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Abstract

We obtain a new solution of the star—triangle relation with positive
Boltzmann weights, which contains as special cases all continuous and
discrete spin solutions of this relation, that were previously known. This
new master solution defines an exactly solvable two lattice model of sta-
tistical mechanics, which involves continuous spin variables, living on a
circle, and contains two temperature-like parameters. If one of the these
parameters approaches a root of unity (corresponds to zero temperature),
the spin variables freezes into discrete positions, equidistantly spaced on
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the circle. An absolute orientation of these positions on the circle slowly
changes between lattice sites by overall rotations. Allowed configurations
of these rotations are described by classical discrete integrable equations,
closely related to the famous @4-equations by Adler, Bobenko and Suris.
Fluctuations between degenerate ground states in the vicinity of zero
temperature are described by a rather general integrable lattice model
with discrete spin variables. In some simple special cases, the latter
reduces to the Kashiwara-Miwa and chiral Potts models.

1 Introduction

There are only a few exactly solvable models in statistical mechanincs where
the Yang-Baxter equation takes its distinguished “star-triangular” form.
The most notable discrete-spin models in this class are the Kashiwara and
Miwa [1] and chiral Potts [2-4] models (both of them also contain the
Ising model [5] and Fateev—Zamolodchikov Zx-model [6] as particular cases)
see [7] for a review. There are also important continuous spin models, includ-
ing Zamolodchikov’s “fishing-net” model [8], which describes certain pla-
nar Feynman diagrams in quantum field theory, and the Faddeev—Volkov
model [9], connected with quantization [10] of discrete conformal transfor-
mations [11,12]. All above models are also distinguished by the positiv-
ity of the Boltzmann weights — the property that is required for many
applications, but rarely realized for generic solutions of the Yang—Baxter
equation.

In this paper, we present new solutions of the star—triangle relation that
possess the positivity property. Most importantly we present a master solu-
tion, which contains as special cases all the previously known continuous
and discrete spin solutions mentioned above,! and also leads to new ones.
Our master solution involves continuous real-valued spins, varying in the
range 0 < z,y < 2w, and a reflection-symmetric Boltzmann weight, which
is unchanged upon interchanging the spins z, y,

1 P(z —y+ia) P(z +y +ia)
O(z—y—ia) P(z+y—ia)

Wa(,y) = Waly, ) = fiy (L

and depends on an additive spectral parameter « (it enters additively into
the Yang-Baxter equation (1.5) below). Here k. is a spin-independent

'To be more precise, it only contains the solutions, which have a single one-dimensional
(1D) spin at each lattice site. For this reason, it cannot contain the D > 2 fishing-net
model, which has multi-dimensional spins.
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normalization factor and ®(s) is the elliptic I-function [13-15],>

B(s) = ex e (1.2)
b g;n@ -p (@ —aq™)

The latter depends on two fixed parameters p and q (elliptic nomes),
p=e™ qgq=¢", n=—ir(r+0), Im7>0, Imo>0. (1.3)

This function obeys a simple functional equation ®(s) ®(—s) =1, which
ensures the reflection symmetry of the weight (1.1). Define also a single-
spin weight

en/4
S(x) = ?ﬁl(xh)ﬁl(x\a), (1.4)

where 9;(z|7), j =1,2,3,4, are the standard Jacobi theta-functions [16]
with the periods m and 7.

We state that the above weights satisfy the star—triangle relation of the
form,

2w

dzo S(x0) Wi—a1 (21, 70) Way a3 (T2, 20) Wiy—as(73, 20)
0

=R Wal (l‘Qv 1:3) analfoés (‘rla ZL‘3) Was (:L‘la :L‘g), (1'5)

where the crossing parameter n is defined in (1.3) and R is some explic-
itly known scalar factor (see (2.18) below), which depends on the spectral
variables a; and ag, but is independent of the spins x1, s, T3.

The weights (1.1) and (1.4) are real and positive in (at least) two main
physical regimes

*

i) p=p", g=qg" or (i) p=q, (1.6)

with real spins and a real spectral parameter in the range 0 < a < 7. Note,
also that the weights are unchanged upon negating the spins W, (z,y) =

20ur definition (1.2) differs slightly from the standard definition of the elliptic
I-function; see (2.11) below. The sum in (1.2) is taken overall positive and negative
integers, excluding zero; it converges in the strip |Ims| < 1, while the product formula
(2.8) applies to the whole complex plane of the argument s.
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Wa(Ez,y) = Wa(z,ty), S(x) =S8(—z), and are periodic in each spin
argument

Walz,y) = Wa(x 4+ 2m,y) = Wy (z,y +27), S(z)=S(z+2m), (1.7)

therefore one can regard the spins as angle variables on a circle. This also
means that the integral in (1.5) is a closed contour integral, where the inte-
gration contour can be deformed into the complex plane, if necessary.

As is well known [17] every solution of the star—triangle relation can be
used to define exactly solvable edge interaction models on various 2D lattices.
For purposes of this introduction it is enough to consider an homogeneous
square lattice. In this case, the partition function reads

Z = / / HW Ti, L) 1_11/\/77 oz, xp) HS Tn) ATy, (1.8)

0<@m <27 (ZJ (k1)

where the first product is taken over all horizontal edges (ij), the second
over all vertical edges (kl) and the third over all internal sites m of the
lattice. We will implicitly assume fixed boundary conditions. In the limit of
a large lattice, the partition function can be calculated with the inversion
relation method [18-20]; the result is given in (2.26).

The elliptic I-function (1.2) first appeared implicitly in Baxter’s pioneer-
ing paper [21] on the eight-vertex (it enters the exact expression for the
partition function) and then was developed systematically in [13-15]. Our
key observation is that as a mathematical identity the star—triangle relation
(1.5) reduces to the most general form of Spiridonov’s celebrated elliptic beta
integral [15]. Actually, it is quite remarkable that this fundamental integral
identity, which lies at the basis of the theory of elliptic hypergeometric func-
tions [22], is nothing but a Yang-Baxter (star—triangle) relation, defining a
perfectly physical integrable lattice model of statistical mechanics.

Let us now explain how this continuous-spin model could turn into a
model with discrete spin variables, for instance, into the chiral Potts model.
The key to the answer is the low-temperature limit. Note that the weights
(1.1) and (1.4) symmetrically depend on two temperature-like parameter p
and q. For generic values of these parameters, 0 < |p|,|q] < 1, formula (1.1)
defines a smooth function of spins with two dull bell-shaped maxima near
x =y and x = 27 — y. However, when one of the parameters p, ¢ approaches
the unit circle, the maxima become very sharp. Moreover, the function
(1.1) starts to exhibit additional sharp (d-function type) maxima, so that
the spin variables become locked to a discrete set of energetically favourable
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positions.> To get a better idea of how this happens, consider the limit

when q approaches a root of unity
p=e7" =fixed, q=e TN T 50, N>1, (1.9)

and p is some suitable chosen numerical coefficient.* The partition function
(1.8) develops a typical low-temperature asymptotics

S(X) dzrm,
Z:/.../ exp(—T+0(1)+0(T)> 1;[\/:? T 0, (1.10)

0<xm<2m

where X ={z1,z2,...,2p} and M is the number of internal (non-boundary)
sites of the lattice. Explicit expressions for the energy functional £ (X ) are
given in Section 3.3 and Appendix 5. It is a bounded from below function of
the spin variables and that for N > 1 it has stronger periodicity properties
in each spin variable

5($1,$2,...,1‘m—|—%,...,$M)
zf(xl,xg,...,xm,...,x]\/[), m=1,...,M, (1.11)

than could be expected from (1.7). To obtain the leading asymptotics of the
partition function (1.10) at 7' — 0, one has to minimize £(X),

x (cl)
log Z = —S(T) +log 2y + O(T), (1.12)
where
o0& (X
( ) =0, m=12,..., M, (1.13)
0z m
X:X(cl)

and X&) = {£,&,...,&y} denotes a stationary point of the functional
E(X), corresponding to the ground state of the system. Remembering that
the spin variables run over the full circle 0 < z,, < 27, one immediately

3Cf a similar phenomenon for q — —1 limit in [23].

“Note that this limit does not belong to either of the main physical regimes (1.6);
however, with a suitable choice of 7 and « it can be mapped to another physical regime
for at least two terms of the of the low-temperature expansion discussed below.
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concludes that this ground state is N™-fold degenerate. Indeed, thanks to
(1.11), the equilibrium positions can be independently shifted,

gm—>§m—|—27rnm/N, anZNE{O,l,...,N—l}, (1.14)

without affecting the validity of the conditions (1.13). Thus at zero temper-
ature, T' = 0, the system “freezes” into one of these degenerate ground state
configurations.

The next natural question is to understand what is happening in the
vicinity of the zero temperature, when the above degeneracy is lifted. A
simple analysis shows that the only fluctuations, that are allowed in the
next-to-leading order of the low-temperature expansion, are the discrete flips
(1.14) between different ground state configurations, whereas the values of
&m (mod 27 /N) arising from the minimization of £(X) remain frozen. This
means that the quantity Zp in constant term of the expansion (1.12) can
be understood as the partition function of a certain edge interaction model
with discrete spins variable {ni,ns,...,ny}, each taking N different values
ng € Zy. Its Boltzmann weights can be found by expanding (1.8) in the
limit (1.9) and isolating all constant terms. The results are given in Sec-
tion 4. Naturally, these Boltzmann weights explicitly depend on the original
additive spectral variables a and n—«, and the remaining temperature-like
parameter p (which is still at our disposal). Moreover, they also depend on
the variables {&;,}, which solves the minimization equation (1.13), and this
is what makes the problem really complicated. In particular, the variables
{&m} could depend on the original spectral variables o and n—« in a very
complicated way, therefore, in general, the simple addition law for the spec-
tral parameters in the star—triangle relation will be lost. Nevertheless, we
definitely know that the emerging discrete spin model must be integrable!
Indeed the original master model is integrable for any value of parameter
q, therefore this integrability should manifests itself in every order of the
expansion (1.12).

It is clear, of course, that to analytically describe the new discrete spin
model one needs to better understand the minimization equations (1.13),
which according to our expectations must be integrable as well. The energy
functional £(X) is a sum of two-spin edge energies therefore the variational
equation (1.13) for any particular spin x,, will also involve spins on all neigh-
bouring sites. For the square lattice each site has four (nearest) neighbours,
therefore each equation (1.13) will contain five variables. For the homoge-
neous model (1.8) on the square lattice they have the same form for any
internal spin &,

U5(,&)T3(E, &) = U1 (&,&) U1 (&, &), (1.15)
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where &y, &4, ¢, & are the spins immediately above, below, to the left and
to the right of {&. The function ¥,;(x,y) reads

19]( (.T—y—FIOZ)‘NT) 19](
Y (m—y—ia)\NT) 19j(

(z+y+ia)|NT)

. j=1,2,3,4.

e
e

(x+y— ia)\NT)
(1.16)

Our next important observation is that these non-linear difference equations
are indeed integrable, as expected. They appeared previously in remarkable
papers by Adler, Bobenko and Suris [24,25] devoted to the classification of
classical integrable equations on planar quadrilateral graphs. More specif-
ically, the minimization equation (1.13) arising here is closely related with
the so-called Q4 equation, which is the most complicated equation located
at the top of the Adler—Bobenko—Suris classification.

The organization of the paper is as follows. In Section 2, we briefly review
some basic facts from the theory of integrable lattice models and present the
master solution (1.1), (1.4). The low-temperature expansion is considered
in Section 3. In Section 4, we present a new discrete spin solution of the
star—triangle relation and show that in some simple special cases this solution
reduces to those of the Kashiwara and Miwa [1] and chiral Potts [2-4] models
(the latter were the most complicated solvable discrete spin models hitherto
known). Here we present only the final results; the details of calculations
will be published separately.

2 The star—triangle relation
2.1 Edge interaction models

To facilitate further discussions let us briefly review some basic facts from
the theory of integrable lattice models. A general solvable edge-interaction
model on a planar graph can be defined in the following way [26,27]. Con-
sider a planar graph ¢, of the type shown in figure 1, where its sites (or
vertices) are drawn by open circles and the edges by bold lines. The same
figure also contains another graph .Z, shown by thin lines, which is the
medial graph for 4. The faces of £ are shaded alternatively; the sites of ¢
are placed on the unshaded faces. We assume that for each line of . one
can assign a direction, so that all the lines head generally from the bottom
of the graph to the top. They can go locally downwards, but there can be



72 VLADIMIR V. BAZHANOV AND SERGEY M. SERGEEV

Figure 1: The planar graph ¢ (shown by open circles and bold edges) and
its medial graph £ (shown by thin edges and alternatively shaded faces).

no closed directed paths in .. This means that one can always distort .,
without changing its topology, so that the lines always head upwards.®

Now we define a statistical mechanical model on ¢. With each line £ of £
associate its own “rapidity” variable p,. At each site i of ¢4 place a spin s;,
taking some set of (continuous or discrete) values. Two spins interact only if
they are connected by an edge. This means that each edge is assigned with
a Boltzmann weight which depends on spins at the ends of the edge. The
Boltzmann weights usually depend on some global parameters of the model
which are same for all edges (for instance, temperature-like variables). Here
we assume that they also depend on local parameters, namely, on the two
rapidity variables associated with the edge.

The edges of & are either of the first type in figure 2, or the second.
Let a, b be the spins at the end sites of the edge and p, ¢ the rapidities
of the associated lines,® arranged as in figure 2. Then if the edge is of
the first type, the spins a, b interact with the Boltzmann weight function
Whpq(a,b). If the edge is of the second type, they interact with the weight

5This assumption puts some restrictions on the topology of the planar graph ¢, but
still allows enough generality for our considerations here.

5To avoid confusions note that the rapidity variables p and ¢ are not related to the
elliptic nomes p and q in (1.3), denoted by upright symbols.
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> < »: <
a O——O b
P . q p .q
Wpq (I7 y) qu (Iv y)

Figure 2: Edges of the first (left) and second types and their Boltzmann
weights.

W pqe(a,b). In general, there may also be a single-spin self-interaction with a
rapidity-independent weight S(a) for each spin a. The partition function is
defined as

Z =" 11 Wadlsiss)) TTWalsrsst) T S(sm) (2.1)
{s} () (k) m

where the first product is over all edges (ij) of the first type, the second
is over all edges (kl) of the second type, and the third one is over all sites
m. The sum is taken over the values of spins on the internal sites, while
the boundary spins are kept fixed (for continuous spins the sum is replaced
by an integral). The integrability requires the weights to satisfy the two
star-triangle relation [7]

Z S(d) qu(d7 )Wopr (b, d)qu(a, d) = Rpgr Wpq(b, a>Wpr(a7 c)Wer (b, c)

! (2.2)
Z S(d) WZNJ(C? d) WIJT (dv b)WqT(dv a’) = RPQT WPQ(a7 b)WPT (07 a)qu (67 b)

d

where R, is some factor independent of the spins a,b,c. For all known
solutions it can be written in the form [7,28],

Rpgr = for fpa/ fors (2.3)

where f,, is a scalar function of the two rapidity variables p and ¢q. More-
over, the weights can always be normalized so that they satisfy the two
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A

P :

q

Figure 3: A pictorial representation of the first star—triangle relation
in (2.2).

inversion relations,

ZWM(@» c) S(c) Wp(c,b) = S(a)~! foa fap Oab,

Wpe(a,b) Wep(a,b) =1, Va,b.

(2.4)

The first star-triangle relation in (2.2) equates partition functions of the
“star” and “triangle” graphs shown in figure 3, where the external spins a,
b and c are being fixed. Similarly, the second relation in (2.2) is related to a
mirror image of figure 3. Note that the two relations coincide for reflection-
symmetric models,

Wpq(a,b) = Wye(b,a), Wye(a,b) = Wp,(b,a), (2.5)
where the weights are unchanged by interchanging the spins a and b.

The partition function (2.1) possesses remarkable invariance properties
[26,27]. It remains unchanged by continuously deforming the lines of ¥
with their boundary positions kept fixed, as long as the graph .Z remains
directed. It is easy to see that all such transformations reduce to a combi-
nation of the moves, corresponding to the star—triangle (2.2) and inversion
relations (2.4). In general, the partition function acquire simple fp, factors
under these moves, however with an appropriate normalization of the Boltz-
mann weights the invariance is strict (all extra factors could be eliminated,
see (2.20)). Given that the graphs £ and ¢ can undergo rather drastic
changes, the above invariance, called “Z-invariance” in [26], is rather non-
trivial. It provides an ultimate formulation of the integrability statement.
For instance, the commutativity of transfer matrices in solvable models is a
particular case of this invariance.
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2.2 The master solution of the star-triangle relation

The star—triangle relation (1.5) is a particular case of (2.2), where the Boltz-
mann weights are reflection-symmetric and possess the difference property,
which means that they depend only a difference of two rapidities p and g,

qu(a, b) — Wp—q(aab)’ qu(a,b) - n—p+q(avb)‘ (2.6)

With this correspondence the spectral variables o; and ag in (1.5) are con-
nected to the rapidity variables in (2.2) as

ar=q-71, az=p-—q. (2.7)

Note also that the fact that the weights for the edges of two types in figure 2
are obtained from each other by a simple substitution a — n — a of the
difference variable @ = p — q is called the crossing symmetry. By this reason
the parameter 7 in (2.6) is usually called the “crossing parameter”.

The standard elliptic I-function is defined as (see, e.g., equation(2.18)
of [22]),

o0 —1 2042 2m+2
I(zp% %) < mlﬂ:[g ! _12_ jr:;: q(;mm+ , (2.8)
where
p=e™, q=¢", (2.9)
and 0 < |p|, |]q| < 1. Define the crossing parameter n by
e "=pq, n=—in(r+0). (2.10)
For our purposes it is convenient to use the function
d(x) d:eflj(efi(xfi"); p?,q%) = exp Z e , (2.11)

Pt —p)(@" —a7")

which satisfies a simple “reflection” equation ®(z)®(—z) = 1.
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Our master solution of the star—triangle equation (1.5) (already quoted
in the introduction) reads

1Pz —y+ia)P(x+y+ia)

Wa(z,y) = k(@) EETT p—_ (2.12)
/4
S(x) = %191@ | 7)1 (x| 0). (2.13)

where 9;(z|7), j =1,2,3,4, are the standard Jacobi theta-functions [16]
with the periods 7 and w7. The weights are symmetric,

Wa(z,y) = Waly, ) = Wa(Ez,y) = Walz,1y), S(x)=S8(—=z), (2.14)
periodic in their spin arguments,

Wa(z,y) = Walz + 27, y) = Wa(z,y +2m), S(x)=S(z+27), (2.15)
and satisfy the recurrence relations

Wa(m - Wa,y) 294(

(:c+y+ia)]7’)

(:):—l—y—ioz)]T)

(:cfy+ia)|7') 194(
(x—y—ia)|7) d4(

Wa (ac + 7o, y) 194(

NI | N
NI | N

(2.16)

and the same with 7 < 0. For real-valued spins the weights are real and
positive in the two main physical regimes

(i) p=p", q=q" or (ii) p=q, (2.17)

provided the spectral parameter is real and kept in the range 0 < o < 7.

As a mathematical identity the star—triangle relation (1.5) contains seven
continuous parameters: two nomes p and q; two spectral variables a;; and azg;
and three spins x1,z2, 3. One can show that this relation can be reduced
to the most general form of Spiridonov’s celebrated elliptic beta integral.
Then using equation (3.1) of [22] one obtains the expression for the factor
R in (1.5),

S flay) o ()
R = AT fle) = @in — 2ia) L2
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It is worth noting that if the function k(«) satisfies the equations

"””(Z(;)O‘) = d(in — 2ia), w(a)k(—a) =1, (2.19)
then one trivially obtains
fla)=1, R=1. (2.20)

With this normalization the inversion relations (2.4) for the weights (2.12)
and (2.13) simplify to

2m 1
0 dZS(Z) WV]*OK(:E? Z) WﬂJra(za y) - 28(.’,12‘) (5($ - y) + 5(1: + y)) ) (221)
Wa(.’B, y) W—a(xa y) = 17
where 0(x) denotes the periodic §-function
Sy = L S e (2.22)
)= o 2 . .

Moreover, for the same normalization the weights have the following special
values:

= @y 48 ty).

Woz(xvy) =1, Wnia(l" y) a—+0 N 25(13)

a=0

(2.23)

Note that all the above relations are consistent with the symmetries of the
weights (2.14).

The general definition of the partition function (2.1) specialized to this
case leads to

Z= /HWaij(:vi,:vj) HS(wm) Az, (2.24)

(7) m

where the edge variables «;; are given by

2.25
n—p+q, for a second type edge, ( )

{p —q, for a first type edge,
Oéij =

where p and ¢ are the pair of rapidities, associated the edge (ij), as shown
in figure 2. The integral in (2.24) is overall internal spins. The boundary
spins are kept fixed (e.g., all boundary spins can be set to zero).
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Equations (2.19) are precisely the functional equation of the inversion rela-
tion method [18-20] adapted for edge interaction models [29]. The quantity
k() is interpreted there as the partition function per edge in the limit of
an infinitely large lattice. A suitable solution of (2.19) with appropriate
analytic properties is given by

2an
¢ (2.26)

/1(04) = exp 1;) n(p" _ p—n)(qn _ q—n)(pnqn + p—nq—n)

If this function is used for the normalization of the Boltzmann weights (2.12)
in (2.24) then the partition function per site

Jim ZUM — 1, (2.27)
—00

is equal to one in the thermodynamic limit.”

3 Low-temperature expansion
3.1 Asymptotics of the weights

Consider the limit of star—triangle equation (1.5) when one of the
temperature-like parameters tends to a root of unity,

p=e™ =fixed, q=e %N -0, N>1. (3.1)

Note that the crossing parameter (1.3) then becomes

e (;+w+2';2)ﬂ=—i(;+w). (3:2)

As explained in the Introduction the Boltzmann weights develop a singular
asymptotics (1.10), where the leading term is unchanged upon the shifts

"Given that the inversion relation method [18-20] require analyticity assumptions,
which cannot be rigorously justified, it would be desirable to reproduce the result (2.26)
by other methods, e.g., by a kind of Bethe Ansatz.
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x; — x; + 27 /N. Therefore, it is convenient to set

2 n;
N Y

n; € Zn, _T < Re& < 1 (3.3)

T =& + N I

From now on we will use new variables

B iNo i = N (5 777')
14+ N7 7' 14Nt 2/
Nt iNn
r_ I — = 3.4
TT1ynNe TTiyNs T T (3.4)

instead of «, &, 7 and 1. With the new variables the asymptotics of (2.12)
and (2.13) can be written as®

log Wa (1, 22) = —é L(O| o1, d2) +log Wy (o1, d2,n1,n2) + O(e),  (3.5)

log () = —éC(qﬁi) - %loga +log S(ér, ) + O(e), (3.6)
where
C(¢1) :% <2f)1 ;,”)2 (3.7)
and
£<9¢1,¢2>:—(c<¢1>+6<¢2>)+”f7{ / : " dz1og gjg _Z;;:;
+/j1+¢2dzlog Zigﬁ;gi::;} (3.8)

Note the leading terms in (3.5) are independent of the integers n;, entering
(3.3). Explicit expressions for Wy(¢1, ¢2,n1,n2) and S(p, n) are given in the
next section.

3.2 Expansion of the star—triangle relation

In deriving (3.5), we assumed the normalization (2.26) for which the factor
R in (1.5) is equal to one. Substituting (3.5) and (3.6) into the star—triangle

8See Appendix A for the corresponding expressions in the original variables.
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relation (1.5), one obtains

/d% —Ax(@)/2

NG

X { Z S(no) Wﬂ—91 (nlv nO) W91+93 (nQa nO) W7T—93 (n3a ’I’Lo) }
Nno€EZN
— (7//r)e~Aa(9)/e W, (n2,n3) Wr_g, g (n1,713)

X W93 (n1,77,2) (1 + O(E)), (3.9)
where ¢ - (¢07 ¢17 ¢27 ¢3)) and

Ax (@) = L(m — 01| ¢1, d0) + L(01 + 03 | d2, do)
+ L(m — 03| ¢3, ¢0) + C(0), (3.10)
An(@) = L(01| ¢2, ¢3) + L(m — 601 — 03| ¢3,01) + L(03| ¢1,02).  (3.11)

Here, we used the abbreviated notations S(¢o,ng) = S(no), We(ns,n;) =
Wo(¢i, ¢, ni,n;5), assuming an implicit dependence on the variables ¢;.

Evaluating the integral (3.9) by the saddle point method one immediately
obtains two non-trivial identities valid for arbitrary values of ¢1, ¢2, ¢3. The
first of these relations (in the leading order in ¢) reads

Ax (65, 61, 02, 65) = An (61, b2, 63), (3.12)

where <Z>(()Cl) is the stationary point of the integral in (3.9), i.e., the value of
¢, which solves the equation

OAx(¢)
=0. 3.13
9o ¢0=¢(()d) ( )

In the following, we will omit the superfix “(cl)” and always assume that
o = gb(()d). To write (3.13) explicitly, define the function

92(5(9: = 65 +6) | ') Vs
1
2

i (i +¢; +6) |7
D2 (5 (b — b5 — 0) |77) Vs (

(i + 5 —0)[7')

1
o (di, ¢5) = 1 (3.14)
2

Using the expressions for L£(0 |1, ¢2) given (3.8), one can write equation
(3.13) in the product form

g, (G0, 1) Wo,40, (00, $2) Vg, (d0, d3) = 1. (3.15)
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The second relation, which follows from (3.9) (in the order O(&")) reads

> S(¢0,10)Wa—g, (61, b0, 11, 10) W, 465 (62, b0, 12, 10)

noEZN

X Wr_ps(P3, Po,n3, 10)
= R Wy, (2, ¢3,n2,1n3) Wr_g, —g, (01, 3,11, 13)
X W93(¢17¢27n1an2)’ (316)

where ¢g, @1, P2, 3 satisfy equations (3.15) and

R = (7' /7) (A (¢0)/27)". (3.17)

The quantity A% (¢o) denote the second derivative of the action (3.10) at
the stationary point (3.13).

3.3 Energy functional

Using the asymptotics (3.5), (3.6) in (2.24) and calculating the integral by
the saddle point method one obtains

log Z — —é £(6)+O(1) + O(e). (3.18)

The energy functional reads

E(@) = L0 | disd5) + Y Clm), (3.19)
(i5) m
where
ij =ici;N/(1+ NT), (3.20)
and the variables ¢ = {41, @2, ..., ¢pr} solve the variational equations
II @o,(8i¢5) =1, i=12,..., M, (3.21)
J

where for any internal site 7 the product is taken overall edges (ij) meeting
at 7 (the index j numerates these edges). The function VU is defined in (3.14).
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Note a useful sum rule [10], which is a corollary of the definition (2.25) for
lattices of the type described in Section 2.1,

> 0 =2 (3.22)
j

Note that by this property the C(¢;) terms, that arise from the first sum in
(3.19) (see (3.8)), exactly cancel out the second sum in (3.19).

Equation (3.12) is the classical star—triangle relation. It was introduced
in [10] and used there to prove the invariance of energy (or action) functionals
of the type (3.19) under deformations of the lattice, discussed in Section 2.1,
namely under the star-triangular moves (this is the classical analog of Bax-
ter’s Z-invariance [26]). Recently equation (3.12) was discussed in [30] in
connection with @4 equation and other integrable equations from [24] (see
also [31]). As noted in [30] the stationarity equation (3.15) could be iden-
tified with the so-called three-leg form of the QQ4-equations, which could be
written in other equivalent forms.

Differentiating (3.12) with respect to ¢;, and taking into account (3.13),
9
0o,

one obtains another three equivalent forms of (3.13). These equations can
be written similarly to (3.15),

\1’71'—91 (¢1, (ZSO) - \ij—91—93 ((251, ¢3)\1193 ((blv ¢2)7
Vo, 405 (02, ¢0) = Vo, (d2, ¢3) Vo, (2, $1), (3.24)
Wr_o,(¢3, 00) = Yo, (03, 02)¥r—6, 0,03, b1),

All these relations can be brought to the canonical form of the QQ4-equation
from the Adler-Bobenko—Suris list [24] by the substitution

(A*(¢07¢17¢27¢3) _AA(¢17¢27¢3)) =0, j7=123, (323)

G (L | L7 9o (L 1,
O2(305 | 37') V1(3¢2157)
91301 57)

T(6) i (3.25)
U2(30| 57")

Then, each of equations (3.15) and (3.24) can be reduced to

T(Ql) (u0u1 — UQU3) + T(01 + 63) (UoUQ — ’U,1U3) + T(93) (’LL(]Ug — ’LL1U2)
+ T(Ql) T(91 + (93) T(eg) (u0u1u2u;g — 1) =0. (326)
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This is an “affine-linear” constraint on four variables wug, u1, ug, u3, which can
be solved for each of them via simple rational functions of the other three.

4 Discrete spin solutions of the star—triangle equation

Before proceeding to the details of the solution of the star—triangle
equation (3.16), let us explain some conceptual modification to the inte-
grability scheme in this case. We need to consider an arbitrary planar graph
of the type discussed in Section 2.1 and assign two types of spin variables to
the lattice sites: classical variables ¢;, satisfying equations (3.21), and dis-
crete spin variables n; € Zy. Then one needs to solve all equations (3.21)
and determine all ¢;. After that the discrete spin model is defined by the
weights Wy (i, ¢, ni,nj) and S(¢g,ng) given by (4.5). Previously, related
ideas were developed in [32,33].

It is important to note that the Baxter’s Z-invariance property mani-
fests itself in each order of the lower temperature expansion. Namely, the
classical star—triangle relation (3.12) ensures that classical action (3.19) is
invariant under the star-triangle moves of the lattice. Likewise the “quan-
tum” star-triangle relation (3.16) and the variational equations (3.21) ensure
this invariance for the partition function of the discrete spin model defined
by (4.5).

4.1 General solution

Here, we present explicit expressions for the weights solving the star—triangle
relation (3.16) that arise in the low-temperature limit, described in the pre-
vious section. The value of the factor R given in (3.17) corresponds to
the normalization of weights inherited from (2.12), (2.26) via the expansion
(3.5). This normalization it not particularly natural. Here, we will use the
much more conventional normalization

The corresponding value of the factor R is given in (4.8) below. Define two
functions

Jo(
Vo

<¢+e>w>r”ﬁm(

ot = [ =017

N[ =N =
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and
1 NN n 71' 1 1 7/
(i) = [193<2<¢>+9>|T>] Va(Flk=3) +oy(¢=0) %)
193(%@)_9”7/) k=1 194(%(]9_%)_’_%((?4‘9”%)
(4.3)
They possess the following symmetries
ro(¢g;n+ N) =ro(—¢, —n) = ro(¢; n),

and 79(¢;0) = tg(¢;0) = 1. These functions generalize those used in [7] in
connection with the Kashiwara—Miwa (KM) model.

Then the weights satisfying (3.16) are given by
Wo(i, dj;mi,mj) = ro(di — @53 ni — nj)te(di + dj;mi + nyj),
1 94(Zno+ 5ol &) (4.5)
VN Va(o | 7')

Note that the weights are chiral, for generic ¢;, ¢;

Wo (i, d5;mis nj) = Waley, disng,ng), (4.6)

S(¢o,n0) =

however,
Wo(¢i, djimi,nj) # Woldi, djimj, ni). (4.7)
The factor R is given by
R = Fy, Fy,/ Fp, 10, (4.8)

where all Fy,, Fp, and Fy, 1, also implicitly depend on values of ¢g, 1, ¢2,
¢3, satisfying equation (3.15). The corresponding expressions are given by

_ g, D000 g g Pa(01,02)
R ) R N )
P10, (90, 92)

F9 FQ

Eorv0, = Koy o, Q0,405 (01, 93)’ (4.9)
where
N—-1 n/N
A o 1"
K, = | | {21191(Nn - N)] : (4.10)

n=1
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Next,
NG+ D)+ o(di—g+0) 1
N1 sy (F(n+ 3) + 5w (0 + 65 +0))
Py(¢i, ;) = . (4.11
o) = 1 S T S =0 —0) (411
x4 (F(n+3) + 5x (i + ¢ — 0))
and finally
QQ((bO?(bk)
Nt 1 - 1
=TT |91(5n+ 5350 — 60+ ) 91 (on + 5570 + 60— )
n1[1<N 2N 0 ’“)1(1\7 2N ‘ ’“)

X
<

bl

1 1 k/N
(4.12)

where (,7, k) is an arbitrary permutation of (1,2,3). The above expres-
sions involve theta-functions with the imaginary period 7’/N, i.e., ¥;(z) =
(% | TN/), Jj=1,2,3,4, and ¥] = 9209394 denote the corresponding theta-
constants. Note that

Py(di, ¢j) = Po(dj,0:),  Qoldi, ¢5) = Qo(dj, D). (4.13)

The above solution of the star-triangle equation (3.16) contains six con-
tinuous parameters: the two original spectral parameters 01, 63, the elliptic
period 7/, Im 7’ > 0, and the three parameters ¢1, ¢2, ¢3. There is also an
integer parameter N > 2, which denotes the number of the discrete spin
states.

4.2 Kashiwara-Miwa model
The simplest solution of (3.15) is
pj=7((+v), (€Z ve{0,3}, j=0123, (4.14)

when each factor in (3.15) equals to one, Wy(¢;, ¢;) = 1. This case leads to
the Kashiwara-Miwa model [1,7,34]. Since the parameters ¢ and v are the
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same for all Boltzmann weights, there is no need to explicitly display the
¢-dependence in the star—triangle relation (3.16). It can be written as

o S0 (ng) W) (1, m0) W) (12, m0) W) (1, m0)

NoEZN

= RO W™ (ng, ng) WY, (n1,n3) W™ (n1, ma). (4.15)

T—01—03

where the superscript “KM” stands for the Kashiwara—Miwa model. Intro-
duce functions

TéKM)(n) _ ﬁ ﬁl(%(kj B %) B %9 | %),
o Ny (k= 3) + 5501 §)
, o9 (ke — L _ 1l
téKM)(n) _ H 4(]7\!( % +v) Q{V | ]T\{) (4.16)
ot Oa(F(— L4+ kO F)
The expressions (4.5) give
(kM) (kM) (kM)
W, (g, ny) =7y (ni—nj)te (ns +nj + ),
S(KM)(n) _ 1 194(%(2n+C+V) ’TN)’ (4.17)
VN a(mv|7)
where have we changed the normalization
(kM) L (xm) (kM)
Wy (0,0) =t (C)/tg (0), (4.18)

which is more convenient in this case than (4.1). The factor R in (4.15)
is obtained by specializing the expression (4.8), where Fy is defined in (4.9).
Moreover, one needs to take into account the change in normalization (4.18)
in comparison with (4.1). In this way, one obtains

RUM = FjW R ) | (4.19)

3

and the symbol |z ]| denotes the integer part of .

The resulting solution of the star—triangle relation contains three contin-
uous parameters, 01,0 and 7’ and three discrete parameters N,( € Z and
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1. The original KM paper [1] only deals with the case v = 0. The case
was considered in [34]. The expression (4.20) for ¥ = 0 was obtained

4.3 Chiral Potts model

Consider next the limit 7/ — ico (trigonometric limit). In this limit, the
Jacobi theta-functions v3, 94 of a real argument x become identically equal
to one, ¥3(zlicc) = Y¥4(z|ioo) = 1. Therefore all functions ¥ in (3.14) depend
only on the difference ¢; — ¢; and thus satisfy the inversion relation:

1
e _cosy(di —¢j+0) 1
\IIG((Zsu(bJ) - COS%(d)i . QS] . 9) - \1,9(¢]7¢2) (421)

Equation (3.15) that determines the value of ¢, can now be solved explicitly

0% — oi(d1+¢2+03) e_f‘bl s%n 0, + e_id’? s%n 0y + e_fd’i” s%n 03 7 (4.22)
eti91 sin 07 + eti%2 sin Oy + e1i¥3 sin O3

where 92 =T — 91 — 03.

The star—triangle relation (3.16) in this case contains only four indepen-
dent continuous parameters: two differences ¢ — ¢o and ¢1 — ¢3 and two
spectral parameters 01 and #3. We will show that this star—triangle relation
is equivalent to that of the chiral Potts model upon a change of variables.
The latter has the form (2.2) containing three rapidity variables p, ¢ and r.
Moreover, the Boltzmann weights of the chiral Potts model depend on one
additional parameter — the modulus of the rapidity curve (see below).

Each rapidity variable p is represented by a three-vector (zp,yp, tp)
specifying a point on the algebraic curve, defined by any two of the fol-
lowing equations (the third equation follows from the other two):

e byl = k(U ralyl), k) =1k, Ry =1 K. (4.23)

where k is a constant (the modulus of the curve) and k? + k" = 1. The
rapidities ¢ and r are defined similarly. The Boltzmann weights of the chiral
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Pottis model are given by [4]

u Yo — Wi, n TT WTp — W'a
Wig" (n) = <p> 11 : W;ZP)(”) = (mphg)" [ =" ,
k=1

Hq yp — g’ i1 Ja— whyy
(4.24)
where we have assumed the normalization
Wpe(0) = Wpe(0) = 1. (4.25)

These weights satisfy the star-triangle relations (2.2), where the factor R,
is given by

(cp) ¢(cp)
R(CP) _ qu prq
par = cp)
frq
N-1 k/N
(cP) _ fq(l — Wk)(tp — C‘)ktq)(mq - kap) / 4
rq - H ik _ ik R . ( 26)
pp(Tp — Whag) (yp — whyg) (zp — whyy)

k=1

Note that for the chiral Potts model the two star-triangle relations in (2.2)
are corollaries of each other.

Remind, that the variables 61,635 and ¢q, ¢1, P2, ¢3, appearing in (3.16)
are constrained by the relation (4.22). Moreover, the ¢-variables enter only
through the differences ¢; — ¢;. This leaves only four independent continu-
ous degrees of freedom. Let us parameterize them via three rapidities p, g, r
and the modulus k of the curve (4.23),

1 1 1
ety — @eyr)® gy Ba¥a)®  eon—on v _ Wae)®
(quq)§ (Qb'pyp)5 (qur)a
1 1
el@a—o0)/N _ 3 @T)®  io—goy/N _ (ZpY0)? (4.27)
(Z/p@/r)i (ypxq)E

One can easily check that with this parametrization the constraint (4.22) is
satisfied by virtue of the equations defining the algebraic curve (4.23). With
these substitutions the weights (4.5) exactly transform into the weights of



A MASTER SOLUTION OF THE QUANTUM 89

the chiral Potts model, given by (4.24). For instance, the following equalities:

We, (¢2, ¢3,m2,n3) = Wq(fp) (ng —n3),
Wﬂ*ﬁh (¢07 ¢17 no, nl) = W((I:P) (TL() — nl), (428)

immediately follow from the relations:

o (b2—d3—01) _ u)1/2ﬁ’ en(S2—daton) _ 17277
e Ya (4.29)
en(@o—d1+01) _ Yr R (do—d1-01) _ Ta_
yq Ly

which are simple corollaries of (4.27). Note that the normalization (4.1)
precisely corresponds to (4.25). Similarly one obtains,

W, 65 (h2, $0, 2, m0) = WA (
Wr_6,—05(3, 01,n3,n1) = W(CP)(ng—nl

We, (¢2, #3,12,n3) = (CP)(

( ) =T

We_6, (01, P0,n1, 10 (4.30)

The Boltzmann weight S(ng) of the central spin in (3.16) becomes constant,
S(ng) = 1/v/N, while expressions (4.9) transform to

b
VN

‘ 1 1
Fem) 0 Ry ey = —= I, Ry = —=f{CP) (4.31)

F@l = \/N \/N pq 5

so that the factor (4.8) exactly reduces to R;,fo) /V/N. Thus, there is a precise
coincidence with the standard form of weights and star—triangle relation for
the chiral Potts model [3,7]. Note also, that all square roots appearing in
the parametrization (4.27), completely cancel out in the final expressions for
the Boltzmann weights.

To conclude this Section, let us express the rapidities p, ¢, r, and modulus
k of the curve (4.23) in terms of the #’s and ¢’s. It is convenient to define



90 VLADIMIR V. BAZHANOV AND SERGEY M. SERGEEV
new variables A, Ag, Az, such that

01 =X3— A2, 03=2X—Aj. (4.32)
Equation (4.22) can now be rewritten as

el — ei(<1>1-i-fl52-ﬁ-<l53)E7
Uy
Ur = eF % sin(Ag — A3) + €792 sin(\; — A3) + 5% sin(A\; — \p).  (4.33)

Introduce an additional (dependent) variable Ay by a formula obtained from
the previous one by interchanging all ¢’s and \’s,

ei)\() — ei()\1+>\2+)\3) V.

V.’
Vi = e M sin(gy — ¢3) + e sin(¢ — ¢3) + e sin(py — ¢o).  (4.34)

It convenient to define the quantities

01 =X+ A1 — A2 —A3)/2N,  f1 = (¢o + ¢1 — 2 — ¢3) /2N,
ly= (Ao +A2— A1 = A3)/2N,  fa=(¢o+ P2 — b1 — #3)/2N,  (4.35)
l3=(Ao+ A3 — A1 — A2)/2N, f3=(¢o+ ¢3 — 1 — ¢2)/2N.

Then, inverting (4.27), one obtains

o elli=f1), Ty = ellletf) g — ills—fs)

4.36
Yp = w3 ei(21+f1)7 Yq = w3 ei(£2_f2)’ Yy = w3 eillstrs) ( )

)

and
k> = (Vo V) (ULUL). (4.37)

For real ¢’s and A’s the quantities V. and V_ are complex conjugate to each
other (the same is true for Uy and U_). In this case, the last formula can
be written as

p = |Csin(de = do) + P sin(gy = g5) + M sin(é = ga)| -, oo
| ei?rsin(Ag — Ag) + €i?2 sin(A; — Ag) + €93 sin(A; — Ag) | |

It is worth noting an explicit, but rather unexpected, symmetry of the above
expressions upon interchanging ¢’s and \’s. It would be interesting to under-
stand reasons behind this phenomenon.
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The results of this section are closely related to the description of the
chiral Potts model previously obtained by one of us in [33].

5 Conclusion

We have obtained a new solution (1.1) of the star—triangle relation (1.5),
which is expressed in terms of the elliptic I'-function. The solution defines
a perfectly physical 2D solvable model of statistical mechanics with posi-
tive Boltzmann weights. Its partition function is defined in (2.24). This is
an Ising-type model with continuous real spins 0 < z; < 27, which can be
regarded as angle variables on a circle. The model contains two temperature-
like variables p and q; see (1.6) for a definition of the main physical regimes.

We would like to stress that formula (1.1) provides a master solution of
the star—triangle relation in the sense that it contains as special cases all
continuous and discrete spin solution of this relation that were previously
known.? In particular, in Sections 4.2 and 4.3 we explicitly demonstrate
how to obtain the Kashiwara-Miwa and chiral Potts models. We show that
these models are particular cases of a more general “hybrid” model, which
couples a classical integrable system involving continuous lattice spins to an
Ising-type model of statistical mechanics with discrete spins, taking N >
2 different values. This hybrid model arises from the general case when
one of the temperature-like parameters approaches a root of unity, g~V = 1.
The required limiting procedure is considered in Section 3. To formulate
this hybrid model on an arbitrary planar graph (of the type discussed in
Section 2.1) one needs to assign two types of spin variables to lattice sites:
classical variables ¢;, satisfying equations (3.21), and discrete spin variables
n; € Zn. Then one needs to solve equations (3.21) with fixed boundary
conditions and determine the variables ¢; for all internal sites of the lattice.
After that the discrete spin model is defined by the weights Wy(¢;, ¢;, ni, nj)
and S(¢po,np) given by (4.5). In general, it is a spatially inhomogeneous
model where the Boltzmann weight vary across the lattice, since they depend
on the variables ¢;. Nevertheless, it is an integrable model. In particular,
its partition function also possesses the Baxter’s Z-invariance property of
Section 2.1 by virtue of the star—triangle relation (3.16) and the variational
equations (3.21) for the classical variables ¢;.

It appears that our master solution (1.1) is also deeply connected with
many other important models of statistical mechanics, whose consideration
goes beyond the scope of this paper. We hope to unravel these connections
in the future.

9See footnote 1 on page 2.
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Note added in proofs

The results of this paper were generalized in [35] to the case of multi-
dimensional spin variables at each lattice site.

Appendix A Energy functional in original variables

In the original variables ;, o, 7 the asymptotic of (2.12) and (2.13) is

log Wi (21, ) = —éZ‘(a\gl,fg)—i—O(l), (A1)

log S(z;) = —C C(&) — %loga + O(1), (A.2)

where £(a | &1, &) = L(0| ¢1, ¢2) and C(&) = C(¢4), €,  are related with ¢, 0
by (3.4) and £ and C have appeared in (3.5) and (3.6). Expressions for £
and S are then given by

ShES 193(%(2 —ia)| NT)
+ /7T dzlog %( - , (A.3)

and therefore

s

Lin—al&, &)= 5 (N&)? — (N&)?

§1—&2 91 (X (i N
—I-iN{/ dzlog 1(]%,(!054_2)’ T)
0 N

&1+&2 91 (X (i N
+/ dzlog 1%@”” uAg (A.4)
/N U5
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Finally, the function C(§;) has the period % and on the interval 0 < &; < %

it is given by

ée)=2(Nei— 7). (A.5)

Note that the quadratic in £ terms cancel out from the energy functional and,
therefore, do not contribute to the variational equations (1.15) for square
lattice. For p =1 and T = ¢, the energy £ in (1.10) is given by

EX) =Y Llal&n&)+ S L —alen&) + S CEn).  (A)
(i9) (k1) m

where the first sum is taken overall horizontal edges (i5), the second overall
vertical edges (kl) and the third overall internal sites m of the lattice (1.8).
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