ if it holds for all ¢ in the infinite interval — « <¢{< c with
the possible exception of a null set (set of measure 0). The set

A=A t,n8) =E{h<t<h+1; | 2()| = 8}

is the set of all points ¢ such that A <¢<%+41 and } xa(2) | =d;and IA ]
denotes the measure of A. The condition (2) implies that when # is
large the function | x,(#)| is less than & for “most” values of ¢ in each
unit interval; but (2) implies no restriction whatever on x,(f) when ¢
lies in the “exceptional” set.

The hypothesis that (1) holds for almost all ¢ for each real
bounded sequence N, does not imply (2). For example if, for each
n=1,2,3, -, x,(t) is a constant ¢, over the interval 2" <t <2741
and is 0 otherwise, and N, is a bounded sequence, then (1) holds for
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each ¢; but (2) fails in case ¢, fails to converge to 0 as # becomes
infinite.

2. Proof of sufficiency for Theorem 1. Let x,(f) be a sequence of
measurable functions for which (2) holds, and let A\, be a sequence of
real numbers. It follows from (2) that, for each § >0,

3) X lub. |E{r=itsh+1;|at—2)] 26} <.
n=1 —9<h<®

Let J denote an arbitrary finite interval. Since J can be covered by a
finite set of unit intervals A <t<h+1, it follows from (3) that for each
6>0

(4) S| Edter; |t —2)| 26} | < .
n=1
Setting
(5)  Aup=Edte]; |xmt—N\)| =71}, mp=1,23 -

we see that (4) implies existence of indices #;<#ma<#3< - - - such
that
(6) 2 [ 4ns| <2777, p=1,2-.
'n=np
Setting
(7) AT:Z ZAMP’ 1’=1,2,"-,
p=r n=npy
we find
(8) |A,|§Z Z'An.pl<22_"‘1=2"’, r=1,2,---.
p=r n=n, p=r
Let
9 J,=J — 4, r=1,2,---.
If te J, then, when p >7,
(10) | @t = M) | <27, nZ ny,
so that x,.(¢—X\,) converges to 0 over J,. Hence x,((—\,) converges
to 0 over Ji+J2+ - - - . But J, is a subset of J having measure
greater than [JI —2-7; hence J;+J:+ - - - is a subset of J having

measure |J I Therefore x,(t—\,) converges to 0 for almost all ¢ in J.
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Since J is an arbitrary finite interval, x,(¢ —\,) must converge to 0 for
almost all £ in — « << « and sufficiency for Theorem 1 is proved.

3. Lemmas on translations of sets. In this section we prove two
lemmas. The first states that if C and B are measurable subsets of
unit intervals, then it is possible to translate B in such a way that
the intersection of C and the translation of B will have measure at
least 3| C| |B| . The first lemma is used in proof of the second which
specifies conditions under which a given sequence of sets can be trans-
lated so as to cover each point of the interval — «© <{< «, with the
exception of a null set, an infinite number of times. The close connec-
tion established in §4 between Lemma 2 and Theorem 2 shows that
the combined proofs of Lemmas 1 and 2 furnish essentially a proof of
Theorem 2.

If E is a set of points ¢ in the interval — « <¢{<  and X is a real
number, let E(\) denote the set of points ¢ such that t—\ ¢ E; thus
E(M) is the set obtained by translating the set E to the right N\ units.
Let U denote the unitinterval 0 <¢=<1.

LemMmA 1. If C and B are measurable subsets of U, then

(11) max |CB(\)| = 3|C|| B].

—12\=S

Let ¢(¢) be the characteristic function of C, that is, ¢(¢) =1 when
t e C and ¢(¢) =0 otherwise; and let ¢/ (¢) be the characteristic function
of B. Then y¥(t—\) is the characteristic function of B(A), and
o ()Y (—N) is the characteristic function of the intersection CB(M)
of C and B(\). Hence on denoting the measure of CB(\) by u(\) we
have

(12) W) = [ sow = Na.
The function u(\) is continuous since

v+ 1) = ] = [ 601w — N =) =y =N | @

éfwlgl/(t—-)\—h)—-gb(t—)\)ldt

—0

=fw|¢(t——h)—¢(t)ldt

and the last integral converges to 0 with %. Hence u(\) has a maxi-
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mum over the interval —1=<N=1. Since u(\) =0 when l)\l >1, the
computation

f_z"“)‘” = f_:d% f_:¢(t)¢(t — Nt

=f°°¢<¢>dtf°°¢<¢-x>dx=chBl

is easily justified. This equality and the inequality
(13) s(\) £ max u(N), —-1=221

—1=Ms1

)

imply that max | CB()\)I =max u(\) g%l CI |B] and Lemma 1 is es-
tablished.

The fact that use of inequalities such as (13) often leads to crude
results may make one suspicious that Lemma 1 holds when the fac-
tor ¥ in (11) is replaced by a greater factor. To settle this ques-
tion, let 0<e<%, let C=E,{e<t<1—e¢}, and let B=E,{0<t=<¢}
+E{1—e<t<1}. Then |C| =1—2¢, |B|=2¢ and it is easy to
verify that

(14) max |CB(\)| =e= [1/(2 —49]|C[|B| > 0.

This shows that % is the greatest factor permissible in (11).

LeMMA 2. If Ay, Ao, - - - 15 a sequence of measurable sets and a se-
quence Uy, Us, - - - of unit intervals exists such that

(15) 2| Unda| = =,
n=1
then there exists a sequence M, Ng, + - - such that each t in the interval

— o0 <t < «©, except those in some null set, lies in an infinite number of
the sets A,(\,).

Let B,=U,A4, so that each B, lies in some unit interval and
2| Ba| = . Let # be fixed. Choose A, such that B,(\,) € U, where
U is as before the unit interval 0=<¢=<1, and let C,, = U—B,(\,). Since
Ni+1 exists such that B,1(N\/1) € U, Lemma 1 guarantees existence
of Nyq1 such that

(16) I CrBry1(Any1) | =3 | Cnl | B,y l .

Let Cpy1=U— [Ba(\s) + UBu11(\us1) . Again from Lemma 1, N4z ex-
ists such that (16) holds when # is replaced by #+41. In this manner,
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we obtain a sequence Ay, Ant1, * + - of real numbers and a sequence
(17) Copp = U — [UBn()‘n) + UBnpi(hagr) + - -+ + UBn+p()‘n+p)]
of sets such that, for each p=0,1,2, ..,

n+p 1 ntp
(18) ZICkBk+1(>\k+1)l = 7Zlck” Bk+1|.

k=n k=n
Since the sets CyBiryr1(Aey1) (B=n, n+1, - - -, n+p) are subsets of U
and no two have a point in common, the left member of (18) is less
than or equal to unity for each p =0, 1, 2, - - - . From this it follows

that l C,H.,,I —0 as p— o ; for | Cnﬂ,l is monotone decreasing as p— «
and if I C,,+p| is bounded from 0, then the fact thatZ, B,,I = o would
imply that the right member of (18) diverges to + « as p— . The
conclusion that l C,,+,,| —0 as p— o implies by (17) that

(19)  lim | UB,(\) + UBuri(hgt) + « = + UBnip(hntp) | = 1.

p— o
Hence there exists a sequence 0 =n;<#n;< - - - of indices such that
the set
(20) Dy = UB”k+1()\"k+l) + -+ UB"IcHO‘"kH)
hasmeasureIDkl >1—2"*1foreachk=1,2, - - -.PutP,=DyDyyy - - -
and P=P,+P;+ - - - . The fact that D; ¢ U and | Dy| >1—2-*1 for
each k=1, 2, - - - implies that Py c U and | Px| Z1—2*, and conse-

quently P c Uand |P| =1.If t e P, then ¢ e Py for some & so that e D;
for all sufficiently great & and ¢ ¢ B,(\,) for an infinite set of », and
hence also ¢ ¢ A,(\,) for an infinite set of .

If the sequence of sets 4, is arranged in a double sequence 4,,,
(p=0, 1, - .- ;¢=1,2,---)in such a way that

(21) ZI‘AP,G|=°°, p=0,+1,%2-.--,
=
it results from what we have already proved that for each fixed p
there is a sequence A,,1, Ap,2, - - + such that each point of a subset
of IpEEt{p§t§p+1} of measure unity is contained in an infinite
number of the sets 4,,:1(A\p,1), 4p,2(\p,2), - - - . Then each point of
— o <t< o with the exception of a null set lies in an infinite num-
ber of sets of the double sequence 4,,,(\,,,) which can be arranged in
the simple sequence 4,(\,), and proof of Lemma 2 is complete.
The hypothesis of Lemma 2 is equivalent to the following: 4, is a
sequence of measurable sets such that
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(22) > lub. |EfhStSh+1ted,}]| = .

n=1 —®o <h<e
That the hypothesis (22) cannot be relaxed is a consequence of the
following result which we give without proof. If 4, 4,, - - - is a se-
quence of measurable sets, and a real sequence \;, Ag, - - - and a set C
of positive measure exist such that each point of C lies in an infinite
number of the sets 4,(\,), then (22) holds.

That the conclusion of Lemma 2 must provide for an exceptional
null set becomes clear when one observes that if the sets 4, are each
nondense then, however \;, Nz, - - - are determined, the set ZA,,()\,,)
must be of the first category and hence there must be a set of the
second category whose points are in none of the sets A,(\,).

4. Proof of Theorem 2. To prove Theorem 2, let x,() be a sequence
of measurable functions for which (2) fails for some 6§ >0. Then 6§ >0
and a sequence k4, ks, - - - exist such that

(23) D Ef St ha+1; | a,(0)| 28} = .

n=1
Let A,=E,{|x.(f)| 28}. Then by Lemma 2 there exist a sequence
A, Ag, - - - and a set C whose complement is a null set such that each ¢
in Clies in an infinite number of the sets 4,(\,). Hence if ¢ ¢ C, then
t—MNn ¢ A, for an infinite set of # so that | Xn(E—N0) | = 6 for an infinite

set of #. This contradicts the hypothesis of Theorem 2 and completes
the proof.
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