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Germany
3Universita del Piemonte Orientale “A. Avogadro”, Dip. Scienze e
Tecnologie Avanzate, Via Bellini 25/g, I-15100 Alessandria, Italy
4INFN, Sezione di Torino, Gruppo Collegato di Alessandria, Italy

luest, sreffert, stieberg @theorie.physik.uni-muenchen.de,
esche@mfn.unipmn.it

Abstract
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1 Introduction

Orbifold compactifications have played a prominent role in string theory ever
since their advent in [1, 2]. Over the years, toroidal orbifolds have served as
simple models to test new structures and phenomena in string theory such
as dualities. Moreover, they provide a rich playground for phenomenologial
studies of semi-realistic string compactifications. It is therefore natural to
investigate more recent issues such as properties of orientifold compactifica-
tions and the ensuing N = 1 low energy effective field theories as well as the
stabilization of the moduli in these theories.

The initial impulse for the present paper arose from the search for ori-
entifold compactifications in type IIB string theory which allow the com-
plete stabilization of all Kähler moduli. The occurrence of a large number
of moduli, i.e., free parameters in the low energy effective field theory, is
a malady that most commonly used string compactifications suffer from.
In [3], a mechanism (KKLT) was proposed that stabilizes the dilaton and
all geometrical moduli and moreover leads to a meta-stable de Sitter vac-
uum. The complex structure moduli and the dilaton are stabilized via
background 3-form fluxes, whereas the Kähler moduli are fixed via non–
perturbative effects: a superpotential is generated either via Euclidean D3-
brane instantons wrapping a divisor in the compactification manifold [4–6],
or by a gaugino condensate in the world-volume of D7-branes wrapping such
a divisor [7, 8]. For both mechanisms, the divisors in question must fulfill
certain topological properties: to be able to decide whether the Kähler mod-
uli can be stabilized for a given compactification manifold, the knowledge of
the topology of a full set of divisors, as well as the intersection ring, which
enters the tree-level Kähler potential are needed. Moreover, we need to know
which Kähler moduli become non-geometric and which complex structure
moduli disappear after the orientifold quotient, respectively.

To date, only few explicit examples which realize the proposed mech-
anism of moduli stabilization exist [9–11]. In [10], the T 6/Z2 × Z2 orb-
ifold was resolved and the F-theory lift of the correspondinging orientifold
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quotient provided indeed a working example for moduli stabilization à la
KKLT. A natural question then is whether the results of [10] extend to
more general toroidal orbifolds, which are generically less symmetric and
carry more non-trivial features than T 6/Z2 × Z2. To answer this question
we have developed geometric methods for analyzing the topology of resolved
orbifolds. Since these methods are of general interest and lend themselves
to many more applications than only those given by the initial motivation
discussed above, a study dedicated to this subject exclusively is justified.
An outline of this program was given in [12]. Its application to the issue of
moduli stabilization and in particular to the answer to the above question
is given in our companion paper [13]. Our paper builds the bridge between
the moduli stabilization at the orbifold point in [14] and at the large volume
limit in [13]. In the latter, it is in particular shown how to stabilize the
non-geometric Kähler moduli.

With the methods discussed in the present paper, a given toroidal orbifold
can be resolved to yield a smooth Calabi–Yau manifold. While the methods
of toric geometry allow us to resolve the singularities locally, the knowledge
of the structure of the covering space, i.e., the T 6, allows us to glue the
resolved patches together in the correct fashion. We are able to determine
the topology of all divisors that arise naturally in our construction. More-
over, we explain how to determine the full intersection ring of the resulting
Calabi–Yau manifold. In a second step, we provide the transition to the
orientifold quotient. This quotient corresponds from a geometric point of
view to a Z2 quotient of the smooth Calabi–Yau manifold.

As mentioned in the beginning, toroidal orbifolds have already lent them-
selves to numerous applications in string theory in the past. One the one
hand, this is due to their simple structure which they inherit from the cov-
ering torus, while on the other hand they exhibit the non-trivial nature of a
generic Calabi–Yau manifold. The lesson is that the singular orbifold quo-
tient is merely a special, degenerate point in the moduli space of a smooth
Calabi–Yau manifold and that this smooth manifold is actually the object
of interest. It is the construction of this object that we focus on, as well as
the transition to the orientifold quotient. The orientifold quotient is the rel-
evant object for all models in type II string theories featuring D-branes. We
provide explicit examples of models where the number of geometric moduli
is reduced after taking the quotient, i.e., models with h1,1

− �= 0 and h2,1
+ �= 0.

The plan of the paper is as follows. In Section 2, we briefly discuss the
different possible orbifold constructions. In Section 3, the resolution of the
orbifold singularities in a local set-up using the methods of toric geometry
is treated. In Section 3.1, the necessary background in toric geometry is
given and the resolution process explained. In Section 3.2, we state how to
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determine the topology of the divisors in the local resolved geometries. In
Section 3.3, we apply these techniques to explicitly perform the resolution
of the singularity of C

3/Z6-I.

While the material in the preceding sections is mostly standard, Sections 4
and 5 form the core part of the new material presented in this paper. In
Section 4, we give the general method of constructing a smooth Calabi–Yau
manifold from the resolved local patches discussed in the previous section.
In Section 4.1, the fixed-point configurations of the singular orbifold and the
counting of the exceptional divisors arising from the resolution are reviewed.
In Section 4.2, we show how to obtain the linear relations among the divisors
in the global model and present the method to calculate the full intersection
ring of the smooth Calabi–Yau manifold, albeit not necessarily in an integral
basis. With the knowledge of the preceding section, we can demonstrate in
Section 4.3 how to determine the topology of these divisors. In Section 4.4,
we shed light on the origin of the twisted complex structure moduli, a topic
on which so far only very little is known. As in Section 3 we apply these
general methods in Section 4.5 to the examples of T 6/Z6-I on the root lattices
of G2 × SU(3)2 and G2

2 × SU(3) and two T 6/Z2 × Z2 shifts orbifolds.

The transition from the smooth Calabi–Yau manifold to its orientifold
quotient is made in Section 5. In Section 5.1, we consider the global ori-
entifold involution and its relation to the involutions on the local patches.
Furthermore, we discuss the occurrence of divisors which are not invariant
under the global involution, leading to h1,1

− �= 0, and of complex structure
moduli which are invariant, leading to h2,1

+ �= 0. Both of them are non-
geometric moduli. In Section 5.2 we explain how the intersection ring of the
orientifold quotient is obtained from the one of the Calabi–Yau manifold.
The global configuration of the orientifold–plane and the resulting charges,
which have to be canceled, are discussed in Section 5.3. The orientifold
quotients of some of the examples of Section 4.5 conclude the topic. We end
with concluding remarks and a brief outlook in Section 6.

In Appendix A, the resolutions of all the local orbifold singularities which
we encounter in the examples are collected. The remaining appendices give
the details of a few more examples, namely T 6/Z3, T 6/Z4, and T 6/Z6-II on
several lattices, T 6/Z2 × Z4, and T 6/Z3 × Z3.

2 Type IIB orientifolds of toroidal orbifolds

A fundamental problem in string theory is the classification of string
compactifications. N = 2 theories in four dimensions can be obtained as
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compactifications of type II string theories on Calabi–Yau manifolds.
Therefore we need a list of Calabi–Yau manifolds. We will focus on a par-
ticular class of such manifolds, namely resolutions of torus orbifolds. In this
section, we will review the present content of this list and indicate to which
part we will restrict ourselves in the remainder of the article. For compiling
this list, we need topological criteria to decide which Calabi–Yau manifolds
are equivalent.

An important but expensive calculational tool to settle the question of
possible equivalences is the classification of real six manifolds by Wall [15].
Applied to Calabi–Yau manifolds, it states that two simply connected man-
ifolds X and X ′ are of the same topological type, i.e., are diffeomorphic, if
besides the Hodge numbers, the triple intersection numbers Sabc =

∫
X ωa ∧

ωb ∧ ωc and the linear forms
∫
X c2 ∧ωa are the same, possibly up to an inte-

ger linear basis transformation ω = Mω′ in the Kähler cone of X and X ′. If
the bases can only be related by a rational linear transformation, the spaces
are rational homotopy equivalent. Only finitely many diffeomorphic types
can exist in a rational homotopy equivalence class.

To date there is no complete classification of torus orbifolds and their
resolutions in three dimensions. For several simple classes there are partial
classifications. Coxeter orbifolds with G abelian and not containing any
shifts were classified in [16, 17]. The latter also take into account discrete
torsion. However, there are also examples of non-Coxeter orbifolds, e.g.,
in [18]. For abelian orbifolds including shifts there is a result in [19]. The
classification by Borcea and Voisin in [20, 21] of Calabi–Yau 3-folds with
involutions coming from automorphisms of K3s has a partial overlap with
the previous two classifications. To our knowledge, there is no classification
for G non-abelian with or without shifts. In two dimensions, there is a
classification of torus orbifolds without shifts by Fujiki [22], see also [23].

The statements of these partial classifications are of differing richness.
While all of them state the allowed groups and their actions, some of them
also determine topological quantities like the Euler number, the Hodge num-
bers, or even the intersection ring. References [16, 17, 21] provide the Hodge
numbers, while [19] does not. Voisin [20] even explicitly calculates the inter-
section ring of the manifolds in her list. In the following two sections, we
present a general method to determine the topology of resolutions of abelian
torus orbifolds, including the intersection ring, the linear forms c2 and the
topology of the divisors. For a discussion of the relation between the van-
ishing of c2 and torus orbifolds see [24].

The orbifolds which will be considered here are listed in table 1 which
is taken from [16]. The table gives the torus lattices and the twisted and
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Table 1: Twists, lattices, and Hodge numbers.

G Lattice h1,1
untw. h2,1

untw. h1,1
twist. h2,1

twist.

Z3 SU(3)3 9 0 27 0
Z4 SU(4)2 5 1 20 0
Z4 SU(2) × SU(4) × SO(5) 5 1 22 2
Z4 SU(2)2 × SO(5)2 5 1 26 6
Z6−I (G2 × SU(3)2)� 5 0 20 1
Z6−I SU(3) × G2

2 5 0 24 5
Z6−II SU(2) × SU(6) 3 1 22 0
Z6−II SU(3) × SO(8) 3 1 26 4
Z6−II (SU(2)2 × SU(3) × SU(3))� 3 1 28 6
Z6−II SU(2)2 × SU(3) × G2 3 1 32 10
Z7 SU(7) 3 0 21 0
Z8−I (SU(4) × SU(4))∗ 3 0 21 0
Z8−I SO(5) × SO(9) 3 0 24 3
Z8−II SU(2) × SO(10) 3 1 24 2
Z8−II SO(4) × SO(9) 3 1 28 6
Z12−I E6 3 0 22 1
Z12−I SU(3) × F4 3 0 26 5
Z12−II SO(4) × F4 3 1 28 6
Z2 × Z2 SU(2)6 3 3 48 0
Z2 × Z4 SU(2)2 × SO(5)2 3 1 58 0
Z2 × Z6 SU(2)2 × SU(3) × G2 3 1 48 2
Z2 × Z6′ SU(3) × G2

2 3 0 33 0
Z3 × Z3 SU(3)3 3 0 81 0
Z3 × Z6 SU(3) × G2

2 3 0 70 1
Z4 × Z4 SO(5)3 3 0 87 0
Z6 × Z6 G3

2 3 0 81 0

untwisted Hodge numbers. The lattices marked with �, �, and ∗ are realized
as the so-called generalized Coxeter twists, the automorphism being in the
first and second case S1S2S3S4P36P45 and in the third S1S2S3P16P25P34,
where the Si are Weyl reflections and the Pij transpositions of roots.

In addition, we will consider two orbifolds with G = Z2 × Z2 with one
respectively two shifts included which were introduced in [25]. They are
related to the Schoen Calabi–Yau manifold [26] (see also [27]) with h1,1 =
h2,1 = 19 and to the Enriques Calabi–Yau manifold [28, 29] with h1,1 =
h2,1 = 11.
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3 The local models

In this section, we examine the resolution of the singularities of toroidal
orbifolds. Close to an orbifold fixed point, which is a quotient singularity, the
geometry looks like C

3/G. This non-compact local geometry is conveniently
described as a toric variety. We will not give the full definitions here but
refer the reader to the literature, Chapter 7 of [30], for example, gives an
easily accessible introduction, and [31] for the necessary details.

We will give the description of these local orbifolds in terms of their fans,
resolve the singularities by blowing up the orbifold fixed points and give the
intersection properties along the lines of [32].

3.1 Toric geometry and resolution of singularities

A systematic way to resolve abelian orbifold singularities is toric geome-
try [31]. In the following paragraphs, we summarize some of the basic facts
about toric geometry. An n-dimensional toric variety takes the form

XΣ =
(Cd \ FΣ)

(C∗)r
, (3.1)

where n = d − r, and the algebraic torus (C∗)r acts by coordinatewise mul-
tiplication. The set FΣ is a subset that remains fixed under a continuous
subgroup of (C∗)r and must be subtracted for the variety to be well defined.
The action of (C∗)r is encoded in a lattice N which is isomorphic to Z

d

and by its fan Σ. A fan is a collection of strongly convex rational cones in
N ⊗Z R with the property that each face of a cone in Σ is also a cone in
Σ and the intersection of two cones in Σ is a face of each. The k dimen-
sional cones in Σ are in one-to-one correspondence with the codimension-k
submanifolds of XΣ. In particular, the one-dimensional cones correspond to
the divisors in XΣ. The fan Σ can be encoded by the generators of its edges
or one-dimensional cones, i.e., by vectors vi ∈ N . To each vi we associate a
homogeneous coordinate zi of XΣ. The (C∗)r action is encoded on the vi in
r linear relations:

d∑

i=1

l
(a)
i vi = 0, a = 1, . . . , r, l

(a)
i ∈ Z. (3.2)

To each vi we assign an invariant monomial U i =
∏d

i=1 z
〈vi,m〉
i , where m ∈ M

is an element of the lattice dual to N . These monomials are the local
coordinates of XΣ.
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We are only interested in Calabi–Yau orbifolds C
m/G of dimensions m =

2, 3, so we require XΣ to have trivial canonical class. This translates to
demanding that all but one of the vi lie in the same affine hyperplane 1 unit
away from the origin v0. This means that the last component of all the vi

(except v0) equals 1. Thus, the vi form a cone CΔ(m) over the polyhedron
Δ(m) spanned by the vi, i �= 0, with apex v0. This allows us to draw toric
diagrams in two (one) dimensions instead of m = 3 (m = 2).

The fan Σ associated to the singularity C
3/G is obtained as follows: We

have a single three-dimensional cone in Σ, generated by v1, v2, v3. A gen-
erator θ of G of order n acts on the coordinates of C

3 by

θ : (z1, z2, z3) → (ε z1, εn1 z2, εn2 z3), ε = e2πi/n. (3.3)

For such an action, we will adopt the shorthand notation (1/n1), (n1, n2).
The Calabi–Yau condition is trivially fulfilled as the orbifold actions are
chosen such that 1 + n1 + n2 = n and εn = 1. Then the local coordinates
of XΣ are Ua = (z1)(v1)a(z2)(v2)a(z3)(v3)a . To find the coordinates in N of
the generators vi of the fan, we require the Uk to be invariant under the
action of θ. This results in finding two linearly independent solutions to the
equation

(v1)a + n1 (v2)a + n2 (v3)a = 0 mod n. (3.4)

The divisors corresponding to the one-dimensional cones vi will be
denoted by Di.

XΣ is smooth if all the top-dimensional cones in Σ have volume 1. Here,
there is only one such cone whose volume is |G|, hence XΣ is singular.
There is a standard procedure for resolving singularities of toric varieties. It
consists of adding all lattice points in N which lie in the polyhedron Δ(m)

in the affine hyperplane at distance 1 which is spanned by the generators
vi. Adding points only in this hyperplane ensures that the canonical class
of the variety is not affected, i.e., the resulting manifold is still Calabi–Yau.

For the fan Σ this means that the corresponding one-dimensional gener-
ators wi are added to it and that it has to be subdivided accordingly. We
denote the refined fan by Σ̃. In [33] it is shown that these new generators
can be related (in the case m = 3) to the group elements of G as follows:

wi = g
(i)
1 v1 + g

(i)
2 v2 + g

(i)
3 v3,

3∑

k=1

g
(i)
k = 1, 0 ≤ g

(i)
k < 1, (3.5)

where g(i) = (g(i)
1 , g

(i)
2 , g

(i)
3 ) ∈ (Zn)3 represents the corresponding group ele-

ment θi. The corresponding exceptional divisors are denoted Ei. To each of
the new generators, we associate a new homogeneous coordinate which we
denote by yi, as opposed to the zi we associate to the original vi. Let us
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pause for a moment to think about what this method of resolution means.
The obvious reason for enforcing the criterion (3.5) is that group elements
which do not respect it fail to fulfill the Calabi–Yau condition: their third
component is no longer equal to 1. But what is the interpretation of these
group elements that do not contribute? Another way to phrase the ques-
tion is: why do not all twisted sectors contribute exceptional divisors? A
closer look at the group elements shows that all those elements of the form
1
n (1, a, b) which fulfill (3.5) give rise to inner points of the toric diagram.
Those of the form 1/n (1, 0, b) lead to points on the edge of the diagram.
They always fulfill (3.5) and each element which belongs to such a subgroup
contributes a divisor to the respective edge, therefore there will be n − 1
points on it. The elements which do not fulfill (3.5) are in fact anti-twists,
i.e., they have the form 1/n (n − 1, n − a, n − b). Since the anti-twist does
not carry any information which was not contained already in the twist, there
is no need to take it into account separately, hence also from this point of
view it makes sense that it does not contribute an exceptional divisor to the
resolution.

The case m = 2 is even simpler. The singularity C
2/Zn is called a rational

double point of type An−1 and its resolution is called a Hirzebruch–Jung
sphere tree consisting of n − 1 exceptional divisors intersecting themselves
according to the Dynkin diagram of An−1. The corresponding polyhedron
Δ(1) consists of a single edge joining two vertices v1 and v2 with n − 1 equally
spaced lattice points w1, . . . , wn−1 in the interior of the edge.

After having added the generators, we have to subdivide the fan. The
subdivision of the fan Σ into Σ̃ corresponds to a triangulation of the toric
diagram. In general, there are several triangulations and, therefore, several
possible resolutions. They are all related via birational transformations. The
diagram of the resolution X

˜Σ of XΣ = C
m/G contains |G| simplices, yielding

|G| three-dimensional cones of volume 1. Hence X
˜Σ is smooth. This variety

can, of course, also be written in the form (3.1), where r is now the number
of additional generators wi. Their defining relations (3.5) are, after clearing
the denominators, precisely the r linear relations (3.2) which encode the
(C∗) action. The divisors corresponding to such a linear combination are
“sliding divisors” in the compact geometry, as we will discuss in great detail
in Section 4.2. Finally, the excluded set FΣ is obtained as follows: Take
the set of all combinations of generators vi and wi of one-dimensional cones
in Σ that do not span a cone in Σ and define for each such combination a
linear space by setting the coordinates associated to the vi to zero. FΣ is the
union of these linear spaces, i.e., the set of simultaneous zeros of coordinates
not belonging to the same cone. In the case of several possible triangula-
tions, it is the excluded set F

˜Σ that distinguishes the different resulting
geometries.
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In the dual diagram, the geometry and intersection properties of a toric
manifold are often easier to grasp than in the original toric diagram. The
divisors, which are represented by vertices in the original toric diagram
become faces in the dual diagram, the curves, marking the intersections of
two divisors remain curves, and the intersections of three divisors which are
represented by the faces of the original diagram become vertices. In the
dual graph, it is immediately clear which of the curves are compact. The
curves at the intersection of two exceptional divisors are the exceptional
curves.

It is convenient to introduce a matrix (P |Q ). P contains as its rows
the vectors vi and wi; the columns of Q contain the linear relations (3.2)
between the divisors, i.e., Q =

(
l
(a)
i

)
. From the rows of Q, which we denote

by Ci, i = 1, . . . , n, we can read off the linear equivalences between the
divisors. (Note that two divisors

∑
biDi and

∑
b′
iDi are linearly equivalent

if and only if they are homologically equivalent.) For most applications, it
is most convenient to choose the Ci to be the generators of the Mori cone.
The Mori cone is the space of effective curves, i.e., the space of all curves
C ∈ XΣ with C · D ≥ 0 for all divisors D ∈ XΣ. It is dual to the Kähler
cone. In our cases, the Mori cone is spanned by curves corresponding to
two-dimensional cones. The generators for the Mori cone correspond to
those linear relations with which all others can be expressed as positive,
integer linear combinations. We will briefly review the method of finding
the generators of the Mori cone. It can be found, e.g., in [34]. We present
it here adapted to our context

(1) In a given triangulation, take the three-dimensional simplices Sk (cor-
responding to the three-dimensional cones). Take those pairs of sim-
plices (Sl, Sk) that share a two-dimensional simplex Sk ∩ Sl.

(2) For each such pair, find the unique linear relation among the vertices
in Sk ∪ Sl such that

(a) the coefficients are minimal integers and
(b) the coefficients for the points in (Sk ∪ Sl)\(Sk ∩ Sl) are positive.

(c) Find the minimal integer relations among those obtained in step 2
such that each of them can be expressed as a positive integer linear
combination of them.

Next, we want to investigate the intersection properties of the divisors
of the resolved variety X

˜Σ. The general rule for triple intersections is that
the intersection number of three distinct divisors is 1 if they belong to the
same cone and 0 otherwise. The set of collections of divisors which do not
intersect because they do not lie in the same cone forms a further charac-
teristic quantity of a toric variety, the Stanley–Reisner ideal. It contains
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the same information as the exceptional set FΣ. Intersection numbers for
triple intersections of the form D2

i Dj or E3
k can be obtained by making use

of the linear equivalences between the divisors. Since we are working here
with non-compact varieties, at least one compact divisor has to be involved.
For intersections in compact varieties there is no such condition. The inter-
section ring of a toric variety is–up to a global normalization–completely
determined by the linear relations and the Stanley–Reisner ideal. The nor-
malization is fixed by one intersection number of three distinct divisors.

The matrix elements of Q are the intersection numbers between the curves
Ci and the divisors Di, Ei. We can use this to determine how the compact
curves of our blown-up geometry are related to the Ci.

3.2 Topology of the exceptional divisors

There are two types of exceptional divisors depending on whether the the
corresponding point lies in the interior or sits on the boundary of the toric
diagram. The latter case can easily be discussed by looking at the dual toric
diagram. We see that it corresponds to the two–dimensional situation with
an extra non-compact direction, hence it has the topology of C × P

1.

We therefore turn to the divisors corresponding to points in the interior
of the toric diagram. For that purpose we recall the notion of the star of
a cone σ, denoted by Star(σ), which is the set of all cones τ in the fan Σ
containing σ. In our situation, the topology of an exceptional divisor Ei is
then determined in terms of Star(σwi). This means that we simply remove
from the fan Σ all cones, i.e., points and lines in the toric diagram, which
do not contain wi. The diagram of the star does not need to be convex
anymore. Then we compute the linear relations and the Mori cone for the
star. This means, in particular, that we drop all the simplices Sk in the
induced triangulation of the star, which do not lie in its toric diagram. As a
consequence, certain linear relations of the full diagram will be removed in
the process of determining the Mori cone. The generators of the Mori cone
of the star will in general be different from those of Σ.

Once we have obtained the Mori cone of the star, we can rely on the
classification of compact toric surfaces. This tells us that any toric surface
is either a P

2, a Hirzebruch surface Fn, or a toric blow-up thereof. The
generator of the Mori cone of P

2 is of the form

QT =
(
−3 1 1 1

)
.
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For Fn, the generators take the form

QT =
(

−2 1 1 0 0
−n − 2 0 n 1 1

)

or QT =
(

−2 1 1 0 0
n − 2 0 −n 1 1

)

since F−n is isomorphic to Fn. Finally, every toric blow-up of a point adds
an additional independent relation whose form is

QT =
(
0 · · · 0 1 1 −2

)
.

We will denote the blow-up of a surface S in n points by Bln S.

Also the exceptional divisors corresponding to points on the boundary of
the toric diagram can be dealt with using the star. Since the geometry is
effectively reduced by one dimension, the only compact toric manifold in
one dimension is P

1 and the corresponding generator is

QT =
(
−2 1 1 0

)
,

where the 0 corresponds to the non-compact factor C.

However, this is not yet the full story, since our toric variety X
˜Σ is actually

three-dimensional. In particular, the stars are in fact cones over a polygon.
Therefore, we have an additional possibility for a toric blow-up. We can add
a point to the polygon such that the corresponding relation is of the form

QT =
(
0 · · · 0 1 1 −1 −1

)
.

This corresponds to adding a cone over a lozenge and is well-known from
the resolution of the conifold singularity. The lozenge has to be subdivided
into two simplices, and there are two ways of doing this. The process of
going from one way to the other is known as a flop and reverses the signs of
the corresponding relation. It also affects some of the other relations. The
curve C− that is flopped is the intersection of two divisors, say E1 and E2.
If any other curve C intersects one of these two divisors, i.e., C · Ei �= 0,
the new relation corresponding to C is the sum of the relation of C− and
C. Topologically, this means that an exceptional curve C− is blown down
and another one, C+, is blown up. As a consequence, we have to include
these blow-ups in the list of surfaces given above. In addition, we have to
include topologies that can be obtained by flopping a curve in a surface of
this enlarged list of surfaces.

3.3 Examples

We shall now put the methods discussed above to use by studying some
examples. The resolutions of C

3/Z6−I and C
3/Z2 × Z6 are discussed in the

main text, whereas the remaining ones can be found in the appendix.
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3.3.1 Resolution of C
3/Z6−I

The group Z6−I acts as follows on C
3:

θ : (z1, z2, z3) → (ε z1, ε z2, ε4 z3), ε = e2πi/6. (3.6)

To find the components of the vi, we have to solve (v1)i + (v2)i + 4 (v3)i = 0
mod 6. This leads to the following three generators of the fan (or some other
linear combination thereof):

v1 = (1,−2, 1), v2 = (−1,−2, 1), v3 = (0, 1, 1). (3.7)

The toric diagram and its dual of C
3/Z6-I are depicted in figure 1.

To resolve the singularity, we find that θ, θ2, and θ3 fulfill (3.5). This
leads to the following new generators:

w1 =
1
6

v1 +
1
6

v2 +
4
6

v3 = (0, 0, 1),

w2 =
3
6

v1 +
2
6

v2 +
2
6

v3 = (0,−1, 1),

w3 =
3
6

v1 +
3
6

v2 = (0,−2, 1).

In this case, the triangulation is unique. Figure 2 shows the corresponding
toric diagram and its dual graph. The Ũi are

Ũ1 =
z1

z2 , Ũ2 =
z3

(z1)2(z2)2y2(y3)2
, Ũ3 = z1z2z2y1y2y3. (3.8)

According to (3.1), the new blown-up geometry is

X
˜Σ =

(C6 \ F
˜Σ)

(C∗)3
, (3.9)

Figure 1: Toric diagram of C
3/Z6−I and dual graph.
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Figure 2: Toric diagram of the resolution of C
3/Z6-I and dual graph.

where the action of (C∗)3 will be given below (3.12). The excluded set is

F
˜Σ = {(z3, y2) = 0, (z3, y3) = 0, (y1, y3) = 0, (z1, z2) = 0 }.

As can readily be seen in the dual graph, we have seven compact curves in
X

˜Σ. Two of them, {y1 = y2 = 0} and {y2 = y3 = 0}, are exceptional. They
both have the topology of P

1. Take for example C1: to avoid being on the
excluded set, we must have y3 �= 0, z3 �= 0 and (z1, z2) �= 0. Therefore C1 =
{(z1, z2, 1, 0, 0, 1), (z1, z1) �= 0}/〈(z1, z2) ∼ (λz1, λz2)〉, which corresponds
to a P

1.

The fan Σ̃ has six three-dimensional cones: S1 = 〈D1, E2, E3〉, S2 =
〈D1, E2, E1〉, S3 = 〈D1, E1, D3〉, S4 = 〈D2, E2, E3〉, S5 = 〈D2, E2, E1〉,
and S6 = 〈D2, E1, D3〉. For this example, we will show the method of work-
ing out the Mori generators step by step. We give the pairs, the sets Sl ∪ Sk

(the points underlined are those that have positive coefficients), and the
linear relations:

S6 ∪ S3 = {D1, D2, D3, E1}, D1 + D2 + 4 D3 − 6 E1 = 0,

S5 ∪ S2 = {D1, D2, E1, E2}, D1 + D2 + 2 E1 − 4 E2 = 0,

S4 ∪ S1 = {D1, D2, E2, E3}, D1 + D2 − 2 E3 = 0,

S3 ∪ S2 = {D1, D3, E1, E2}, D3 − 2 E1 + E2 = 0,

S2 ∪ S1 = {D1, E1, E2, E3}, E1 − 2 E2 + E3 = 0,

S6 ∪ S5 = {D2, D3, E1, E2}, D3 − 2 E1 + E2 = 0,

S5 ∪ S4 = {D2, E1, E2, E3}, E1 − 2 E2 + E3 = 0.

(3.10)

We find the following three Mori generators:

C1 = {1, 1, 0, 0, 0,−2}, C2 = {0, 0, 1,−2, 1, 0}, C3 = {0, 0, 0, 1,−2, 1}.
(3.11)
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Table 2: Triple intersection numbers of the blow-up of Z6-II.

Curve D1 D2 D3 E1 E2 E3
E1 · E2 1 1 0 2 −4 0
E2 · E3 1 1 0 0 0 −2
D1 · E1 0 0 1 −2 1 0
D1 · E2 0 0 0 1 −2 1
D2 · E1 0 0 1 −2 1 0
D2 · E2 0 0 0 1 −2 1
D3 · E1 1 1 4 −6 0 0

With this, we are ready to write down (P |Q):

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

D1 1 −2 1 | 1 0 0
D2 −1 −2 1 | 1 0 0
D3 0 1 1 | 0 1 0
E1 0 0 1 | 0 −2 1
E2 0 −1 1 | 0 1 −2
E3 0 −2 1 | −2 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

From the rows of Q, we can read off the linear equivalences which we bring
into a form which will be relevant in Section 4.5.1.

0 ∼ 6 D1 + E1 + 2 E2 + 3 E3,

0 ∼ 6 D2 + E1 + 2 E2 + 3 E3,

0 ∼ 3 D3 + 2 E1 + E2.

(3.12)

From the columns of Q we can read off the action of (C∗)3 in (3.9):

(z1, z2, z3, y1, y2, y3) −→
(

λ1 z1, λ1 z2, λ2 z3,
λ3

λ2
2

y1,
λ2

λ2
3

y2,
λ3

λ2
1

y3
)

,

(3.13)
which leaves the Ũi invariant. The matrix elements of Q contain the intersec-
tion numbers of the Ci with the D1, E1, e.g., E1 · C2 = −2, D3 · C3 = 0, etc.
We know that E1 · E3 = 0. From the linear equivalences between the divi-
sors, we find the following relations between the curves Ci and the seven com-
pact curves of our geometry: C1 = E2 · E3, C2 = D1 · E1 = D2 · E1, C3 =
D1 · E2 = D2 · E2, E1 · E2 = C1 + 2 C3, D3 · E1 = C1 + 4 C2 + 2 C3. From
these relations and (P |Q), we can get all triple intersection numbers, e.g.,
D3E

2
1 = C1 · E1 + 4 C2 · E1 + 2 C3 · E1 = −6. To be very explicit, we will

give the full table of triple intersections for this example: Using the linear
equivalences, we can also find the triple self-intersection, e.g., E3

1 = 8.

From the intersection numbers in Q, we find that {D2, D3, E1 + 2 D3}
forms a basis of the Kähler cone which is dual to the basis {C1, C2, C3} of
the Mori cone.
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Figure 3: The stars of the exceptional divisors E1, E2, and E3, respectively.

Finally, we determine the topology of the exceptional divisors E1, E2, and
E3. As explained above, we need to look at the respective stars which are
displayed in figure 3. In order to determine the Mori generators for the star
of E1, we have to drop the cones involving E3, which are S1 and S4. From
the seven relations in (3.10), only four of them remain, corresponding to
C2, C1 + 2 C3, and C1 + 4 C2 + 2 C3. These are generated by C1 + 2 C3 =
(1, 1, 0, 2,−4, 0) and C2 = (0, 0, 1,−2, 1, 0) which are the Mori generators of
F4. Similarly, for the star of E2 only the relations not involving S3 and S6
remain. These are generated by C1 and C3, and from (3.11) we recognize
them to be the Mori generators of F2. Finally, the star of E3 has only the
relation corresponding to C2. Hence, the topology of E3 is P

1 × C, as it
should be, since the point sits on the boundary of the toric diagram of XΣ.

4 The global models

4.1 The fixed-point sets and the divisors

To be able to glue the blown-up local models together in the correct fashion
to obtain the compact smooth Calabi–Yau manifold, we have to study the
fixed sets of T 6 under the orbifold group, since these are the singular loci of
the orbifold.

A point zfixed is fixed under θ ∈ G if it fulfills

θ zfixed = zfixed + a, a ∈ Λ, (4.1)

where a is a vector of the torus lattice Λ. In the real lattice basis, zi =
x2i−1 + ix2i, we have the identification xi ∼ xi + 1. The fixed sets depend
on the particulars of the torus lattice, so the fixed sets of orbifold groups
that can live on different lattices will be different for each lattice. We will
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denote a fixed point by zfixed =
(
z1
fixed,α, z2

fixed,β , z3
fixed,γ

)
, where α, β, γ

label the point in the 1, 2, 3-directions, respectively.

In this way, we obtain the sets that are fixed under the respective element
of the orbifold group. We do not need to look at all elements, since some of
them are merely the anti-twists of others and therefore give rise to the same
fixed sets. Since the fixed points were determined on the covering space,
we have to check if they all give rise to distinct equivalence classes. Except
for the prime orbifolds, i.e., T 6/Z3 and T 6/Z7, this is in general not the
case. Some of the fixed points are mapped to other fixed points by some
group element and are therefore identified in the quotient. When we count
the number of exceptional divisors, i.e., h1,1

twist., below, it is crucial to only
count one divisor per equivalence class. In the following, one therefore has
to distinguish carefully whether one works in the actual orbifold T 6/G or in
the covering space. Most calculations are done in the covering space, so it
must be kept in mind that in the quotient, points are identified under the
action of the orbifold group.

The prime orbifolds are special for having a very simple fixed-point con-
figuration. All twisted sectors give rise to the same set of fixed points. In the
non-prime cases, also fixed lines (i.e., fixed tori) appear, since these orbifold
groups contain Z2 subgroups.

To get an idea of how exactly the local patches will be glued, it is useful to
have a schematic picture of the configuration, i.e., the intersection pattern
of the singularities. In this picture, each complex coordinate is shown as a
real coordinate axis, and the opposite faces of the resulting cube of length
1 are identified. The fixed-point loci are represented by their projections to
the real coordinates.

In some cases, not all information that will be necessary for us later will
be captured by looking at the fixed sets under a single group element. The
points at the intersections of three Z2 fixed lines, will be relevant as well,
which can be easily identified from the schematic figures we provide. This
case is the only instance of intersecting fixed lines where the intersection
point itself is not fixed under a single group element, and arises only for
Zn × Zm orbifolds with both n and m even.

We now perform the blow-ups of the local patches as described in
Section 3.1 and Appendix A, glue the patches together and figure out the
number of divisors in the compact model.

The divisors are either inherited from the divisors of the covering torus
or originate from the blow-ups of the fixed loci under the group action.
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We first discuss the inherited divisors. It is easiest to discuss them in
terms of the dual 2-forms. A basis for H2(T 6) is hij̄ = dzi ∧ dz̄ j̄, i, j̄ =
1, . . . , 3; cf. § 2 in [14]. The orbifold group acts on these forms by θ(hij̄) =
e2πi(gi−gj̄)dzi ∧ dz̄ j̄. Therefore, we immediately see that the three forms hīı

are invariant and descend to forms on the orbifold. If, in addition, it hap-
pens that for all generators θa gi = gj̄ simultaneously for some i �= j̄, then
we get an additional pair of 2-forms on the orbifold. It is straightforward to
check that the only cases where this happens are the groups Z3 for which
g = (1/3)(1, 1, 1), cf. (A.1), Z4 for which g = (1/4)(1, 1, 2), cf. (A.7), and
Z6−I for which g = (1/6)(1, 1, 4), cf. (3.6).

For the exceptional divisors we need to consider the fixed loci which, as
we have seen in the previous section, are either fixed lines or fixed points.
The corresponding toric patches of the blown-up fixed loci are all determined
along the lines of Section 2 and can be found in Appendix A.

The fixed lines come from twists of the form (1/m) (0, 1, m − 1) or cyclic
permutation thereof. The corresponding singularities locally have the form
of C

2/Zm. In the global setting, the singular loci are T 2/Zk curves of such
C

2/Zm singularities, where mk = |G|, the order of the orbifold group G in
T 6/G. The possible values for k are 2, 3, 4, and 6.

The fixed points come from twists of the form (1/n) (a, b, c), a + b + c = n,
which locally look like C

3/Zn. Isolated fixed points correspond to toric dia-
grams with only internal, compact exceptional divisors. When the fixed
point sits on a fixed line of order k, its toric diagram has k − 1 exceptional
divisors on one of its boundaries; if the fixed point sits at the intersection of
two (three) fixed lines, it has exceptional divisors on two (three) of its bound-
aries. In our examples, the twists occur either in their standard embeddings
or permutations thereof. The permutations merely interchange the coordi-
nates, the number and configuration of exceptional divisors remain the same
as in the standard form.

We are now presenting the count of the exceptional divisors for all our
examples. Most cases are straightforward. There are only two possible
complications: One is that the lines fixed under several group elements lie
on the same locus. The correct way of counting them is to always count
the fixed line of highest order. The other is that several fixed points under
different group elements lie in the same loci. There are actually two different
ways of counting them, one of which requires no knowledge whatsoever of
the form of the local patches. It is enough to know the loci and conjugacy
classes of the fixed points. For this first method, we simply count each
fixed point as many times as it arises under the different group elements.
This automatically gives the right number. The second method involves the
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toric patches as given in the above tables. To decide which of the patches
of the group elements leave the point invariant to use, we see whether the
point sits on any (or at the intersection of) fixed line(s). We choose the
patch with the right configuration of exceptional divisors on its boundaries
to match the order of the fixed lines it sits on. So if the fixed point sits,
for example, on the intersection of 2-order-2 and 1-order-6 fixed lines, we
choose the C

3/Z2 × Z6-patch with one, one, and five exceptional divisors
on its boundaries. The patch contributes exactly the number of compact
exceptional divisors one would expect from the first counting scheme, so the
two methods are consistent.

4.2 Linear relations and the intersection ring

There is a purely combinatorial way to determine the intersection ring of
the resolved torus orbifold. This method is completely analogous to the
one in Section 3.1. Recall that there we determined the intersection num-
bers between three distinct divisors, as well as those divisors which never
intersect, and then used the linear relations to compute all the remain-
ing intersection numbers. In the global situation we proceed in the same
manner.

The inherited divisors Ri and the exceptional divisors Ek,α,β,γ together
form a basis for the divisor classes of the resolved orbifold. This basis
is in general not an integral basis. In addition, there are further natural
divisors which will be expressed in terms of linear combinations of these
basis elements. These additional divisors are simply planes lying at fixed loci
of the orbifold action: Diα = {zi = zi

fixed,α}, where α runs over the fixed loci
in the ith direction. In terms of the local toric patches, they correspond to
the non-compact divisors Di, e.g., in (3.12). The linear relations encoded in
the matrix Q are “sliding” divisors in the compact geometry and are related
to the inherited divisors as follows. Consider the divisors {zi = c �= zi

fixed,α}.
They “slide” in the sense that they can move away from the fixed points.
The way they can move is constrained by the linear relations in the local
geometry. We need, however, to pay attention whether we use the local
coordinates z̃i near the fixed point on the orbifold or the local coordinates
zi on the cover. Locally, the map is z̃i = (zi)ni , where ni is the order of the
group element that fixes the plane Di. The divisor Ri = {z̃i = cni} on the
orbifold lifts to a union of ni divisors Ri =

⋃ni
k=1{zi = εkc} on the cover with

εni = 1. Consider the local toric patch before blowing up. The fixed point
lies at c = zi

fixed,α, and in the limit as c approaches this point, we find the
relation between Ri and Di to be Ri ∼ niDi. This expresses the fact that at
the fixed point the polynomial defining Ri on the cover has a zero of order
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ni on Di. In the local toric patch, Ri ∼ 0, hence niDi ∼ 0. After blowing
up, the Ri and niDi differ by the exceptional divisors Ek introduced in the
process of resolution. The difference is expressed precisely by the linear
relation in the ith direction (3.2) of the resolved toric variety X

˜Σ and takes
the form

Ri ∼ niDi +
∑

k

Ek. (4.2)

From this we see that this relation is independent of the chosen resolution.
Such a relation holds for every fixed point zi

fixed,α which adds the labels α
to the relation

Ri ∼ niDiα +
∑

k,β,γ

Ekαβγ for all α and all i, (4.3)

where ni is the order of the group element that fixes the plane Diα. The
precise form of the sum over the exceptional divisors depends on the singu-
larities involved.

In general, an orbifold of the form T 6/G has local singularities of the
form C

m/H, where H is some subgroup of index p = [G : H] in G. If H is a
strict subgroup of G, the above discussion applies in exactly the same way
and yields the relations (4.2) for divisors R′

i with vanishing orders n′
i. In

the end, however, we have to take into account that H is a subgroup and
have to embed the corresponding relations involving R′

i for the action of H
into those involving Ri for the action of G. The R′

i are related to the Ri

simply by

Ri =
|G|
|H|R

′
i = p R′

i. (4.4)

There is another effect for sets which are fixed-only by a strict subgroup
H. The fixed point sets are mapped into each other by the generator of the
normal subgroup G/H. This means that we have to consider equivalence
classes of invariant divisors. These are represented by S =

∑
α S̃α, where

S̃α stands for any divisor D̃iα or Ẽkαβ on the cover and the sum runs over
the p elements of the stabilizer G/H. In this case, we can add up the
corresponding relations:

∑

α

R′
i ∼ n′

i

∑

α

D̃iα +
∑

k,β

∑

α

Ẽkαβ .

The left-hand side is equal to p R′
i = Ri, therefore

Ri ∼ n′
iDi +

∑

k,β

Ekβ , (4.5)

which is the same as the relation for R′
i. We will work with the invariant

divisors in order to avoid fractional intersection numbers.
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Something special happens if ni = nj = n for i �= j. In this situation,
there are additional divisors on the cover, Rij =

⋃n
k=1{zi + εkzj = εk+k0cij}

for some integer k0 and some constant cij , which descend to divisors on the
orbifold. We have εn = 1 for even n, and ε2n = 1 for odd n. Since the
natural basis for H2(T 6) are the forms hij̄ (see the previous subsection), we
have to combine the various components of the Rij in a particular way in
order to obtain divisors Rij̄ which are Poincaré dual to these forms. If we
define the variables

zij
k = zi + εkzj , (4.6)

then

Rij̄ =
n⋃

k=1

{zij
k + z̄ij

k = cij} ∪ {zij
k − z̄ij

k = cij}. (4.7)

These divisors again satisfy linear relations of the form (4.3)1:

Rij̄ ∼ nDij̄α +
∑

k,β,γ

Ekαβγ . (4.8)

With the local and global linear relations at our disposal, we can pro-
ceed to determine the intersection ring. First we compute the intersection
numbers including the Ri between distinct divisors as well as the Stanley–
Reisner ideal from a local compactification of the blown-up singularity. Then
we determine all the other intersection numbers by using the linear relations
(4.3) and the fact that two divisors at different fixed sets never intersect.

For the local compactification we fix α and drop it from the notation for
the time being. For the compactification of the blow-up of C

3 we choose
(P1)3. Then we can again invoke the methods of toric geometry from Sec-
tion 2.1. We start with a lattice N ∼= Z

3 with basis fi = miei, where ei is
the standard basis. The mi are positive integers that have to be chosen such
that m1m2m3 = n1n2n3/|G|, the ni are the same as in (4.2). We construct
an auxiliary polyhedron Δ(3) by taking the cone CΔ(2) from Section 3.1,
rotating and rescaling it such that the vertices corresponding to the divi-
sors Di are at vi+3 = nifi, i = 1, 2, 3. Then we add the vertices vi = −fi

corresponding to the divisors Ri, i = 1, 2, 3. The points vk+6 corresponding
to the exceptional divisors Ek then lie on the facet 〈v4, v5, v6〉. It is easy
to check that the linear relations of the polyhedron Δ(3) are precisely (4.2).
For its triangulation we require that it be a star triangulation, i.e., that
all simplices contain the origin, and that the triangulation of the simplex
〈0, v4, v5, v6〉 be induced from the triangulation of the cone CΔ(2) . Comput-
ing the intersection numbers for three distinct divisors by determining the
volume of the corresponding simplex yields the local intersection numbers

1We do not know how to determine them explicitly.
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of the global orbifold. The local Stanley–Reisner ideal, i.e., the set of those
divisors which do not intersect because they belong to different cones, can
be immediately read off from the auxiliary polyhedron.

Note that this procedure equally applies to resolutions of fixed points
and fixed lines. In the latter case, we start with the two-dimensional cone
CΔ(1) ⊂ N ′

R
∼= R

2 obtained from the resolution of the fixed line at the inter-
section of D1 and D2. We extend the underlying lattice to N = Z ⊕ N ′ ∼= Z

3.
Then we add the generator v3 = (1, 0, 0) corresponding to the divisor D3
intersecting the fixed line in a point. (The indices of the Di have to be
permuted according to the global coordinates of the singularity.) In this
way, we obtain the cone CΔ(2) = {0} × CΔ(1) ∪ v3 which is the input for the
construction of Δ(3) above.

For the local patches corresponding to singularities of the form C
m/H

with H a strict subgroup of G, the auxiliary polyhedron Δ(3)
H is obtained by

modifying the polyhedron Δ(3)
G for C

3/G. We observe that the exceptional
divisors coming from the resolution of C

m/H always form a subset of those
coming from the resolution of C

3/G. Hence, we simply drop those points
in Δ(3)

G which do not correspond to an exceptional divisor coming from the
resolution of C

m/H.

If the equivalence class corresponding to the divisors Diα or Ekαβγ has
p > 1 elements, we have two possibilities: Either we work with the repre-
sentatives on the cover and plug in the invariant combination at the end
of the calculation or we work with the invariant divisors and modify the
polyhedra accordingly. The second possibility reduces the calculations by a
large amount, so we concentrate on this one. The modification of the poly-
hedron is determined by the linear relations (4.2) with Ri = R′

i and ni = n′
i

for the corresponding local singularity C
m/H. This amounts to dividing the

ith component of vk, k ≥ 4, by p such that the modified polyhedron also
satisfies (4.2). In addition, if it happens that two or more conjugacy classes
of the fixed-point set, i.e., two or more exceptional divisor classes Ek,α lie at
the same locus, we have to take this into account. For fixed points, we can
multiply the corresponding generator vk+3 by the number of components.
For fixed lines, we have to work with as many copies of the corresponding
polyhedron as there are components.

We construct the auxiliary polyhedron Δ(3) for every equivalence class
of the fixed-point set, and add the labels α, β, γ denoting the fixed point
set to the divisors Di and Ek. The lattice N is the same for all polyhedra.
In this way, we get all the intersection numbers Sabc = Sa · Sb · Sc between
between distinct divisors in the over-complete set {Sa} = {Ri, Di,α, Ekαβγ}.
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The presence of the Ri in all the auxiliary polyhedra ensures the correct
relative normalizations of the intersection numbers in the different patches.
The choice mi of the lattice basis fixes the overall normalization. In addi-
tion, we have the local Stanley–Reisner ideal. There is global analog of the
Stanley–Reisner ideal. It is the set of all pairs of divisors with indices i, α
and i, α′ with α �= α′. The divisors in such a pair never intersect since they
lie at disjoint fixed-point sets α and α′, respectively. This is easily read off
from the schematic picture of the fixed-point loci.

Using the linear relations (4.3) which take the general form
∑

a nsSa = 0,
we can build a system of equations for the remaining intersection numbers
involving two and three equal divisors, Saab and Saaa respectively, by mul-
tiplying the linear relations by all possible products SbSc. This yields a
highly overdetermined system of equations

∑
a naSabc = 0 whose solution

determines all the remaining intersection numbers. The information con-
tained in the local and global Stanley–Reisner ideals simplifies this system
greatly, since most of these equations are trivially satisfied after setting the
corresponding intersections to zero.

As often the case, there is a more direct but equivalent way to obtain
the intersection numbers which does not involve the polyhedra. It goes as
follows. The intersections between distinct divisors Diα and Ekαβγ are those
computed in the local patch, see Section 3.1. The intersections between Rj

and Diα are easily obtained from their defining polynomials on the cover.
The intersection number between R1, R2, and R3 is simply the number
of solutions to {

(
z̃1

)n1 = cn1
1 ,

(
z̃2

)n2 = cn2
2 ,

(
z̃3

)n3 = cn3
3 }, which is n1n2n3.

Taking into account that we calculated this on the cover, we need to divide
by |G| in order to get the result on the orbifold. Similarly, the divisors Diα

are defined by linear equations in the z̃i, hence we set the corresponding ni

to 1. Therefore,

R1R2R3 =
1

|G|n1n2n3, RiRjDkα =
1

|G|ninj , RiDjαDkβ =
ni

|G| (4.9)

for i, j, k pairwise distinct, and all α and β. Furthermore, Ri and Diα never
intersect by definition. The only remaining intersection numbers involving
both Rj and Diα are then RjDiαEkαβγ . These vanish if Diα and Ekαβγ do
not intersect in the local toric patch, otherwise they are equal to 1. Finally,
there are the intersections between the Ri and the exceptional divisors. If
the exceptional divisor lies in the interior of the toric diagram or on the
boundary adjacent to Diα, then it never intersects Ri. Also, RiRjEkαβγ = 0.

Using this procedure, it is also straightforward to compute the intersection
numbers involving the divisors Rij̄ and Dij̄. From the defining polynomials
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in (4.7) we find that the only non-vanishing intersection numbers are

Rij̄Rjı̄Rk = − 1
|G|n

2
i nk, Dij̄αRjı̄Rk = − 1

|G|nink,

Rij̄Rjı̄Dkα = − 1
|G|n

2
i , Dij̄αDjı̄βRk = − 1

|G|nk,

Dij̄αRjı̄Dkβ = − 1
|G|ni, Dij̄αDjı̄βDkγ = − 1

|G| ,

Rij̄Rjk̄Rkı̄ =
1

|G|n
3
i ,

Rij̄Rjk̄Dkı̄α =
1

|G|n
2
i , Rij̄Djk̄αDkı̄β =

1
|G|ni, (4.10)

Dij̄αDjk̄βDkı̄γ =
1

|G|
for i, j, k pairwise distinct and all α, β, and γ. The negative signs come
from carefully taking into account the orientation reversal due to complex
conjugation. The intersection numbers with the exceptional divisors should
be determined in a similar way.

4.3 Divisor topologies

In this section we show how the topology of the divisors is determined. We
first discuss the exceptional divisors Ekαβγ , then the fixed planes Diα and the
generic planes Ri by looking at the structure of the fixed-point set. Then we
explain how some of this information can be distilled from the intersection
ring.

The topology of the exceptional divisors E depends on the structure of the
fixed-point set they originate from. The following three situations can occur:

(E1) fixed points,
(E2) fixed lines without fixed points,
(E3) fixed lines with fixed points on top of them.

In addition, we have to take into account whether the equivalence class of
the fixed-point set consists of a single element or more. We first discuss
the case of a single element. The topology of the divisors in case (E1) has
already been discussed in great detail in Section 3.2. The local topology
of the divisors in the cases (E2) and (E3) has also been discussed in that
section, and found to be (a blow-up of) C × P

1. The C factor is the local
description of the T 2/Zk curve on which there were the C

2/Zm singularities
whose resolution yielded the P

1 factor.
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Figure 4: The fundamental domains of T 2/Zk, k = 3, 4, 6. The dashed line
indicates the folding.

For the determination of the topology of the resolved curves, it is necessary
to know the topology of T 2/Zk. This can be determined from the action of
Zk on the respective fundamental domains. For k = 2, there are four fixed
points at 0, 1/2, τ/2, and (1 + τ)/2 for arbitrary τ . The fundamental domain
for the quotient can be taken to be the rhombus [0, τ, τ + 1/2, 1/2] and the
periodicity folds it along the line [τ/2, (1 + τ)/2]. Hence, the topology of
T 2/Z2 without its singularities is that of a P

1 minus 4 points. For k = 3, 4, 6
the value of τ is fixed to be i, exp(2πi/3), exp(2πi/6), respectively, and the
fundamental domains are shown in figure 4. From this figure, we see that
the topology of T 2/Zk for k = 3, 4, 6 is that of a P

1 minus 3, 2, 3 points,
respectively. In the case (E2), there are no further fixed points, so the blow-
up procedure glues in points in this P

1. The topology of such an exceptional
divisor is therefore the one of F0 = P

1 × P
1. In the case (E3), the topology

further depends on the possible fixed points lying on these fixed lines. This
depends on the choice of the root lattice for T 6/G and can therefore only
be discussed case by case. This will be done in the examples in Section 4.5
and in all the appendices. The general procedure consists of looking at
the corresponding toric diagram. There will always be an exceptional curve
whose line ends in the point corresponding to the exceptional divisor. (In the
example C

3/Z6-I discussed in Section 3.3.1, this is the curve C2 = E2 · E3 in
the diagram on the left-hand side of figure 3.) This exceptional curve meets
the P

1 (minus some points) we have just discussed in the missing points
and, therefore, the blow-up adds in the missing points. Any further lines
ending in that point of the toric diagram correspond to additional blow-ups,
i.e., additional P

1s that are glued in at the missing points. Therefore, for
each fixed point lying on the fixed line and each additional line in the toric
diagram, there will be a blow-up of F0 = P

1 × P
1.

If there are p elements in the equivalence class of the fixed line, the topol-
ogy in the case (E2) is quite different. This is because the p different T 2/Zks
are mapped into each other by the corresponding generator in such a way
that the different singular points are permuted. When forming the invariant
combination by summing over all representatives, the singularities disappear
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and we are left with a T 2. Hence, in the case (E2) without fixed points, the
topology of E =

∑k
α=1 Ẽα is P

1 × T 2.

Similarly, the topology of the divisors Diα depends on the structure of the
fixed-point sets lying in the divisor. Recall that these divisors are defined
by Diα = {zi = zi

fixed,α}. The orbifold group G acts on these divisors by
(zj , zk) → (εnjzj , ε

nkzk) for (zj , zk) ∈ Diα and j �= i �= k. Since nj + nk =
n − ni < n, the resolved space will not be a Calabi–Yau manifold anymore,
but a rational surface or a ruled surface over a T 2. This is because, for
resolutions of this type of actions, the canonical class cannot be preserved.
(In more mathematical terms, no crepant resolution exists.) In order to
determine the topology, we will use a simplicial cell decomposition, remove
the singular sets, glue in the smoothening spaces, i.e., perform the blow-ups,
and use the additivity of the Euler number. This has to be done case by
case. If, in particular, the fixed-point set contains points, there will be a
blow-up for each fixed point and for each line in the toric diagram of the
fixed point which ends in the point corresponding to Di. Another possibility
is to apply the techniques of toric geometry in Section 3.1 to singularities
of the form C

2/Zn for which n1 + n2 �= n. As before, we also have to take
into account whether the equivalence class of the fixed-point set defining D
consists of a single element or more.

Note that when embedding the divisor D into a (Calabi–Yau) manifold X
in general, not all the divisor classes of D are realized as classes in X. In the
case of resolved torus orbifolds, this is because the underlying lattice of D is
not necessarily a sublattice of the underlying lattice of X. This means that
the fixed-point set of D as a T 4 orbifold can be larger than the restriction
of the fixed-point set of the T 6 orbifold to D. In order to determine the
topology of D, we have to work with the larger fixed-point set of D as a T 4

orbifold. It turns out that there is always a lattice defining a T 6 orbifold for
which all divisor classes of D are realized in X. In fact, we observe that the
topology of all those divisors which are present in several different lattices
is independent of the lattice.

The divisors Ri contain by definition no component of the fixed-point set.
However, if fixed lines are present, they can intersect fixed lines in points.
If there are no fixed lines piercing them, the action of the orbifold group is
free and their topology is that of a T 4. Otherwise, the intersection points
have to be resolved in the same way as for the divisors Diα. In this case,
their topology is always that of a K3 surface.

We can also use the intersection ring to study the topology of these divi-
sors. If we describe the divisor S (which can be of any type, i.e., R, E, or
D above) of the Calabi–Yau manifold X by an embedding i : S −→ X, then
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we have the associated short exact sequence for the tangent bundles TS and
TX and the normal bundle NS/X of S in X:

0 −→ TS −→ TX |S −→ NS/X −→ 0. (4.11)

By the adjunction formula [35] NS/X
∼= O(S)|S , we can relate the topology of

S to that of X. Expanding c(TX) = c(TS) c(NS/X) and using the restriction
formula

∫
S ω =

∫
X ω ∧ S, we obtain

c1(S) = −S, (4.12)

c1(NS/X)2 = S2 = c2(X) − c2(S), (4.13)

c2(X) · S + S3 = χ(S), (4.14)

which gives the relation between the Chern classes of S and the topological
numbers of X. Furthermore, we have the holomorphic Euler characteristic
of S

χ(OS) = 1 − h1,0(S) + h2,0(S). (4.15)
Noether’s formula [35] relates χ(OS) to the Chern classes of S:

χ(OS) =
1
12

∫

S

(
c1(S)2 + c2(S)

)
, (4.16)

from which we get
12χ(OS) = S3 + χ(S). (4.17)

This equation can be used in two ways. Since we already determined the
topology of the divisors Ri, Diα, and Ekαβγ , i.e., the Euler numbers χ(OS)
and χ(S), we can cross-check them with the self-intersection numbers in the
intersection ring. We can also explicitly check the number of blow-ups of S.
On the one hand, it is known [35] that the holomorphic Euler characteristic is
a birational invariant, which means that it does not change under blow-ups.
On the other hand, we know that blowing up a surface adds a 2-cycle to it,
hence increases the Euler number χ(S) by 1. Therefore, the self-intersection
number S3 is decreased by 1. Furthermore, S3 restricted to S becomes
S2 = c1(S)2 = K2

S , where KS is the canonical divisor of S. Like χ(OS) and
χ(S), K2

S is a characteristic quantity of an algebraic surface S. We have
collected these three numbers for the basic topologies that we found above
in the following table:

S χ(S) χ(OS) K2
S h1,0(S)

P
2 3 1 9 0

Fn 4 1 8 0
P

1 × T 2 0 0 0 1
T 4 0 0 0 2
K3 24 2 0 0

(4.18)

The invariants of the blow-ups of these surfaces are then obtained from the
above observations.
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The second use of (4.17) is to determine c2 ·S in (4.14) from the topology
of S.

4.4 Twisted complex structure moduli

There are two types of complex structure deformations. Loosely speaking,
we can deform the complex structure of the underlying torus with a given
lattice, or we can deform the fixed-point set. The former type of deforma-
tion corresponds to the untwisted complex structure moduli at the orbifold
point, while the latter corresponds to the twisted complex structure moduli.
The deformations of the complex structure of the underlying tori have been
studied in great detail in [14].

To study the twisted complex structure moduli we therefore have to look
at the fixed point set. Isolated fixed points do not admit any complex
structure deformations. Hence, we only need consider fixed lines. However,
if there are fixed points on them, their complex structure again cannot be
deformed. So, we are left with fixed lines without fixed points. In the
previous section, we have argued that after resolving the singularities they
yield exceptional divisors which are ruled surfaces over a P

1 or a T 2.

These ruled surfaces can also be viewed as an algebraic family of algebraic
curves (here rational curves P

1) parametrized by the base curve C. For any
smooth complex projective 3-fold X with such a family of algebraic curves
there is a map ϕ∗ : H1(C) → H3(X) which sends the 1-cycle γ on C to the
3-cycle ϕ∗(γ) traced out by the fiber curve Et as t traces out γ [36]. Since
the fibers Et are algebraic cycles, the dual map on the cohomology respects
the Hodge decomposition and yields a map ϕ∗ : H1,0(C) → H2,1(X). For
our varieties, C is either a P

1 or a T 2. Since h1,0(P1) = 0 and h1,0(T 2) = 1,
only the ruled surfaces over T 2 give such a map. Hence we find that

h2,1
twist.(X) =

∑

i

(ni − 1)h1,0(Ci), (4.19)

where the sum runs over the curves Ci with topology T 2 parametrizing
exceptional curves which come from the resolution of C

2/Zni singularities.
To re-iterate in plain language, each equivalence class of order n fixed lines
without fixed points on them contributes as many twisted complex structure
moduli as the fixed line has P

1 components in its resolution, namely n − 1.
This is precisely the situation (E2) in Section 4.3.

We note that this situation has a well-known analog for hypersurfaces in
toric varieties. In that case, the complex structure deformations split into
polynomial and nonpolynomial ones. The former correspond to deformation
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of the hypersurfaces while the latter correspond to deformations of a certain
ambient toric variety. The nonpolynomial deformations also come from
curves of C

2/Zn singularities. After resolution of the singularities, these
become families of P

1s parametrized by the curve, in other words ruled sur-
faces, and a similar reasoning applies [37].

4.5 Examples

4.5.1 The Z6-I orbifold on G2 × SU(3)2

In order to find the fixed-point sets, we need to look at the θ-, θ2-, and
θ3-twists. θ4 and θ5 yield no new information, since they are simply the
anti-twists of θ2 and θ. The action of the twist θ on the lattice G2 × SU(3)2

was given in (A.12) and the resulting complex structure in (A.16) of [14].
The Z6-I-twist has only one fixed point for each coordinate, namely z1

fixed,1 =
z2
fixed,1 = z3

fixed,1 = 0. The Z3-twist has three fixed points, namely z1
fixed,α =

z2
fixed,β = 0, 1/3, 2/3 for α, β = 1, 3, 5 and z3

fixed,γ = 0, 1/
√

3 eπi/6, 1 + i/
√

3
for γ = 1, 2, 3. The Z2-twist, which arises in the θ3-twisted sector, has four
fixed points, corresponding to z1

fixed,α = 0, 1
2 , 1

2τ, 1
2(1 + τ), α = 1, 2, 4, 6, for

the respective modular parameter τ . As a general rule, we shall use red to
denote the fixed set under θ, blue to denote the fixed set under θ2, and pink
to denote the fixed set under θ3. Note that the figure 5 shows the covering
space, not the quotient.

The equivalence classes of the fixed-point set are described as follows. We
first look at the z1- and z2-directions. The two C

3/Z3 fixed points at 1/3
and 2/3 are mapped to each other by θ and form orbits of length 2. We
choose to represent this orbit by zi

fixed,2, i = 1, 2. The three C
3/Z3 fixed

points in the z3-direction, each form a separate conjugacy class. Therefore,
we obtain the 15 conjugacy classes of C

3/Z3 fixed points, 5 in each plane
z3 = z3

fixed,γ , γ = 1, 2, 3:

μ = 1 :
(
0, 0, z3

fixed,γ

)

μ = 2 :
(

0,
1
3
, z3

fixed,γ

)

,

(

0,
2
3
, z3

fixed,γ

)

μ = 3 :
(

1
3
, 0, z3

fixed,γ

)

,

(
2
3
, 0, z3

fixed,γ

)

(4.20)

μ = 4 :
(

1
3
,
1
3
, z3

fixed,γ

)

,

(
2
3
,
2
3
, z3

fixed,γ

)

μ = 5 :
(

1
3
,
2
3
, z3

fixed,γ

)

,

(
2
3
,
1
3
, z3

fixed,γ

)

.



98 D. LÜST ET AL.

The fixed points in the z1-direction form the two orbits under θ2, namely 0
and 1

2 → 1
2(1 + τ) → 1

2τ . The corresponding two conjugacy classes will be
represented by zi

fixed,3, i = 1, 2. Table 3 summarizes the relevant data of the
fixed point set. The invariant subtorus under θ3 is (0, 0, x5 − x6,−x6, x5, x6),
corresponding to the complex z3-coordinate being invariant. Figure 5 shows
the configuration of the fixed point set in a schematic way, where each
complex coordinate is shown as a coordinate axis and the opposite faces of
the resulting cube of length 1 are identified.

Next, we resolve all the singularities and determine all the divisors of
the blown-up torus orbifold including their topologies. From table 3 and
figure 5, we see that there are three fixed points with a C

3/Z6-I singularity.
Resolving this singularity amounts to replacing the C

3/Z6-I-patch by X
˜Σ

in (3.9). By figure 2, each resolution contributes two exceptional divisors
E1,γ , and E2,1,γ , γ = 1, 2, 3, from the interior of the diagram and one excep-
tional divisor from the boundary of the diagram, respectively. The latter
will be considered in the next paragraph.

Table 3: Fixed-point sets for Z6-I on G2 × SU(3)2.

Group element Order Fixed set Conjucacy classes

θ 6 3 fixed points 3
θ2 3 27 fixed points 15
θ3 2 4 fixed lines 2

Figure 5: Schematic picture of the fixed-point set of the Z6-I orbifold on
G2 × SU(3)2.
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Returning to table 3 and figure 5, we have furthermore 15 conjugacy
classes of C

3/Z3 fixed points. Blowing them up replaces each of them
locally by X

˜Σ in (A.4) and contributes one exceptional divisor as can be
seen from figure A.1. Since three of these fixed points sit at the location of
the C

3/Z6-rmI fixed points which we have already taken into account (E2,1,γ),
we only count 12 of them, and denote the resulting divisors by E2,μ,γ , μ =
2, . . . , 5, γ = 1, 2, 3. The invariant divisors are constructed according to the
conjugacy classes in (4.20):

E2,2,γ = Ẽ2,1,2,γ + Ẽ2,1,3,γ , E2,3,γ = Ẽ2,3,1,γ + Ẽ2,5,1,γ ,

E2,4,γ = Ẽ2,3,2,γ + Ẽ2,5,3,γ , E2,5,γ = Ẽ2,3,3,γ + Ẽ2,5,2,γ ,
(4.21)

where Ẽ2,α,β,γ are the representatives on the cover.

Then, we finally have two conjugacy classes of fixed lines of the form
C

2/Z2. We see that after the resolution, each class contributes one excep-
tional divisor E3,α, α = 1, 2. On the fixed line at z1

fixed,1 = z2
fixed,1 = 0 sit the

three C
3/Z6-I fixed points. The divisor coming from the blow-up of this

fixed line, E3,1, is identified with the three exceptional divisors correspond-
ing to the points on the boundary of the toric diagram of the resolution
of C

3/Z6-I that we mentioned above. The other exceptional divisor is the
invariant combination E3,2 =

∑
α=2,4,6 Ẽ3,α, where Ẽ3,α are the represen-

tatives on the cover. Consequently, E3,1 could have a topology different
from E3,2.

This results in 3 · 2 + 12 · 1 + 2 · 1 = 20 exceptional divisors. There is one
C

2/Z2 fixed line without fixed points on it, therefore, by (4.19), h2,1
twist. = 1.

Furthermore, we have fixed planes D̃1,α = {z1 = z1
fixed,α}, α = 1, . . . , 6,

D̃2,β = {z2 = z2
fixed,β}, β = 1, 2, 3, and D̃3,γ = {z3 = z3

fixed,γ}, γ = 1, 2, 3, on
the cover. From these, we define the invariant combinations

D1,1 = D̃1,1, D1,2 = D̃1,2 + D̃1,4 + D̃1,6, D1,3 = D̃1,3 + D̃1,5,

D2,1 = D̃2,1, D2,2 = D̃2,2 + D̃2,3, D3,γ = D̃3,γ .

Next, we need the global linear relations (4.3) in order to determine the
intersection ring. The relation for D1,1 is obtained from (3.12):

R1 = 6 D1,1 +
3∑

γ=1

E1,γ + 2
2∑

μ=1

3∑

γ=1

E2,μ,γ + 3 E3,1. (4.22)

The divisor D1,2 only contains a single equivalence class of C
2/Z2 fixed lines.

From the local relations (A.44), we find the local relation to R1 as in (4.5)
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(here, we already changed the labels of the divisors to match the labels of
the C

3/Z6-I-patch):

R1 = 2D1,2 + E3,2. (4.23)

Next, we look at the divisor D1,3, which only contains C
3/Z3 fixed points.

The local linear equivalences (A.6) and (4.5) lead to

R1 = 3 D1,3 +
5∑

μ=3

3∑

γ=1

E2,μ,γ . (4.24)

The linear relations for D2,β are the same as those for D1,α except that the
one coming from the C

2/Z2 fixed line is absent:

R2 = 6 D2,1 +
3∑

γ=1

E1,γ + 2
∑

μ=1,3

3∑

γ=1

E2,μ,γ + 3
2∑

α=1

E3,α,

R2 = 3 D2,2 +
∑

μ=2,4,5

3∑

γ=1

E2,μ,γ .

(4.25)

Finally, the relations for D3,γ are again obtained from (3.12):

R3 = 3 D3,γ + 2 E1,γ +
5∑

μ=1

E2,μ,γ γ = 1, . . . , 3. (4.26)

Now, we are ready to compute the intersection ring. First, we need to
determine the basis for the lattice N in which the auxiliary polyhedra will
live. From (4.22), (4.25), and (4.26) we see that n1 = n2 = 6 and n3 = 3.
Hence we can choose m1 = m2 = 3, and m3 = 2, and the lattice basis is
f1 = (3, 0, 0), f2 = (0, 3, 0), f3 = (0, 0, 2). We start with the polyhedron Δ(3)

for the Z6-I fixed points. Its lattice points are

v1 = (−3, 0, 0), v2 = (0,−3, 0), v3 = (0, 0,−2),
v4 = (18, 0, 0), v5 = (0, 18, 0), v6 = (0, 0, 6),
v7 = (3, 3, 4), v8 = (6, 6, 2), v9 = (9, 9, 0),

(4.27)

corresponding to the divisors R1, R2, R3, D1, D2, D3, E1, E2, E3 in that order.
The polyhedron is shown in figure 6. By applying the methods described at
the end of Section 3.1, we obtain the following intersection numbers between
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Figure 6: The polyhedra Δ(3)
H describing the local compactification of the

resolution of C
3/H with H = G = Z6-I, H = Z3, and H = Z2.

three distinct divisors:

R1R2R3 = 18, R1R2D3 = 6, R1R3D2 = 3, R1D2D3 = 1,

R2R3D1 = 3, R2D1D3 = 1, R3D1E3 = 1, R3D2E3 = 1,

D1E1D3 = 1, D1E1E2 = 1, D1E2E3 = 1, D2D3E1 = 1,

D2E1E2 = 1, D2E2E3 = 1,

(4.28)

and the local Stanley–Reisner ideal

{RiDi = 0, RiE1 = 0, RiE2 = 0, R1E3 = 0, R2E3 = 0,

D1D2 = 0, D3E2 = 0, D3E3 = 0, E1E3 = 0, i = 1, 2, 3} . (4.29)

Now, we add the labels of the fixed points α, β, γ to the divisors: Di → Diα,
E1 → E1γ , E2 → E2αβγ , E3 → E3α, and set α = 1, β = 1, γ = 1, 2, 3.

As explained in Section 4.2, the polyhedra ΔH for the other patches are
obtained from Δ(3)

G by dropping and rescaling some of the points. For the
C

3/Z3-patches we drop v7 and v9, for those at μ = 2 we set v5 = (0, 9, 0),
v8 = (6, 3, 2), for those at μ = 3 we set v4 = (9, 0, 0), v8 = (3, 6, 2), and finally
for those at μ = 4, 5 we set v4 = (9, 0, 0), v5 = (0, 9, 0), v8 = (6, 6, 4). For the
Z2 fixed line at α = 1, β = 2 we drop v7 and v8 and set v4 = (6, 0, 0), v9 =
(3, 9, 0). Computing the analogs of (4.28) and (4.29) yields all the local
information we need. The global information comes from the linear rela-
tions (4.22) to (4.26) and the examination of figure 5 to determine those
pairs of divisors that never intersect. Here, one has to be careful with
the divisors E2,μ,γ for μ = 4, 5. Solving the resulting overdetermined sys-
tem of linear equations then yields the intersection ring of X in the basis
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{Ri, Ekαβγ} (without the divisors Rij̄):

R1R2R3 = 18, R3E
2
3,1 = −2, R3E

2
3,2 = −6, E3

1,γ = 8,

E2
1,γE2,1,γ = 2, E1,γE2

2,1,γ = −4, E3
2,1γ = 8, E3

2,μ,γ = 9,

E2,1,γE2
3,1 = −2, E3

3,1 = 8,

(4.30)

for μ = 2, . . . , 5, γ = 1, 2, 3. Here we have given only the nonvanishing inter-
section numbers. Those involving the Diα can be obtained using the linear
relations (4.22) to (4.26).

Next, we discuss the divisor topologies. The topology of the exceptional
divisors has been determined in Section 3.3: E1,γ = F4 and E2,1,γ = F2.
By the remark at the end of Appendix B.1, the E2,μ,γ , μ = 2, . . . , 5, have
the topology of a P

2. The divisor E3,1 is of type (E3) and has a single
representative, hence the basic topology is that of an F0. There are three
C

3/Z6-I fixed points on it, but there is only a single line ending in E3 in the
toric diagram of figure 2, which corresponds to the exceptional P

1, therefore
there are no further blow-ups. The divisor E3,2 is of type (E2), but there
are three representatives, so its topology is that of P

1 × T 2.

The topology of D2,1 is determined as follows. The fixed-point set of the
action 1/6(1, 4) agrees with the restriction of the fixed-point set of T 6/Z6-I
to D2,1. The Euler number of D2,1 minus the fixed-point set is (0 − 4 · 0 − 6 ·
1)/6 = −1. The blow-up procedure glues in three P

1 × T 2s at the Z2 fixed
lines, which does not change the Euler number. The last fixed line is replaced
by a P

1 × T 2 minus 3 points, upon which there is still a free Z3 action. Its
Euler number is therefore (0 − 3)/3 = −1. The six Z3 fixed points fall into
three equivalence classes, furthermore we see from figure A.1 that there is
one line ending in D2. Hence, each of these classes is replaced by a P

1,
and the contribution to the Euler number is 3 · 2 = 6. Finally, for the three
C

3/Z6-I fixed points there are two lines ending in D2 in the toric diagram in
figure 2. At a single fixed point, the blow-up yields two P

1s touching in one
point whose Euler number is 2 · 2 − 1 = 3. Adding everything up, the Euler
number of D2,1 is −1 + 0 − 1 + 6 + 3 · 3 = 13 which can be viewed as the
result of a blow-up of F0 in nine points. The same is true for D1,1, however,
there are no C

2/Z2 fixed lines without fixed points. The topology of each
representative of D1,2 minus the fixed-point set, viewed as a T 4 orbifold,
is that of a T 2 × (T 2/Z2\{4 pts}). (Note that also here the fixed-point
set is larger than the restriction of the fixed-point set to D1,2.) They are
permuted under the residual Z3 action and the 12 points fall into 3 orbits
of length 1 and 3 orbits of length 3. Hence, the topology of the class is still
that of a T 2 × (T 2/Z2\{4 pts}). After the blow-up it is therefore a P

1 × T 2.
The topology of the divisors D2,2 and D1,3 is the same as the topology of
Diα in the Z3 orbifold which is discussed in detail in Appendix B.1. It can
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Table 4: Divisor topologies for Z6-I on G2 × SU(3)2.

D1,1 D1,2 D1,3 D2,1 D2,2 D3,γ R1, R2 R3
Bl9Fn P

1 × T 2 Bl12P
2 Bl9Fn Bl12P

2 Bl12Fn T 4 K3

be viewed as a blow-up of P
2 in 12 points. Finally, there are the divisors

D3γ . The action 1/6(1, 1) on T 4 has 24 fixed points, 1 of order 6, 15 of
order 2, and 8 of order 3. The Z2 fixed points fall into five orbits of length
3 under the order-3 element, and the Z3 fixed points fall into four orbits
of length 2 under the order-2 element. For each type of fixed point there
is a single line ending in D3 in the corresponding toric diagram, therefore
the fixed points are all replaced by a P

1. The Euler number therefore is
(0 − 24)/6 + (1 + 5 + 4) · 2 = 16. Hence, the D3,γ can be viewed as blow-
ups of F0 in 12 points. Note again, that the Z2 fixed points do not belong
to the restriction of the fixed-point set of T 6/Z6-I to D3,γ .

The divisors R1 and R2 do not intersect any fixed lines lines, therefore
they simply have the topology of T 4. The divisor R3 has the topology of
a K3. In table 4 we have summarized the topology of all the divisors. All
the Euler numbers and types of surfaces we have determined above together
with (4.30) agree with Noethers formula (4.17). With the knowledge of the
Euler numbers and the intersection ring we can determine

E1γ E2,1γ E2μγ E3,1 E3,2

F4 F2 P
2

F0 P
1 × T 2

the second Chern class c2 on the basis {Ri, Ekαβγ} by (4.14):

c2 ·E1,γ = −4, c2 ·E2,1,γ = −4, c2 ·E2,μ,γ = −6, c2 ·E3,1 = −4,
c2 ·E3,2 = 0, c2 ·Ri = 0, c2 ·R3 = 24.

(4.31)

Since the second Chern class is a linear form on H2(X, Z), we can apply it
to each of the linear relations in (4.22) to (4.26) and again find complete
agreement.

4.5.2 The Z6-I orbifold on G2
2 × SU(3)

Here, the analysis of the fixed-point set is very similar to the previous
example and we will only point out the differences. The action of the twist
θ on the lattice G2

2 × SU(3) was given in (A.2) and the resulting complex
structure in (A.6) of [14]. Unlike the previous example, the complex struc-
ture obtained from this lattice factorizes into three T 2: figure 7 shows the
fundamental regions of the three T 2 corresponding to z1, z2, z3 and their
fixed points in the different sectors. In addition to the Z2 fixed points
for the lattice G2 × SU(3)2 in the z1-direction, there are also fixed points
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Figure 7: Fundamental regions for the Z6-I orbifold.

z2
fixed,β = 0, 1/2, 1/2τ, 1/2(1 + τ), β = 1, 2, 4, 6 in the z2-direction. The cor-

responding 16 fixed lines (z1
fixed,α, z2

fixed,β , z3) fall into six conjugacy classes
under the action of θ2:

ν = 1 :
(
0, 0, z3

)

ν = 2 :
(

1
2
, 0, z3

)

,

(
1
2

(1 + τ), 0, z3
)

,

(
1
2
τ, 0, z3

)

ν = 3 :
(

0,
1
2
, z3

)

,

(

0,
1
2

(1 + τ), z3
)

,

(

0,
1
2
τ, z3

)

ν = 4 :
(

1
2
,
1
2
, z3

)

,

(
1
2

(1 + τ),
1
2

(1 + τ), z3
)

,

(
1
2
τ,

1
2
τ, z3

)

ν = 5 :
(

1
2
,
1
2

(1 + τ), z3
)

,

(
1
2

(1 + τ),
1
2
τ, z3

)

,

(
1
2
τ,

1
2
, z3

)

ν = 6 :
(

1
2
,
1
2
τ, z3

)

,

(
1
2

(1 + τ),
1
2
, z3

)

,

(
1
2
τ,

1
2

(1 + τ), z3
)

.

(4.32)

Table 5 summarizes the relevant data of the fixed-point set. The invariant
subtorus under θ3 is (0, 0, 0, 0, x5, x6), which corresponds simply to z3 being
invariant. Figure 8 shows the configuration of the fixed sets in a schematic
way. Since the fixed-point sets of the order 6 and order 3 elements are the
same as for the lattice G2 × SU(3)2, we have the same exceptional divisors
E1,γ and E2,μ,γ , γ = 1, 2, 3, μ = 1, . . . , 5 as in the previous section. In addi-
tion, we have six conjugacy classes of C

2/Z2 fixed lines instead of only two.
Again, on the fixed line at z1

fixed,1 = z2
fixed,1 = 0 sit the three C

3/Z6-I fixed
points. The divisor coming from the blow-up of this fixed line, E3,1, is iden-
tified with the three exceptional divisors corresponding to the points on the
boundary of the toric diagram of the resolution of C

3/Z6-I that we mentioned
above. The other exceptional divisors are built as invariant combinations
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Table 5: Fixed-point set for Z6-I on G2
2 × SU(3).

Group element Order Fixed set Conjugacy classes
θ 6 3 fixed points 3
θ2 3 27 fixed points 15
θ3 2 16 fixed lines 6

Figure 8: Schematic picture of the fixed-set configuration of Z6-I on G2
2 ×

SU(3).

according to the conjugacy classes in (4.32):

E3,1 = Ẽ3,1,1, E3,2 = Ẽ3,1,2 + Ẽ3,1,4 + Ẽ3,1,6,

E3,3 = Ẽ3,2,1 + Ẽ3,4,1 + Ẽ3,6,1, E3,4 = Ẽ3,2,2 + Ẽ3,4,4 + Ẽ3,6,6,

E3,5 = Ẽ3,2,4 + Ẽ3,4,6 + Ẽ3,6,2, E3,6 = Ẽ3,2,6 + Ẽ3,4,2 + Ẽ3,6,4,

(4.33)

where Ẽ3,α,β are the exceptional divisors on the cover.

This gives a total of 3 · 2 + 12 · 1 + 6 · 1 = 24 exceptional divisors which
agrees with h1,1

twist. in table 1. There are five classes of C
3/Z2 fixed lines

without fixed points on it, therefore, by (4.19), h2,1
twist. = 5.

The divisors D1,α and D3,γ are the same as those for the lattice G2 ×
SU(3)2, only those in the in the z2-direction are different:

D2,1 = D̃2,1 D2,2 = D̃2,2 + D̃2,4 + D̃2,6 D2,3 = D̃2,3 + D̃2,5. (4.34)



106 D. LÜST ET AL.

With this, the linear relations change as follows: The relations (4.22) and
(4.23) for D1,α become

R1 = 6 D1,1 +
3∑

γ=1

E1,γ + 2
2∑

μ=1

3∑

γ=1

E2,μ,γ + 3
∑

ν=1,2

E3,ν ,

R1 = 2D1,2 +
6∑

ν=3

E3,ν ,

(4.35)

while (4.24) remains unchanged. The linear relations for D2,β are the same
as those for D1,α:

R2 = 6 D2,1 +
3∑

γ=1

E1,γ + 2
∑

μ=1,3

3∑

γ=1

E2,μ,γ + 3
∑

ν=1,3

E3,ν ,

R2 = 2D2,2 +
∑

ν=2,4,5,6

E3,ν , (4.36)

R2 = 3 D2,3 +
∑

μ=2,4,5

3∑

γ=1

E2,μ,γ .

Finally, the relations for D3,γ are the same as in (4.26). The polyhedron
Δ(3) is the same as in (4.27), so are the polyhedra for the C

3/Z3-patches
and the two C

2/Z2 fixed lines with ν = 1, 2 in Section 4.5.1. We only need
the polyhedra for the additional C

2/Z2 fixed lines. We drop again v7 and
v8, and for the fixed line at ν = 3 we set v5 = (0, 6, 0), v9 = (3, 9, 0), while
for those at ν = 4, 5, 6 we set v4 = (6, 0, 0), v5 = (0, 6, 0), v9 = (9, 9, 0). Per-
forming the same steps as before, we obtain the intersection ring of X in
the basis {Ri, Ekαβγ} (without the divisors Rij̄):

R1R2R3 = 18, R3E
2
3,1 = −2, R3E

2
3,ν = −6, E3

1,γ = 8,

E2
1,γE2,1,γ = 2, E1,γE2

2,1,γ = −4, E3
2,1γ = 8, E3

2,μ,γ = 9,

E2,1,γE2
3,1 = −2, E3

3,1 = 8,

(4.37)

for μ = 2, . . . , 5, ν = 2, . . . , 6, γ = 1, 2, 3.

For the topology of the divisors, there are only a few changes with respect
to the lattice SU(3)2 × G2. First of all, all divisors that were present in
the resolved torus orbifold based on that lattice have the same topology
here, with the underlying lattice SU(3) × G2

2. Then, there are new divisors
E3,ν , ν = 2, . . . , 6, instead of E3,2. These are all of type (E2) with three
representatives, hence their topology is that of P

1 × T 2. The divisor D2,2 of
the previous section is denoted D2,3 here, and its topology is that of Bl12P

2.
The remaining new divisor is D2,2 which has the same structure as D1,2,
therefore its topology is that of a P

1 × T 2. We want to point out that unlike
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in the case of the lattice SU(3)2 × G2, here all divisor classes of the divisors
Diα viewed as resolved T 4 orbifolds are realized as divisor classes in the
resolved T 6 orbifold. This is due to the fact that the complex structure
for the lattice G2

2 × SU(3) factorizes into the complex structure of three T 2,
as we observed at the beginning of this subsection. For completeness, we
display the second Chern classes in the basis {Ri, Ekαβγ}:

c2 ·E1,γ = −4, c2 ·E2,1,γ = −4, c2 ·E2,μ,γ = −6, c2 ·E3,1 = −4,

c2 ·E3,ν = 0, c2 ·Ri = 0, c2 ·R3 = 24.
(4.38)

4.5.3 The Z2×Z2 orbifold with one shift

We add to the twist θ2 in (A.18) a shift by half a lattice vector in the third
coordinate, and consequently also to θaθb:

θ1 : (z1, z2, z3) −→ (−z1, z2,−z3),

θ2 : (z1, z2, z3) −→ (z1,−z2,−z3 + 1
2),

θ1θ2 : (z1, z2, z3) −→ (−z1,−z2, z3 − 1
2),

θ2θ1 : (z1, z2, z3) −→ (−z1,−z2, z3 + 1
2).

(4.39)

Figure 9 shows the fundamental regions of the three tori corresponding
to z1, z2, z3 and their fixed points in the different sectors. The twist θ1 has
16 fixed tori at z1

fixed,α = 0, 1/2, τ/2, (1 + τ)/2, and z3
fixed,γ = 0, 1/2, τ/2, (1 +

τ)/2. θ2 also has 16 fixed tori at z2
fixed,β = 0, 1/2, τ/2, (1 + τ)/2, z3

fixed,γ =
1/4, 3/4, 1/4 + τ/2, 3/4 + τ/2. θ1θ2 and θ2θ1 have no fixed points.

The equivalence classes of the fixed-point set are described as follows. The
fixed lines under θ1 fall into orbits of length 2 under θ1θ2: z3

fixed,γ ∈ {0, 1/2}
and z3

fixed,γ ∈ {τ/2, 1/2 + τ/2}. The fixed lines under θ2 fall into orbits
of length 2 under θ1: z3

fixed,γ ∈ {1/4, 3/4}, and z3
fixed,γ ∈ {1/4 + τ/2, 3/4 +

τ/2}. Table 6 summarizes the relevant data of the fixed sets. Figure 10
shows the configuration of the fixed-point set in a schematic way.

Figure 9: Fundamental regions for the Z2 × Z2 orbifold with a shift in z3.
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Table 6: Fixed-point sets for the Z2 × Z2 orbifold with one shift.

Group element Order Fixed set Conjugacy classes
θ1 2 16 fixed lines 8
θ2 2 16 fixed lines 8
θ1θ2 2 — —
θ2θ1 2 — —

Figure 10: Schematic picture of the fixed-point set of the Z2 × Z2 orbifold
with one shift.

Next, we resolve the singularities and determine all the divisors of the
blown-up torus orbifold including their topologies. From table 6 and fig-
ure 10, we see that there are no fixed points and all fixed lines are lines of
C

2/Z2 singularities. According to Appendix A.7, the resolution of these sin-
gularities contributes exceptional divisors E1,α,2γ−1, E2,β,2γ , α, β = 1, . . . , 4,
and γ = 1, 2, where we have already formed the invariant combinations of the
divisors on the cover. This results in 16 exceptional divisors. Together with
the three inherited divisors Ri we find h1,1 = 19. Since none of these fixed
lines has fixed points on it, we have h2,1

twist. = 16, and therefore h2,1 = 19.

From the local linear relations (A.44), we find the following global linear
relations:

R1 ∼ 2 D1,α +
2∑

γ=1

E1,α,2γ−1, R2 ∼ 2 D2,β +
2∑

γ=1

E2,β,2γ ,

R3 ∼ 2 D3,γ +
4∑

α=1

E1,α,2γ−1, R3 ∼ 2 D3,γ +
4∑

β=1

E2,β,2γ ,

(4.40)
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where α, β = 1, . . . , 4, γ = 1, 2. To compute the intersection ring, we need
to determine the basis for the lattice N in which the auxiliary polyhedron
will live. From (4.40) we see that ni = 2, i = 1, 2, 3. Hence we can choose
m1 = m2 = 2, m3 = 1, and the lattice basis is f1 = (2, 0, 0), f2 = (0, 2, 0),
f3 = (0, 0, 1). The lattice points of the polyhedron Δ(3) for the local com-
pactification of the Z2 fixed lines in the z1-direction are

v1 = (−2, 0, 0), v2 = (0,−2, 0), v3 = (0, 0,−1), v4 = (4, 0, 0),

v5 = (0, 4, 0), v6 = (0, 0, 2), v7 = (0, 2, 1),
(4.41)

while those for the Z2 fixed lines in the z2-direction are

v1 = (−2, 0, 0), v2 = (0,−2, 0), v3 = (0, 0,−1), v4 = (4, 0, 0),

v5 = (0, 4, 0), v6 = (0, 0, 2), v7 = (2, 0, 1),
(4.42)

both corresponding to the divisors R1, R2, R3, D1, D2, D3, E1 in that order.
From the intersection ring of these polyhedra and the linear relations (4.40)
we obtain the following nonvanishing intersection numbers of X in the basis
{Ri, Ekαβγ}. We have thereby to take into account that the shift by half a
lattice vector in (4.39) entails volume reduction by a factor of 2:

R1R2R3 = 1, R1E
2
2,β,2γ = −1, R2E

2
1,α,2γ−1 = −1. (4.43)

The second Chern class is

c2 ·E1,α,2γ−1 = 0, c2 ·E2,β,2γ = 0, c2 ·Ri = 12, c2 ·R3 = 0. (4.44)

4.5.4 The Z2×Z2 orbifold with two shifts

We now also add to the twist θ1 in (A.18) a shift by half a lattice vector in
the second coordinate:

θ1 :
(
z1, z2, z3) −→

(

ε z1, z2 +
1
2
, ε z3

)

,

θ2 :
(
z1, z2, z3) −→

(

z1, ε z2, ε z3 +
1
2

)

,

θ1θ2 :
(
z1, z2, z3) −→

(

ε z1, ε z2 +
1
2
, z3 − 1

2

)

,

θ2θ1 :
(
z1, z2, z3) −→

(

ε z1, ε z2 +
1
2
, z3 − 1

2

)

,

(4.45)

Figure 11 shows the fundamental regions of the three tori corresponding
to z1, z2, z3 and their fixed points in the different sectors. The twists θ1 and
θ1θ2 have no fixed points. θ2 has 16 fixed tori at z1

fixed,α = 0, 1/2, τ/2, (1 +
τ)/2, z3

fixed,γ = 1/4, 3/4, 1/4 + τ/2, 3/4 + τ/2.
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Figure 11: Fundamental regions for the Z2 × Z2 orbifold with two shifts.

Figure 12: Schematic picture of the fixed-point set of the Z2 × Z2 orbifold
with two shifts.

The fixed lines under θ2 fall again into orbits of length 2 under θ1:
z3
fixed,γ ∈ {1/4, 3/4}, and z3

fixed,γ ∈ {1/4 + τ/2, 3/4 + τ/2}. Figure 12 shows
the configuration of the fixed-point set in a schematic way.

The resolution of the lines of the lines of C
2/Z2 singularities along the

z1-direction is the same in the previous subsection, but we only have eight
exceptional divisors E1,β,γ , β = 1, . . . , 4 and γ = 1, 2. Together with the
three inherited divisors Ri we find h1,1 = 11. Since none of these fixed lines
has fixed points on it, we have h2,1

twist. = 8, and therefore h2,1 = 11. The
intersection ring and the second Chern class reduce to:

R1R2R3 = 1, R1E
2
1,β,γ = −1,

c2 ·E1,β,γ = 0, c2 ·R1 = 12, c2 ·Ri = 0.
(4.46)
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5 The orientifolds

Now that we have glued the local patches of our orbifolds together, we want
to perform the orientifold projection. This will tell us how many O-planes
our model contains and how many D-branes we must introduce to balance
the resulting charges.

5.1 The orientifold actions

At the orbifold point, the orientifold projection is Ω I6, where Ω is the world-
sheet orientation reversal and I6 is an involution on the compactification
manifold. In type IIB string theory with O3/O7-planes (instead of O5/O9),
the holomorphic (3,0)-form Ω3,0 must transform as Ω3,0 → −Ω3,0. Therefore
we choose

I6 : (z1, z2, z3) −→ (−z1,−z2,−z3). (5.1)
Geometrically, this involution corresponds to taking a Z2-quotient of the
compactification manifold.

As long as we are at the orbifold point, all necessary information is
encoded in (5.1). To find the configuration of O3-planes, the fixed points
under I6 must be identified. On the covering space, I6 always gives rise to
64 fixed points, i.e., 64 O3-planes. Some of them may be identified under
the orbifold group G, such that there are less than 64 equivalence classes on
the quotient. The O7-planes are found by identifying the fixed planes under
the combined action of I6 and the generators θZ2 of the Z2 subgroups of G.
A point x belongs to a fixed set, if it fulfills

I6 θZ2 x = x + a, a ∈ Λ, (5.2)

where Λ is the torus lattice. Each Z2 subgroup of G gives rise to a stack
of O7-planes. Therefore, there are none in the prime cases, one stack, e.g.,
for Z6-I and three in the case of, e.g., Z2 × Z6, which contains three Z2
subgroups. The number of O7-planes per stack depends on the fixed points
in the direction perpendicular to the O-plane and therefore on the particulars
of the specific torus lattice.

Whenever G contains a subgroup H of odd order, some of the fixed-point
sets of H will not be invariant under the global orientifold involution I6
and will fall into orbits of length 2 under I6. This can also happen for
groups of even order giving rise to fixed tori with non-trivial volume factors;
see, e.g., [16, 38]. Some of these I6-orbits may coincide with the G-orbits.
In this case, no further effect arises. When G contains in particular a Z2
subgroup in each coordinate direction, all equivalence classes under I6 and
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these subgroups coincide. When certain fixed points or lines (which do not
already form an orbit under G) are identified under the orientifold quotient,
the second cohomology splits into an invariant and an anti-invariant part
under I6 [39]:

H1,1(X) = H1,1
+ (X) ⊕ H1,1

− (X).
The number of geometric moduli is effectively reduced by the orientifold
quotient. The moduli associated to the exceptional divisors of the anti-
invariant part are no longer geometric, but take the form [40, 41]

Ga = Ca
2 + S Ba

2 . (5.3)

The only contributions to H1,1
− come from the twisted Kaehler moduli in

Table 7: Twists, lattices, h1,1
− and h2,1

+ .

G Lattice h1,1 h1,1
− h2,1 h2,1

+

Z3 SU(3)3 36 13 0 0
Z4 SU(4)2 25 6 1 0
Z4 SU(2) × SU(4) × SO(5) 27 4 3 2
Z4 SU(2)2 × SO(5)2 31 0 7 6
Z6-I (G2 × SU(3)2)� 25 6 1 1
Z6-I SU(3) × G2

2 29 6 5 5
Z6-II SU(2) × SU(6) 25 6 1 0
Z6-II SU(3) × SO(8) 29 6 5 4
Z6-II (SU(2)2 × SU(3) × SU(3))� 31 8 7 3
Z6-II SU(2)2 × SU(3) × G2 35 8 11 7
Z7 SU(7) 24 9 0 0
Z8-I (SU(4) × SU(4))∗ 24 5 0 0
Z8-I SO(5) × SO(9) 27 0 3 3
Z8-II SU(2) × SO(10) 27 4 3 2
Z8-II SO(4) × SO(9) 31 0 7 6
Z12-I E6 25 6 1 1
Z12-I SU(3) × F4 29 6 5 5
Z12-II SO(4) × F4 31 0 7 6
Z2 × Z2 SU(2)6 51 0 3 0
Z2 × Z4 SU(2)2 × SO(5)2 61 0 1 0
Z2 × Z6 SU(2)2 × SU(3) × G2 51 0 3 2
Z2 × Z6′ SU(3) × G2

2 36 0 0 0
Z3 × Z3 SU(3)3 84 37 0 0
Z3 × Z6 SU(3) × G2

2 73 22 1 1
Z4 × Z4 SO(5)3 90 0 0 0
Z6 × Z6 G3

2 84 0 0 0
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H1,1
twist.. Table 7 gives the values of h1,1

− for all orbifolds given in table 1. For a
detailed discussion of these moduli see [13]. Similarly, the third cohomology
splits into an invariant and an anti-invariant part under I6:

H2,1(X) = H2,1
+ (X) ⊕ H2,1

− (X).

Since the action of I6 lifts to H3 such that Ω changes sign (in order to
yield O3- and O7-planes), the geometric moduli are now in H2,1

− . In fact,
there are no moduli in H2,1

+ . Again, the only contributions come from the
twisted complex structure moduli in H2,1

twist.. In table 7 we also indicate the
values of h2,1

+ .

Now we want to discuss the orientifold action for the smooth Calabi–Yau
manifolds X resulting from the resolved torus orbifolds. For such a manifold
X, we will denote its orientifold quotient X/I6 by B and the orientifold pro-
jection by π : X → B. Away from the location of the resolved singularities,
the orientifold involution retains the form (5.1). As explained above, the
orbifold fixed points fall into two classes.

(O1) The fixed point is invariant under I6, i.e., its exceptional divisors are
in h1,1

+ .
(O2) The fixed point lies in an orbit of length 2 under I6, i.e., is mapped

to another fixed point. The invariant combinations of the correspond-
ing exceptional divisors contribute to h1,1

+ , while the remaining linear
combinations contribute to h1,1

− .

The fixed points of class (O1) locally feel the involution: Let zfixed,α denote
some fixed point. Since zfixed,α is invariant under (5.1),

(
z1
fixed,α + Δz1, z2

fixed,α + Δz2, z3
fixed,α + Δz3)

−→
(
z1
fixed,α − Δz1, z2

fixed,α − Δz2, z3
fixed,α − Δz3). (5.4)

In local coordinates centered around zfixed,α, I6 therefore acts as
(
z1, z2, z3) −→

(
−z1,−z2,−z3). (5.5)

In case (O2), the point zfixed,α is not fixed, but gets mapped to a different
fixed point zfixed,β . So locally,

(
z1
fixed,α + Δz1, z2

fixed,α + Δz2, z3
fixed,α + Δz3)

−→
(
z1
fixed,β − Δz1, z2

fixed,β − Δz2, z3
fixed,β − Δz3). (5.6)

In the quotient, zfixed,α and zfixed,β are identified, i.e., correspond the the
same point. In local coordinates centered around this point, I6 therefore
acts again as in (5.5).
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For the fixed lines, we apply the same prescription. The involution on
fixed lines with fixed points on them is constrained by the involution on the
fixed points.

What happens in the local patches after the singularities were resolved?
A local involution I has to be defined in terms of the local coordinates, such
that it agrees with the restriction of the global involution I6 on X. Therefore,
we require that I maps zi to −zi. In addition to the three coordinates zi

inherited from C
3, there are now also the new coordinates yk corresponding

to the exceptional divisors Ek. For the choice of the action of I on the yk

of an individual patch, there is some freedom.

For simplicity we restrict the orientifold actions to be multiplications by
−1 only. We do not take into account transpositions of coordinates or shifts
by half a lattice vector. The latter have been considered in the context of
toric Calabi–Yau hypersurfaces in [42]. The allowed transpositions can be
determined from the toric diagram of the local patch by requiring that the
adjacencies of the diagram be preserved. We leave these cases to future
work.

The only requirements I must fulfill are compatibility with the C
∗-action

of the toric variety, i.e.,

(
−z1,−z2,−z3, (−1)σ4y1, . . . , (−1)σnyn

)
=

(
r∏

a=1

λ
l
(a)
1
1 z1, . . . ,

r∏

a=1

λl
(a)
n
n yn

)

(5.7)
where l

(a)
i encode the linear relations (3.2) of the toric patch, and σi ∈ {0, 1}.

Moreover, we require that subsets of the set of solutions to (5.7) must not
be mapped to the excluded set of the toric variety and vice versa.

The fixed-point set under the combined action of I and the scaling action
of the toric variety gives the configuration of O3- and O7-planes in the local
patches. Care must be taken that only these solutions which do not lie in the
excluded set are taken into account. We also exclude solutions which do not
lead to solutions of the right dimension, i.e., do not lead to O3/O7-planes.

On an individual patch, we can in principle choose any of the possi-
ble involutions on the local coordinates. In the global model however, the
resulting solutions of the individual patches must be compatible with each
other. While O7-planes on the exceptional divisors in the interior of the toric
diagram are not seen by the other patches, O7-plane solutions which lie on
the D-planes or on the exceptional divisors on a fixed line must be consistent
with the solutions of all patches which lie in the same plane, respectively, on
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the same fixed line. This is of course also true for different types of patches
which lie in the same plane.

It is in principle possible for examples with many interior points of the
toric diagram to choose different orientifold involutions on the different
patches which lead to solutions that are consistent with each other. We
choose here the same involution on all patches, which for simple examples
such as the T 6/Z4 or T 6/Z6 orbifolds is the only consistent possibility.

The solutions for the fixed sets under the combined action of I and the
scaling action (5.7) give also conditions on the λi, in general they are set
to ±1. If the corresponding toric diagram has points on its boundary, the
O-plane solutions of the full patch descend to solutions on the restriction
to the fixed lines that correspond to these points. For the restriction, we
set the λi which do not correspond to the Mori generators of the fixed line
to the values of the λi of the solution for the whole patch which lies on
this fixed line. This agrees with the solutions of (5.7) on the toric variety
corresponding to the fixed line.

A further global consistency requirement comes from the observation that
the orientifold action commutes with the singularity resolution. A choice of
the orientifold action on the resolved torus orbifold must therefore reproduce
the orientifold action on the orbifold and yield the same fixed point set in
the blow-down limit.

It turns out that it is not always possible to find an involution which repro-
duces the same O-plane configuration as at the orbifold point. Nevertheless
we believe that the orientifold configuration in the resolved phase makes
sense. It seems that in these examples the blow-up and the orientifold do
not commute and that no smooth limit from the orientifold of the resolved
Calabi–Yau manifold to the orientifold of the singular orbifold exists. It may
also be that there is some further freedom in defining orientifold actions on
orbifold CFTs which would commute with the blow-up. It would be very
interesting to understand this point in more detail.

Given a consistent global orientifold action, it might still happen that the
model does not exist. This is the case if the tadpoles cannot be canceled.
While we will explain how to compute the tadpoles from the topological
data in Section 5.3, we do not consider the possibilities of their cancellation
here. For a detailed discussion of the tadpole cancellation in some of our
examples we refer to [13]. We would like to mention that tadpole cancellation
conditions can generically be different in different regions of the moduli space
of the Calabi–Yau orientifold. This has first been observed on the two sides of
the conifold singularity of Calabi-Yau hypersurfaces in toric varieties in [43].



116 D. LÜST ET AL.

In [10] a similiar observation was made for the torus orbifold T 6/Z2 × Z2,
where the tadpole cancellation condition at large radius differed from the
one at the orbifold point.

5.2 The intersection ring

The intersection ring of the orientifold can be determined in two equivalent
ways. The basis for both ways is the relation between the divisors on the
Calabi–Yau manifold X and the divisors on the orientifold B [10]. The first
observation is that the integral on B is half the integral on X:

∫

B
Ŝa ∧ Ŝb ∧ Ŝc =

1
2

∫

X
Sa ∧ Sb ∧ Sc, (5.8)

where the hat denotes the corresponding divisor on B. The second obser-
vation is that for a divisor Sa on X which is not fixed under I6, we have
Sa = π∗Ŝa. If, however, Sa is fixed under I6, we have to take Sa = 1/2π∗Ŝa

because the volume of Sa in X is the same as the volume of Ŝa on B. Apply-
ing these rules to the intersection ring obtained in Section 4.2 immediately
yields the intersection ring of B: triple intersection numbers between divisors
which are not fixed under the orientifold involution become halved. If one of
the divisors is fixed, the intersection numbers on the orientifold are the same
as on the Calabi–Yau. If two (three) of the divisors are fixed, the intersection
numbers on the orientifold must be multiplied by a factor of 2 (4).

The second way consists of applying these rules to the intersection ring
of the local patches of the resolved singularities obtained in Section 3.1,
more precisely on the intersection ring of the auxiliary polyhedra Δ(3) in
Section 4.2 and the global linear equivalences (4.3). This means that for
each divisor which is fixed under I, the corresponding coefficient in (4.3)
is divided by 2. In the polyhedra, the distance to the origin of all those
divisors which are fixed under the orientifold involution is halved. Then we
solve the resulting system of equations for ŜaŜbŜc which we set up at the
end of Section 4.2. Both methods give the same result.

5.3 Global O-plane configuration and tadpole cancellation

Those of the 64 O3-planes on the cover which are located away from the loca-
tions of the resolved patches resulting from the global involution descend to
the orbifold of the resolved manifold. They are untouched by the process of
resolving the singularities and the resulting modified local orientifold actions.
The O3-plane solutions which coincide with orbifold fixed sets are replaced
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by the solutions of the corresponding resolved patch. The total number
of O3-planes on the resolved orbifold quotient is obtained by counting the
equivalence classes of O3-planes under the orbifold group and replacing those
classes which coincide with resolved patches by the O3-plane solutions on
these patches. The O3-plane solutions are also reflected in the intersection
ring. Take, for example, the solution {z1 = y1 = y3 = 0} given in (1) of
(D.6). The corresponding intersection number is D1E1E3 = 1/2, indicat-
ing the Z2-singularity at the intersection point. Thus fractional intersection
numbers indicate the presence of O3-planes. O3-planes which are located
away from the fixed points and do not lie in the D-planes are reflected in
the intersection numbers with the inherited divisors Ri; see, for example,
T 6/Z3 discussed in Appendix B.2. If on the other hand the O3-planes lie in
an O7-plane, their intersection numbers do not become fractional, since the
effect of the orientifold involution is already captured by the O7-plane.

Since each O7-plane induces −8 units of D7-brane charge, a stack of 8
coincident D7-branes must be placed on top of each divisor fixed under the
combination of the involution and the scaling action.

For the D3-brane charge, the case is a bit more involved. The contribution
from the O3-planes is

Q3(O3) = −1
4

× nO3, (5.9)

where nO3 denotes the number of O3-planes. The D7-branes also contribute
to the D3-tadpole:

Q3(D7) = −1
2

∑

a

nD7,a χ(Sa)
24

, (5.10)

where nD7,a denotes the number of D7-branes in the stack located on the
divisor Sa. As we have seen, the Sa can be local D-divisors as well as
exceptional divisors. The last contribution to the D3-brane tadpole comes
from the O7-planes:

Q3(O7) = −1
2

∑

a

χ(Sa)
6

. (5.11)

So the total D3-brane charge that must be canceled is

Q3,tot = −nO3

4
− 1

2

∑

a

(nD7,a + 4) χ(Sa)
24

. (5.12)

These are the values for the orientifold quotient, in the double cover this
value must be multiplied by 2.
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5.4 Examples

5.4.1 The Z6-I orbifold on G2 × SU(3)2

We examine first the orbifold phase. We have 64 O3-planes from the action
of I6. From the Z2-twist I6 θ3, we get one O7-plane at z3 = 0. The 64 O3-
planes fall into 22 conjugacy classes under the orbifold group. (0, 0, 0) is
alone in its equivalence class, while all other points are in orbits of length 3.

Comparison with the fixed-set configuration (figure 8) shows that the O3-
planes sit on top of the θ3-fixed lines. The fixed points located in the z3 = 0
plane lie on an O7 plane, the others do not.

For this example we have h1,1
− = 6. The fixed points except for the one

at (0, 0, 0) fall into equivalence classes of length 2 under I6. They partly
coincide with the equivalence classes under the orbifold group. Two of the
divisors in H1,1

− arise from the two C
3/Z6-I-patches at z3 �= 0 which are being

interchanged, the remaining four come from the C
3/Z3-patches in these two

planes. The fixed line without fixed point is invariant under the orientifold
action, hence h2,1

+ = 1.

We will now discuss the orientifold of the resolved orbifold. For the local
involution I in the C

3/Z6-I-patches, there are four possibilities which lead
to solutions of the right dimensionality (i.e., O3- and O7-planes):

(1) I(z, y) = (−z1,−z2,−z3, y1, y2, y3),

(2) I(z, y) = (−z1,−z2,−z3, y1,−y2,−y3),

(3) I(z, y) = (−z1,−z2,−z3,−y1, y2,−y3),

(4) I(z, y) = (−z1,−z2,−z3,−y1,−y2, y3).

(5.13)

They lead to the following two distinct solutions:

(1), (3) {y2 = 0} ∪ {z3 = 0},

(2), (4) {y1 = 0} ∪ {y3 = 0}.
(5.14)

Choosing the simplest possibility for I, namely (1), we have to solve

(−z, y) =
(

λ1 z1, λ1 z2, λ2 z3,
λ3

λ2
2

y1,
λ2

λ2
3

y2,
λ3

λ2
1

y3
)

. (5.15)

We find two solutions which are in the allowed set of the toric variety:

(a) y2 = 0 with λ1 = λ2 = −1, λ3 = 1. (5.16)

This corresponds to the whole exceptional divisor E2 being fixed, therefore
this gives an O7-plane. This solution does not lead to any global consistency
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conditions since the other patches do not see it.

(b) z3 = 0 with λ1 = −1, λ2 = λ3 = 1. (5.17)

This corresponds an O7-plane on the divisor D3. This solution must be
compatible with the solutions of the other patches which lie in the same
plane.

We will now check the consistency of this solution with the restriction of
the C

3/Z6-I patch to the C
2/Z2 fixed line. The latter is described by the

coordinates z1, z2, and y3. Choosing, e.g., λ2 = λ3 = 1 in the scaling action
produces the restriction. Since neither of the two coordinates appearing in
the above solutions are contained in the fixed line, no restrictions on the λi

arise. The equation we must solve for the fixed line is

(−z1,−z2, y3) =
(

λ1 z1, λ1 z2,
1
λ2

1
y3

)

. (5.18)

It is trivially fulfilled by
λ1 = −1,

and therefore also does not lead to any more restrictions on the solutions
for the C

3/Z6-I patch. The only thing left to check is the compatibility of
the O-plane solutions of the other patches with the O7-planes on the D3,γ .
For this we must examine the C

3/Z3-patches. The details of their resolution
can be found in Appendix A.1. There are two possible choices for the local
involution:

(1) I(z, y) = (−z1,−z2,−z3, y),

(2) I(z, y) = (−z1,−z2,−z3,−y).
(5.19)

(1) leads to the equation (see (A.3))

(−z1,−z2,−z3, y) =
(

λ z1, λ z2, λ z3,
1
λ3 y

)

. (5.20)

with the solution
y = 0, λ = −1.

(2) leads to the equation

(−z1,−z2,−z3,−y) =
(

λ z1, λ z2, λ z3,
1
λ3 y

)

. (5.21)

For this choice of involution, (5.21) is trivially fulfilled by

λ = −1,

without any restriction on the coordinates. Since both solutions do not lead
to any further restriction of z3, they are also consistent with z3 = 0, i.e., an
O7-plane on D3.



120 D. LÜST ET AL.

For the fixed lines without fixed points on them, we simply solve

(−z1,−z2,−z3, y) =
(

λ z1, λ z2, z3,
1
λ2 y

)

. (5.22)

This gives one allowed solution, z3 = 0, λ = −1, corresponding to an O7-
plane at the locations of the fixed points in z3-direction.

In total, there are three O7-planes on the D3,γ-planes and three O7-planes
on the E2,γ divisors. In comparison with the O-plane configuration at the
orbifold point, we see that there is no continuous limit since the two O7-
planes on D3,2 and D3,3 do not appear at the orbifold point. Before the
blow-up, we had 22 equivalence classes of O3-planes. The one at (0, 0, 0)
coincides with a fixed point and is not present after the blow-up, since no
O3-brane solutions appear in the resolved patch. The others lie away from
the local patches. Therefore we are only left with 21 O3-planes.

The modified intersection numbers are (cf. (4.30))

R1R2R3 = 9, R3E
2
3,1 = −1, R3E

2
3,2 = −3, E3

1,γ = 4,

E2
1,γE2,1,γ = 2, E1,γE2

2,1,γ = −8, E3
2,1γ = 32, E3

2,μ,γ = 9/2,

E2,1,γE2
3,1 = −2, E3

3,1 = 3.

(5.23)

5.4.2 The Z6-I orbifold on G2
2 × SU(3)

This case differs from Z6-I on G2 × SU(3)2 only in the number of Z2 fixed
lines. All that was said in the last subsection applies in this case as well.
There are two differences. One arises for the O7-planes at the orbifold point,
where we have four which fall into two equivalence classes. The other for
the fixed lines without fixed points. There are now five of them which are
invariant under the orientifold action, hence h2,1

+ = 5.

6 Conclusions

In the present paper, we have provided a toolbox for studying smooth
Calabi–Yau manifolds out of singular toroidal orbifolds. We have discussed
how to determine the topology of all naturally arising divisors and how
to compute the intersection ring, two essential ingredients for the calcula-
tion of the superpotential and the tree-level Kähler potential of the Kähler
moduli. Furthermore, we have started to systematize the transition to the
corresponding orientifold quotients. Explicit examples with h1,1

− �= 0 and
h2,1

+ �= 0 were discussed.
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It should be stressed that the class of smooth manifolds obtained from
maximally resolved toroidal orbifolds is one of the few classes of Calabi–
Yau manifolds, which are well understood and allow a number of explicit
calculations. We have provided a systematic approach for the transition
to their orientifold quotients which deserves further study. The full details
must be clarified in future works.

For the future, there is a variety of paths that could be pursued starting
from the present state of knowledge. One possibility would be to attempt
the construction of the corresponding mirror manifolds and their orien-
tifolds. To our knowledge, only the mirror of T 6/Z2 × Z2 is fully understood.
Continuing this aspect, one should determine the variation of the Hodge
structure and the period integrals of the resolved toroidal orbifolds. In par-
ticular, the period integrals associated to the twisted complex structure mod-
uli have to be better understood in order to be able to turn on fluxes through
the corresponding 3-cycles. Moreover, once this is known, the worldsheet
instantons could be calculated in the topological string theory on this type
of manifolds.

Another possibility is to find the construction of the Calabi–Yau 4-folds
corresponding to the resolved 3-folds analogous to the one used in Section
3 of [10], could be constructed, yielding the F-theory lifts for the type IIB
models.
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Appendix A Resolutions of the local orbifolds

In this appendix, we treat the resolutions of those C
3/ZN , C

3/ZN × ZM

and C
2/ZN orbifolds which occur in our examples and were not yet treated

in the main text.

A.1 Resolution of C
3/Z3

Z3 acts as follows on C
3:

θ : (z1, z2, z3) −→ (ε z1, ε z2, ε z3), ε = e2πi/3. (A.1)

To find the components of the vi, we have to solve (v1)i + (v2)i + (v3)i =
0 mod 3. This leads to the following three generators of the fan (or some
other linear combination thereof):

v1 = (−1,−1, 1), v2 = (1, 0, 1), v3 = (0, 1, 1).

To resolve the singularity, we find that only θ fulfills (3.5). This leads to
one new generator:

w =
1
3

v1 +
1
3

v2 +
1
3

v3 = (0, 0, 1).

In this case, the triangulation is unique. Figure A.1 shows the correspond-
ing toric diagram and its dual graph. We have now three three-dimensional
cones: (D1, E, D2), (D1, E, D3), and (D2, E, D3). Let us identify the

Figure A.1: Toric diagram of the resolution of C
3/Z3 and dual graph.
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blown-up geometry. The Ũi are

Ũ1 =
z2

z1 , Ũ2 =
z3

z1 , Ũ3 = z1z2z3y. (A.2)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y) −→ (λ z1, λ z2, λ z3, λ−3 y). (A.3)

Thus the blown-up geometry corresponds to

X
˜Σ = (C4\F

˜Σ)/C
∗. (A.4)

The excluded set is F
˜Σ = { (z1, z2, z3) = 0}, the action of C

∗ is given by
(A.3). It turns out that X

˜Σ corresponds to the line bundle O(−3) over P
2.

The exceptional divisor E is identified with the zero section of this bundle.
Equation (A.3) corresponds to the linear relation between our divisors

D1 + D2 + D3 − 3 E = 0.

With this, we are ready to write down (P |Q):

(P |Q) =

⎛

⎜
⎜
⎝

D1 1 −1 1 | 1
D2 1 0 1 | 1
D3 0 1 1 | 1
E 0 0 1 | −3

⎞

⎟
⎟
⎠. (A.5)

This immediately yields the following linear equivalences:

0 ∼ 3 Di + E, i = 1, . . . , 3. (A.6)

The curve C corresponding to the single column of Q generates the Mori
cone. We find that C = D1 · E = D2 · E = D3 · E. Using (A.6) we find,
e.g., E3 = 9.

We will now discuss the topology of E. The star of E is the whole toric
diagram. Its Mori generator is exactly that of P

2, so this is the topology of E.

A.2 Resolution of C
3/Z4

Z4 acts as follows on C
3:

θ : (z1, z2, z3) −→ (ε z1, ε z2, ε2 z3), ε = e2πi/4. (A.7)

To find the components of vi, we have to solve (v1)i + (v2)i + 2 (v3)i =
0 mod 4. This leads to the following three generators of the fan:

v1 = (2, 0, 1), v2 = (0, 2, 1), v3 = (−1, 1, 1).
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Figure A.2: Toric diagram of the resolution of C
3/Z4 and dual graph.

To resolve the singularity, we find that θ and θ2 fulfill (3.5). This leads to
two new generators

w1 =
1
4

v1 +
1
4

v2 +
1
2

v3 = (0, 1, 1),

w2 =
1
2

v1 +
1
2

v2 = (1, 1, 1).

In this case, there is again but one triangulation. Figure A.2 shows the toric
diagram and its dual graph.

The Ũi of the resolved geometries are

Ũ1 = (z1)2(z3)−1y2, Ũ2 = (z2)2z3y1y2, Ũ3 = z1z2z2y1y2. (A.8)

The rescalings that leave the Ũi invariant are

(z1, z2, z3, y1, y2) −→
(

λ1 z1, λ1 z2, λ2 z3,
1
λ2

2
y1,

λ2

λ2
1

y2
)

. (A.9)

According to (3.1), the new blown-up geometry is

X
˜Σ = (C5\F

˜Σ)/(C∗)2,

where the action of (C∗)2 is given by (A.9).

We have the following four three-dimensional cones: (D1, D3, E1),
(D1, E1, E2), (D2, E1, E2), and (D2, D3, E1). We identify the two gen-
erators of the Mori cone and write them for the columns of Q:

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎝

2 0 1 | 1 0
0 2 1 | 1 0

−1 1 1 | 0 1
0 1 1 | 0 −2
1 1 1 | −2 1

⎞

⎟
⎟
⎟
⎟
⎠

. (A.10)
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From Q, we can determine the linear equivalences:

0 ∼ 4 D1 + E1 + 2 E2,

0 ∼ 4 D2 + E1 + 2 E2,

0 ∼ 2 D3 + E1. (A.11)

There are four compact curves in our geometry, which are related to the
Ci as follows: C1 = E1 · E2, C2 = D1 · E1 = D2 · E1, E1 · D3 = C1 + 2 C2.
Furthermore, E3

1 = 8.

From the Mori generators of the star of E1, we find E1 to be an F2. E2
corresponds to P

1 × C.

A.3 Resolution of C
3/Z6-II

We are now going to present an example that allows several resolutions to
illustrate the differences in the intersection numbers. Z6-II acts as follows
on C

3:

θ : (z1, z2, z3) −→ (ε z1, ε2 z2, ε3 z3), ε = e2πi/6.

To find the components of the vi, we have to solve (v1)i + 2 (v2)i + 3 (v3)i =
0 mod 6. This leads to the following three generators of the fan (or some
other linear combination thereof):

v1 = (−2,−1, 1), v2 = (1,−1, 1), v3 = (0, 1, 1).

To resolve the singularity, we find that θ, θ2, θ3 and θ4 fulfill (3.5). This
leads to four new generators:

w1 =
1
6

v1 +
2
6

v2 +
3
6

v3 = (0, 0, 1),

w2 =
2
6

v1 +
4
6

v2 = (0,−1, 1),

w3 =
3
6

v1 +
3
6

v3 = (−1, 0, 1) and

w4 =
4
6

v1 +
2
6

v2 = (−1,−1, 1).

In this case, there are five triangulations. Figure A.3 shows three of the
corresponding toric diagrams and their dual graphs. The remaining two not
shown here are obtained by taking (i) the second case and flopping the curve
E1 · E3 to E2 · D2 and (ii) the third case and flopping the curve E1 · E2 to
D3 · E4.
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Figure A.3: Toric diagrams of the resolutions of C
3/Z6-II and dual graphs.

The Ũi of the resolved geometries are

Ũ1 =
z2

(z1)2y3y4 , Ũ2 =
z3

z1z2y2y4 , Ũ3 = z1z2z2y1y2y3y4. (A.12)

The rescalings that leave the Ũi invariant are

(z1, z2, z3, y1, y2, y3, y4)

−→
(

λ1 z1, λ2 z2, λ1λ2λ3λ4 z3,
1

λ3
2λ

2
3λ4

y1, λ3 y2,
λ2

λ2
1λ4

y3, λ4 y4
)

.

(A.13)

According to (3.1), the new blown-up geometry is

X
˜Σ =

(C7\F
˜Σ)

(C∗)4
,

where the action of (C∗)4 is given by (A.13). The five different resolutions of
C

3/Z6-II only differ from each other by the excluded set. We must identify
it for each case separately. So is for example (z1, y1) = 0 in the excluded
set for the cases (b) and (c), but not for (a). We will not write down the
three excluded sets explicitly. In what follows, we will only treat the cases
depicted in figure A.3.

Case (a). In this case, we have the following six three-dimensional cones:
(D1, E4, E1), (D1, E1, E3), (D2, E2, E1), (D2, E1, D3), (D3, E1, E3), and
(E1, E2, E4). We identify the four generators of the Mori cone and write
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them for the columns of Q:

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−2 −1 1 | 1 −1 1 0
1 −1 1 | 0 0 0 1
0 1 1 | 1 0 0 0
0 0 1 | 0 −1 0 0
0 −1 1 | 0 0 1 −2

−1 0 1 | −2 1 0 0
−1 −1 1 | 0 1 −2 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A.14)

From Q, we can determine the linear equivalences:

0 ∼ 6 D1 + E1 + 2 E2 + 3 E3 + 4 E4,

0 ∼ 3 D2 + E1 + 2 E2 + E4,

0 ∼ 2 D3 + E1 + E3. (A.15)

There are six compact curves in our geometry, which are related to Ci as
follows: C1 = E1 · E3, C2 = E1 · D1, C3 = E1 · E4, C4 = E1 · E2, E1 · D3 =
C1 + 3 C2 + 2 C3 + C4, E1 · D2 = C1 + 2 C2 + C3. Furthermore, E3

1 = 6.

Case (b). In this case, we have the following six three-dimensional cones:
(D2, E1, D3), (D3, E1, E3), (D1, E3, E4), (E4, E2, E3), (E1, E2, E3), and
(E1, E2, D2). We identify the four generators of the Mori cone and write
them for the columns of Q:

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−2 −1 1 | 0 0 0 1
1 −1 1 | 0 0 1 0
0 1 1 | 1 0 0 0
0 0 1 | −2 1 −1 0
0 −1 1 | 1 −1 −1 1

−1 0 1 | 0 −1 1 0
−1 −1 1 | 0 1 0 −2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A.16)

The linear equivalences between the divisors remain the same as in case
(a). There are again six compact curves in our geometry, which are related
to Ci as follows: C1 = E1 · D2 = E1 · E3, C2 = E2 · E3, C3 = E1 · E2, C4 =
E3 · E4, D3 · E1 = C1 + C3. Here, E3

1 = 8.

Case (c). In this case, we have the following six three-dimensional cones:
(D2, E1, D3), (D3, E1, E3), (D1, E3, E4), (E4, E1, E3), (E1, E2, E4), and
(E1, E2, D2). We identify the four generators of the Mori cone and write
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them for the columns of Q:

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−2 −1 1 | 1 0 0 0
1 −1 1 | 0 0 0 1
0 1 1 | 0 0 1 0
0 0 1 | 1 −1 −1 0
0 −1 1 | 0 1 0 −2

−1 0 1 | −1 1 −1 0
−1 −1 1 | −1 −1 1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A.17)

The linear equivalences are same as in case (a). There are again six com-
pact curves in our geometry, which are related to the Ci as follows: C1 =
E3 · E4, C2 = E1 · E4, C3 = E1 · E3, C4 = E1 · E2, E1 · D2 = C2 + C3, E1 ·
D3 = 2 C2 + C3 + C4. Here, E3

1 = 7.

We come now to the topologies of the exceptional divisors. The only com-
pact exceptional divisor is E1. In triangulations (b) and (d), we recognize
its star to be that of an F1. In triangulations (a) and (c) it is that of an F1
blown-up in 2 and 1 points, respectively. Finally, in triangulation (e), the
topology of E1 is that of a P

2.

In triangulation (a), all non-compact exceptional divisors have the topol-
ogy of P

1 × C. Clearly, all triangulations are related via flops. In triangula-
tion (b), E2 can only be described as being related to E2 of (a) via two flops.
E3 is P

1 × C blown up in two points, while E4 is P
1 × C. In triangulation

(c), E2 is a P
1 × C, while the other two non-compact exceptional divisors

are related to those of (b) by flopping the curve (E2, E3) to (E1, E4).

A.4 Resolution of C
3/(Z2 × Z2)

(Z2 × Z2) acts as follows on C
3:

θ1 : (z1, z2, z3) −→ (ε z1, z2, ε z3),

θ2 : (z1, z2, z3) −→ ( z1, ε z2, ε z3),

θ1θ2 : (z1, z2, z3) −→ (ε z1, ε z2, z3),

(A.18)

with ε = e2πi/2. To find the components of the vi, we have to solve
(v1)i + (v3)i = 0 mod 2,

(v2)i + (v3)i = 0 mod 2,

(v1)i + (v3)i = 0 mod 2.

(A.19)

This leads to the following three generators of the fan:

v1 = (0, 2, 1), v2 = (0, 0, 1), v3 = (2, 0, 1).
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Figure A.4: Toric diagram of resolution of C
3/Z2 × Z2 and dual graph.

To resolve the singularity, we find that θ1, θ2 and θ1θ2 fulfill (3.5). This
leads to three new generators:

w1 = (1, 0, 1), w2 = (1, 1, 1), w3 = (0, 1, 1).

In this case, there are four distinct triangulations. Figure A.4 shows two of
them. Let us identify the blown-up geometry. The Ũi are

Ũ1 = (z3)2y1y2,

Ũ2 = (z1)2y2y3,

Ũ3 = z1z2z3y1y2y3. (A.20)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, y2, y3)

−→
(

λ1 z1, λ1λ2λ3 z2, λ2 z3,
1

λ2
2λ3

y1, λ3 y2,
1

λ2
1λ3

y3
)

. (A.21)

Thus the blown-up geometry corresponds to

X
˜Σ =

(C6\F
˜Σ)

(C∗)3
.

The excluded sets differ for the different resolutions. We refrain from giving
them explicitly. The action of (C∗)3 is given by (A.21).

The 2 · 2 = 4 three-dimensional cones are in this case (D1, E2, E3),
(D2, E1, E3), (D3, E1, E2), and (E1, E2, E3). We find three generators of
the Mori cone and write them as columns of Q:

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

D1 0 2 1 | 1 0 0
D2 0 0 1 | 0 1 0
D3 2 0 1 | 0 0 1
E1 1 0 1 | 1 −1 −1
E2 1 1 1 | −1 1 −1
E3 0 1 1 | −1 −1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A.22)



130 D. LÜST ET AL.

This leads to the following linear equivalences between the divisors:

0 ∼ 2 D1 + E2 + E3,

0 ∼ 2 D2 + E1 + E3,

0 ∼ 2 D3 + E1 + E2.

(A.23)

From the intersection numbers, we find the following relations between
the Mori generators and the nine compact curves of our geometry: C1 =
E2 · E3, C2 = E1 · E3, C3 = E1 · E2.

We will now discuss the topologies of the exceptional divisors. They are
all semi-compact and correspond to P

1 × C.

A.5 Resolution of C
3/(Z2 × Z4)

(Z2 × Z4) acts as follows on C
3:

θ1 : (z1, z2, z3) −→ (ε2 z1, z2, ε2 z3),

θ2 : (z1, z2, z3) −→ ( z1, ε z2, ε3 z3),

θ1θ2 : (z1, z2, z3) −→ (ε2 z1, ε z2, ε z3),

(A.24)

with ε = e2πi/4. To find the components of the vi, we have to solve

2 (v1)i + 2 (v3)i = 0 mod 4,

(v2)i + 3 (v3)i = 0 mod 4,

2 (v1)i + (v2)i + (v3)i = 0 mod 4.

(A.25)

This leads to the following three generators of the fan:

v1 = (1,−1, 1), v2 = (−3, 1, 1), v3 = (1, 1, 1).

To resolve the singularity, we now have many more possibilities for new
vertices. We find that θ1, θ2, (θ2)2, (θ2)3, θ1θ2, and θ1(θ2)2 fulfill (3.5).
This leads to six new generators:

w1 = (1, 0, 1), w2 = (0, 1, 1), w3 = (−1, 1, 1), w4 = (−2,−1, 1),

w5 = (0, 0, 1), w6 = (−1, 0, 1).

In this case, there are 24 distinct triangulations. Figure A.5 shows one of
them. It was chosen to be compatible with the triangulation of Z2 × Z2.
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Figure A.5: Toric diagram of resolution of C
3/Z2 × Z4 and dual graph.

Let us identify the blown-up geometry. The Ũi are

Ũ1 =
z1z3y1

(z2)3y3(y4)2y6 ,

Ũ2 =
z2z3y2y3y4

z1 ,

Ũ3 = z1z2z3y1y2y3y4y5y6y7. (A.26)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, . . . , y6) −→
(

λ1 z1, λ2 z2, λ3 z3,
λ3

2λ4λ
2
5λ6

λ1λ3
y1,

λ1

λ2λ3λ4λ5
y2,

λ4 y3, λ5 y4,
λ3

λ1λ3
2λ4λ2

5λ
2
6

y5, λ6 y6
)

. (A.27)

Thus the blown-up geometry corresponds to

X
˜Σ =

(C9\F
˜Σ)

(C∗)6
.

The excluded sets differ for the different resolutions. We refrain from giving
them explicitly. The action of (C∗)6 is given by (A.27).

The 2 · 4 = 8 three-dimensional cones are in this case (D2, E4, E6),
(E3, E4, E6), (E3, E5, E6), (D3, E1, E2), (D1, E1, E5), (D1, E5, E6),
(E2, E3, E1), (D3, E1, E2). We find six generators of the Mori cone and
write them as columns of Q:

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

D1 1 −1 1 | 0 0 1 0 0 0
D2 −3 1 1 | 0 0 0 0 0 1
D3 1 1 1 | 1 0 0 0 0 0
E1 1 0 1 | 0 −1 0 1 0 0
E2 0 1 1 | −2 1 0 0 0 0
E3 −1 1 1 | 1 −1 1 0 −1 1
E4 −2 1 1 | 0 0 0 0 1 −2
E5 0 0 1 | 0 1 −2 −2 1 0
E6 −1 0 1 | 0 0 0 1 −1 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A.28)
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This leads to the following linear equivalences between the divisors:

0 ∼ 2 D1 + E1 + E5 + E6,

0 ∼ 4 D2 + E2 + 2 E3 + 3 E4 + E5 + 2 E6,

0 ∼ 4 D3 + 2 E1 + 3 E2 + 2 E3 + E4 + E5.

(A.29)

From the intersection numbers, we find the following relations between
the Mori generators and the nine compact curves of our geometry: C1 = E1 ·
E2, C2 = E1 · E3, C3 = E1 · E5 = E5 · E6, C4 = E3 · E5 = D1 · E5,
C5 = E3 · E6, C6 = E4 · E6. Furthermore, E3

5 = 8.

We will now discuss the topologies of the exceptional divisors. E5 is an
F1. E2 and E4 are P

1 × C, E1, E3, and E6 are P
1 × C with two blow-ups.

A.6 Resolution of C
3/(Z3 × Z3)

(Z3 × Z3) acts as follows on C
3:

θ1 : (z1, z2, z3) −→ (ε z1, z2, ε2 z3),

θ2 : (z1, z2, z3) −→ ( z1, ε z2, ε2 z3),

θ1θ2 : (z1, z2, z3) −→ (ε z1, ε z2, ε z3),

(A.30)

with ε = e2πi/3. To find the components of the vi, we have to solve

(v1)i + 2 (v3)i = 0 mod 3,

(v2)i + 2 (v3)i = 0 mod 3,

(v1)i + (v2)i + (v3)i = 0 mod 3.

(A.31)

This leads to the following three generators of the fan:

v1 = (−2, 2, 1), v2 = (−2,−1, 1), v3 = (1,−1, 1).

To resolve the singularity, we now have many more possibilities for new
vertices. We find that θ1, (θ1)2, θ2, (θ2)2, θ1θ2, θ1(θ2)2, and (θ1)2θ2 fulfill
(3.5). This leads to seven new generators:

w1 = (0, 0, 1), w2 = (−1, 1, 1), w3 = (0,−1, 1), w4 = (−1,−1, 1),

w5 = (−1, 0, 1), w6 = (−2, 0, 1), w7 = (−2, 1, 1).
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Figure A.6: Toric diagram of two of the resolutions of C
3/Z3 × Z3 and dual

graphs.

In this case, there are 79 distinct triangulations. Figure A.6 shows two of
them. Let us identify the blown-up geometry. The Ũi are

Ũ1 =
z3

(z1)2(z2)2y2y4y5(y6)2(y7)2
,

Ũ2 =
(z1)2y2y7

z2z3y3y4 ,

Ũ3 = z1z2z3y1y2y3y4y5y6y7. (A.32)

The rescaling that leaves the Ũi invariant is

(z1, z2, z3, y1, . . . , y7) −→
(

λ1 z1, λ2 z2, λ2
1λ

2
2λ3λ4λ5λ

2
6λ

2
7 z3,

1
λ3

1λ
2
3λ5λ6λ2

7

y1, λ3 y2,
1

λ3
2λ

2
4λ5λ2

6λ7
y3, λ4y

4, λ5y
5, λ6y

6, λ7y
7
)

.

(A.33)

Thus the blown-up geometry corresponds to

X
˜Σ =

(C10\F
˜Σ)

(C∗)7
.
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The excluded sets differ for the different resolutions. We refrain from giving
them explicitly. The action of (C∗)7 is given by (A.33).

Let us now give the intersection properties for the two resolutions shown
in the figure.

Case (a). The 3 · 3 = 9 three-dimensional cones are in this case (D3, E1,
E5), (E1, E2, E5), (D1, E2, E5), (D1, E5, E7), (E5, E6, E7), (D2, E5, E6),
(D2, E4, E5), (E3, E4, E5), (D3, E3, E5). We find nine generators of the Mori
cone and write them as columns of Q:

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

D1 −2 2 1 | 0 0 1 −1 1 0 0 0 0

D2 −2 −1 1 | 0 0 0 0 0 1 −1 1 0

D3 1 −1 1 | 1 −1 0 0 0 0 0 0 1

E1 0 0 1 | −2 1 1 0 0 0 0 0 0

E2 −1 1 1 | 1 0 −2 1 0 0 0 0 0

E3 0 −1 1 | 0 1 0 0 0 0 0 1 −2

E4 −1 −1 1 | 0 0 0 0 0 0 1 −2 1

E5 −1 0 1 | 0 −1 0 −1 0 0 −1 0 0

E6 −2 0 1 | 0 0 0 0 1 −2 1 0 0

E7 −2 1 1 | 0 0 0 1 −2 1 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

(A.34)

This leads to the following linear equivalences between the divisors:

0 ∼ 3 D1 + E1 + 2 E2 + E5 + E6 + 2 E7,

0 ∼ 3 D2 + E3 + 2 E4 + E5 + 2 E6 + E7,

0 ∼ 3 D3 + 2 E1 + E2 + 2 E3 + E4 + E5.

(A.35)

From the intersection numbers, we find the following relations
between the Mori generators and the nine compact curves of our
geometry: C1 = E1 · E5, C2 = D3 · E5, C3 = E2 · E5, C4 = D1 · E5,
C5 = E5 · E7, C6 = E5 · E6, C7 = D2 · E5, E4 · E5 = C1 + C2 + C4 −
C6 − 2 C7, E3 · E5 = −C1 − 2 C2 + C4 + C5 + C6 + C7. Furthermore,
E3

5 = 3.

Case (b). Here, we have the following nine three-dimensional
cones: (D1, E2, E7), (E5, E6, E7), (E2, E5, E7), (E1, E2, E5), (D2, E4, E6),
(E4, E5, E6), (E3, E4, E5), (E1, E3, E5), (D3, E1, E3). (P |Q) takes the
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following form:

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

D1 −2 2 1 | 1 0 0 0 0 0 0 0 0
D2 −2 −1 1 | 0 0 0 0 0 1 0 0 0
D3 1 −1 1 | 0 0 0 0 0 0 0 0 1
E1 0 0 1 | 0 0 0 1 −1 0 0 1 −1
E2 −1 1 1 | −1 1 0 −1 1 0 0 0 0
E3 0 −1 1 | 0 0 0 0 1 0 1 −1 −1
E4 −1 −1 1 | 0 0 1 0 0 −1 −1 1 0
E5 −1 0 1 | 1 −1 −1 −1 −1 1 −1 −1 1
E6 −2 0 1 | 0 1 −1 0 0 −1 1 0 0
E7 −2 1 1 | −1 −1 1 1 0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

(A.36)

The linear equivalences remain of course the same. The relations between
the nine compact curves and the Ci are C1 = E2 · E7, C2 = E5 · E7, C3 =
E5 · E6, C4 = E2 · E5, C5 = E1 · E5, C6 = E4 · E6, C9 = E1 · E3, E4 · E5 =
−C3 + C4 + C5, E3 · E5 = C2 + C3 − C5. Here, E3

5 = 6.

We will now discuss the topologies of the exceptional divisors. The only
compact exceptional divisor is E5. In the triangulation (a), the star of E5
corresponds to the whole toric diagram. Unfortunately, one cannot read off
the topology directly from the Mori generators. The triangulations (a) and
(b) are connected by three flop transitions: (E1, E3) → (D3, E5), (E2, E7) →
(D1, E5), and (E4, E6) → (D2, E5). For the triangulation (b), D1, D2, and
D3 are not part of the star. Unfortunately, the Mori generators of this star
are not helpful either. If we perform two flop-transitions, we end up in a
very simple case. We flop the curve (E5, E7) to (E2, E6), furthermore, we
flop (E3, E5) to (E1, E4). Thus, we arrive at a star which contains only
E1, E2, E4, E5, E6; it corresponds to an F0. So both triangulations are bira-
tionally equivalent to F0. Therefore, h(1,0) = h(2,0) = 0, since the h(p,0) are
birational invariants.

In triangulation (a), all non-compact exceptional divisors have the topol-
ogy of P

1 × C. In triangulation (b), they are all P
1 × C blown-up in one

point.

A.7 Resolution of C
2/Zn-type orbifolds

Here, we treat the patches of the form C
2/Zn, associated to fixed lines.

We will be rather brief. As mentioned already in the main text, these
singularities are rational double points of type An−1. The toric diagrams of
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their resolutions (Hirzebruch–Jung sphere trees) are lines of length n with
n + 1 points on it, each at distance one from its neighbors.

The action of Zn on C
2 is

θ : (z1, z2) −→ (ε z1, εn−1 z2), ε = e2πi/n. (A.37)

To find the components of the vi, we have to solve (v1)i + (n − 1) (v2)i =
0 mod n. This leads to the following two generators of the fan:

v1 = (n − 1, 1), v2 = (−1, 1). (A.38)

All θi, i = 1, . . . , n − 1 fulfill (3.5), so we get n − 1 new generators:

wi =
i

n
v1 +

n − i

n
v2 = (i − 1, 1), i = 1, . . . , n − 1 (A.39)

The Ũi are

Ũ1 =
(z1)n−1y2(y3)2 · · · (yn−1)n−2

z2 , Ũ2 = z1z2y1y2 · · · yn−1. (A.40)

The rescaling that leaves the Ũi invariant is

(z1, z2, y1, y2, . . . , yn−1) −→
(
λ1 z1, λn−1

1 λ2λ
2
3 · · ·λn−2

n−1 z2,

×
(
λn

1λ2
2λ

3
3 · · ·λn−1

n−1
)−1

y1, λ2 y2, λ3 y3, . . . , λn−1 yn−1
)
. (A.41)

The blown-up geometry is

X
˜Σ =

(Cn+1\F
˜Σ)

(C∗)n−1 , (A.42)

where the (C∗)n−1 action is determined in the following (P |Q)-matrix

(P |Q) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

D1 n − 1 1 | 1 0 0 · · · 0 0 0
E1 0 1 | −2 1 0 · · · 0 0 0
E2 1 1 | 1 −2 1 · · · 0 0 0
· · · 1 | · · ·

En−2 1 1 | 0 0 0 · · · 1 −2 1
En−1 1 1 | 0 0 0 · · · 0 1 −2
D2 −1 1 | 0 0 0 · · · 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

(A.43)
We observe that the Q matrix is nothing but the Cartan matrix for An−1.
With it, we obtain the following linear equivalences:

E1 ∼ 2D1, 2Ei ∼ Ei−1 + Ei+1, i = 2, . . . , n − 2, En−1 ∼ 2D2. (A.44)
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Appendix B The Z3 orbifold

B.1 The resolved orbifold

This is a prime orbifold and therefore an easy case. It is well understood
and we provide this example just to display some of the techniques in detail.
The action of the twist θ was given in (2.45) and the resulting complex
structure in (2.47) of [14]. The T 6 factorizes into (T 2)3. Figure B.1 shows
the fundamental regions of the three tori corresponding to z1, z2, z3 and
their fixed points. The fundamental regions are all the same in this case
and the three fixed points of the Z3-twist are z1

fixed,1 = z2
fixed,1 = z3

fixed,1 =
0, z1

fixed,2 = z2
fixed,2 = z3

fixed,2 = 1/
√

3 eπi/6, and z1
fixed,3 = z2

fixed,3 = z3
fixed,3 =

1 + i/
√

3. Table B.1 summarizes the relevant data of the fixed-point set.
Figure B.2 shows the configuration of the fixed-point set in a schematic way.

On each of the 27 isolated Z3 fixed points we put a local patch, of which
each contributes one compact exceptional divisor. We denote these divisors
by Eαβγ , where α denotes the three fixed points on the z1-axis, β those
on the z2-axis, and γ those of the z3-axis. There are 9 fixed planes for this
example, i.e., zi = zi

fixed,α, zj , zk free. To each of these, we associate a divisor
which we denote them by Diα, i, α = 1, 2, 3. D1α are the divisors associated
to z1 = z1

fixed,α, where α labels the fixed point. Furthermore, there are nine
divisors Rij̄ which are inherited from T 6. Since there are no fixed lines in
this example, h2,1

twist. = 0.

Figure B.1: Fundamental regions for the Z3 orbifold.

Table B.1: Fixed-point set for Z3.

Group element Order Fixed set Conjugacy classes
θ 3 27 fixed points 27
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Figure B.2: Schematic picture of the fixed set configuration of the Z3
orbifold.

From the linear relations (A.6) for the C
3/Z3 patch, we obtain the global

linear relations (4.3):

Ri ∼ 3 Di,α +
3∑

β,γ=1

Eαβγ . (B.1)

The calculation of the intersection ring is very simple, since all exceptional
divisors intersect neither each other nor the Rij̄, and we do not need to
work with the polyhedra. From (4.9) and the subsequent discussion as well
as Appendix A.1, we find that the only non-trivial intersection numbers of
X in the basis {Ri, Rij̄, Eαβγ} are

R1R2R3 = 9, R1R23̄R32̄ = −9, R13̄R2R31̄ = −9, R12̄R21̄R3 = −9,

R12̄R23̄R31̄ = 9, R13̄R32̄R21̄ = 9, E3
αβγ = 9. (B.2)

As noted in Appendix A.1, the Eαβγ have the topology of a P
2. All divisors

Diα have exactly the same properties, therefore it is enough to look at one of
them and determine its Euler number. After removing the nine fixed points
from the T 4, the Z3 action is free, hence the quotient has Euler number
(0 − 9)/3 = −3. Resolving the singularities corresponds to gluing in nine
P 1. Therefore, χ(D) = −3 + 2 · 9 = 15. From (B.1) and the intersection
numbers given above, we find D3

iα = −3, and using (4.17) its holomorphic
Euler characteristic is χ(ODiα) = 1. The Ri and Rij̄ are T 4. Applying (4.14)
to both Diα and Eαβγ and then plugging into (B.1), we can also determine
the second Chern class to be

c2 ·Ri = 0 c2 ·Eαβγ = −6. (B.3)
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Another way to obtain this result and also the second Chern class on the
Rij̄ goes as follows: we denote the covering torus T 6 by A and the orbifold
projection by π : A → X0, where X0 is the unresolved orbifold. The resolu-
tion of the singularities is φ : X → X0. We choose H0 to be a general very
ample divisor which does not pass through the singularities, i.e., H0 is a
linear combination of the Ri and Rij̄. If we let H = φ∗H0 and H̃ = π∗H0

then we have that π : H̃ → H is a 3:1 cover. Therefore, c2(H̃) = 3 c2(H) and
H̃3 = 3H3. Applying (4.11) to both H ⊂ X and H̃ ⊂ A, and using (4.14)
as well as the fact that c2(A) · H̃ = 0 we find that c2 ·H = 0 and hence also

c2 ·Rij̄ = 0. (B.4)

B.2 The orientifold

The O-plane configuration at the orbifold point is very simple, we have 64
O3-planes, located at the I6 fixed points in each direction. They fall into 22
conjugacy classes, apart from zfixed = (0, 0, 0), which is invariant, all other
points fall into orbits of length 3. Only at zfixed = (0, 0, 0), a fixed point
coincides with one of the O3-planes.

All the exceptional divisors Eαβγ except E111 fall into orbits of length 2
under I6. Therefore, this example has h1,1

− = 13.

We now consider the orientifold of the resolved orbifold. There are two
possible choices for the local involution leading to O3- and O7-planes:

(1) I(z, y) = (−z1,−z2,−z3, y),

(2) I(z, y) = (−z1,−z2,−z3,−y). (B.5)

We choose (1) and have to solve (see (A.3))

(−z1,−z2,−z3, y) = (λ z1, λ z2, λ z3, λ−3 y), (B.6)

leading to the solution y = 0, λ = −1. This corresponds to an O7–plane
located on the exceptional divisor E. Since only the divisor E located at
the fixed points itself appears in the solution, no further global consistency
conditions need to be considered. Since only at (0, 0, 0) a fixed point of the
orbifold group coincides with a fixed point of I6, we see that the O3-plane
present at this point in the orbifold phase has disappeared.

The O3-planes away from the patches that we found in the orbifold phase
are also present in the resolved case since they lie away from the resolved
patches. We can see them by looking at the intersection ring of the orien-
tifold and interpreting certain intersection numbers as number of O3-planes
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as discussed in Section 5.2. There are three cases. The fixed points of
the orientifold action that lie at z = (0, 0, 1

2), (0, 0, τ
2 ), (0, 0, 1

2(1 + τ)) form
an equivalence class and correspond to the intersection of D1,1 = {z1 =
0}, D2,1 = {z2 = 0}, and R3 = {z3 = c, c �= 0, 1

3 , 2
3}. This intersection num-

ber is D1,1D2,1R3 = 1
2 , hence we have a single O3-plane sitting there. By

permuting the coordinates we get a total of three O3-planes. Then, there
are the fixed points that lie at z = (0, 1

2 , 1
2), (0, 1

2 , τ
2 , . . . , (0, 1

2(1 + τ)), τ
2 ),

(0, 0, 1
2(1 + τ)). The corresponding intersection number is D1,1R2R3 = 3

2 ,
hence we have three O3-planes. Taking into account the permutations of
the coordinates yields a total of nine O3-planes. Finally, the remaining ori-
entifold fixed points correspond to the intersection R1R2R3 = 9

2 , thus there
are nine more O3-planes. This makes a grand total of 21 O3-planes which
agrees with the number of conjugacy classes.

Appendix C The Z4 orbifolds

C.1 The lattice SU(4)2

C.1.1 Complex structure and fixed sets

On the root lattice of SU(4)2, the twist Q has the following action:

Q e1 = e2, Q e2 = e3, Q e3 = −e1 − e2 − e3,

Q e4 = e5, Q e5 = e6, Q e6 = −e4 − e5 − e6. (C.1)

The twist Q allows for seven independent real deformations of the metric
g and five real deformations of the anti-symmetric tensor b. These results
follow from solving the equations Qtg Q = g and Qtb Q = b:

g =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

R2
1 R2

1 cos θ23 x R1R2 cos θ36
R2

1 cos θ23 R2
1 R2

1 cos θ23 R1R2 cos θ35
x R2

1 cos θ23 R2
1 R1R2 cos θ34

R1R2 cos θ36 R1R2 cos θ35 R1R2 cos θ34 R2
2

y R1R2 cos θ36 R1R2 cos θ35 R2
2 cos θ56

R1R2 cos θ34 y R1R2 cos θ36 z

y R1R2 cos θ34
R1R2 cos θ36 y
R1R2 cos θ35 R1R2 cos θ36
R2

2 cos θ56 z
R2

2 R2
2 cos θ56

R2
2 cos θ56 R2

2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (C.2)
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with x = −R2
1(1 + 2 cos θ23), y = −R1R2 (cos θ34 + cos θ35 + cos θ36), z = −

R2
2(1 + 2 cos θ56) and the seven real parameters R2

1, R
2
2, θ23, θ34, θ35, θ36, θ56.

For b we find

b =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 b1 0 b5 −b3 − b4 − b5 b3
−b1 0 b1 b4 b5 −b3 − b4 − b5
0 −b1 0 b3 b4 b5

−b5 −b4 −b3 0 b2 0
b3 + b4 + b5 −b5 −b4 −b2 0 b2

−b3 b3 + b4 + b5 −b5 0 −b2 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

(C.3)
with the five real parameters b1, b2, b3, b4, b5. We see that we get five untwi-
sted Kähler moduli and one untwisted complex structure modulus in this
orbifold.

With the methods discussed in [14], we arrive at the following complex
structure:

z1 =
1√
2

(x1 + i x2 − x3),

z2 =
1√
2

(x4 + i x5 − x6),

z3 =
1

2
√

u2

[
x1 − x2 + x3 + U (x4 − x5 + x6)

]
, (C.4)

with

U = − R2

2 R1
sec θ23(cos θ34 + cos θ36

+ i
√

−(cos θ34 + cos θ36)2 + 4 cos θ23 cos θ56). (C.5)

The five untwisted real 2–forms that are invariant under this orbifold
twist are

ω1 = dx1 ∧ dx2 + dx2 ∧ dx3,

ω2 = dx1 ∧ dx4 − dx1 ∧ dx5 + dx2 ∧ dx5 − dx2 ∧ dx6 + dx3 ∧ dx6,

ω3 = −dx1 ∧ dx5 + dx1 ∧ dx6 − dx2 ∧ dx6 + dx3 ∧ dx4,

ω4 = −dx1 ∧ dx5 + dx2 ∧ dx4 − dx2 ∧ dx6 + dx3 ∧ dx5,

ω5 = dx4 ∧ dx5 + dx5 ∧ dx6. (C.6)

In order to determine the fixed-point set of this twist, we need to look only at
the θ-, and θ2-twisted sectors. There are four C

2/Z2 fixed lines which lie at
z1
fixed,α = 0, 1

2(1 + i), α = 1, 2, and z2
fixed,β = 0, 1

2(1 + i), β = 1, 2. On each of
them there are four C

3/Z4 fixed points. At (z1
fixed,1, z

2
fixed,1) = (0, 0) they are

at z3
fixed,2γ−1 = 0, 1

2 , U
2 , 1

2(1 + U), γ = 1, . . . , 4. For the remaining values of
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Table C.1: Fixed-point set for Z4 orbifold on SU(4)2.

Group elements Order Fixed set Conjugacy classes
θ 4 16 fixed points 16
θ2 2 4 fixed lines 4

Figure C.1: Schematic picture of the fixed-set configuration of Z4 on SU(4)2.

(α, β) they are at z3
fixed,2γ = 1

4 , 3
4 , 1

4(1 + 2U), 1
4(3 + 2U), γ = 1, . . . , 4. Here,

U = U , see [14]. Table C.1 summarizes the relevant data of the fixed-point
set. The invariant subtorus under θ2 is (x3, 0, x3, x6, 0, x6), corresponding
to the z3 coordinate being invariant. Figure C.1 shows the configuration of
the fixed point set in a schematic way. This orbifold has special properties
due to the SU(4)2 lattice which leads to a non-standard volume factor for
the fixed torus in z3-direction (see [16], [38],) and changed periodicities of
the real lattice. Instead of the usual real lattice shift of one unit, the shift is
1/2 for the coordinates entering z3. The fixed points in z3-direction do not
all lie in the same four D3 planes as usual but the points at (z1, z2) �= (0, 0)
are shifted by 1/4.

C.1.2 The resolved orbifold

As we have seen, there are 16 local Z4-patches which sit in groups of four
on one of the four Z2-fixed lines. From Appendix A.2, we see that each of
the Z4-patches contributes one exceptional divisor and so does each of the
fixed lines, therefore we get 16 · 1 + 4 · 1 = 20 exceptional divisors in total.
According to the labeling of the fixed points, we denote them by E1,αβγ
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and E2,α,β , α, β = 1, 2, γ = 1, 3, 5, 7 for (α, β) = (1, 1) and γ = 2, 4, 6, 8 oth-
erwise. Since there are no fixed lines without fixed points on them in this
example, there are no twisted complex structure moduli.

From the local linear relations (A.11) for the C
3/Z4-patch, we find the

following global linear relations (4.3):

R1 ∼ 4 D1,1 +
4∑

γ=1

(E1,1,1,2γ−1 + E1,1,2,2γ) + 2
∑

β=1,2

E2,1,β ,

R1 ∼ 4 D1,2 +
∑

β=1,2

4∑

γ=1

E1,2,β,2γ + 2
∑

β=1,2

E2,2,β ,

R2 ∼ 4 D2,1 +
4∑

γ=1

(E1,1,1,2γ−1 + E1,2,1,2γ) + 2
∑

α=1,2

E2,α,1,

R2 ∼ 4 D2,2 +
∑

α=1,2

4∑

γ=1

E1,α,2,2γ + 2
∑

α=1,2

E2,α,2,

R3 ∼ 2 D3,2γ−1 + E1,1,1,2γ−1,

R3 ∼ 2 D3,2γ + E1,1,2γ +
∑

β=1,2

E1,2,β,2γ ,

(C.7)

where γ = 1, . . . , 4. To compute the intersection ring, we need to deter-
mine the basis for the lattice N in which the auxiliary polyhedron will live.
From (C.7), we see that n1 = n2 = 4, and n3 = 2. Hence we can choose
m1 = m2 = m3 = 2, and the lattice basis is f1 = (2, 0, 0), f2 = (0, 2, 0), f3 =
(0, 0, 2). The lattice points of the polyhedron Δ(3) for the local compactifi-
cation of the Z4 fixed points are

v1 = (−2, 0, 0), v2 = (0,−2, 0), v3 = (0, 0,−2), v4 = (8, 0, 0),

v5 = (0, 8, 0), v6 = (0, 0, 4), v7 = (2, 2, 2), v8 = (4, 4, 0),
(C.8)

corresponding to the divisors R1, R2, R3, D1, D2, D3, E1, E2 in that order.
The polyhedron is shown in figure C.2. From the intersection ring of the
16 polyhedra and the linear relations (C.7) we obtain the following non-
vanishing intersection numbers of X in the basis {Ri, Ekαβγ} (without the
divisors Rij̄):

R1R2R3 = 8, R3E
2
2,αβ = −2, E1,αβγE2

2,αβ = −2, E3
1,α,β,γ = 8, E3

2,α,β = 8.
(C.9)

Next, we discuss the topology of the divisors. The topology of the excep-
tional divisors E1αβγ has already been determined in Appendix A.2 to be
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Figure C.2: The polyhedron Δ(3) describing the local compactification of
the resolution of C

3/Z4.

that of an F2. According to Section 4.3, the divisors E2,αβ are of type (E3)
with a single line ending on them (cf. figure A.2), hence their topology is
that of an F0. The restriction of the Z4 action to z1 = z1

fixed,α is 1
4(1, 2) and

has eight classes of fixed points. Each of them gets replaced by a P
1, hence

the Euler number of D1,α is (0 − 16)/4 + 8 · 2 = 12 and the topology of D1,α

can be viewed as that of Bl8Fn. The same holds for D2,β . For D3,γ , we start
with the restriction of the Z4 action to z3 = z3

fixed,γ , which is 1
4(1, 1) on T 4.

The Euler number of D3,γ minus the 16 fixed points is (0 − 16)/4 = −4.
The fixed points fall into 10 classes. For odd γ three of these classes are
not resolved and the corresponding singularities are replaced by points. At
the remaining fixed points, we glue in a P

1 as usual. Therefore, the Euler
number of D3,γ , γ odd, is −4 + 3 · 1 + 7 · 2 = 13. For even γ only one of the
10 classes is not blown-up and the Euler number is −4 + 1 + 9 · 2 = 15. We
conclude that the topology of D3,γ is Bl9F0 and Bl11F0 for γ odd and even,
respectively. The topology of R1 and R2 is that of a T 4 and R3 is a K3.
The second Chern class is

c2 ·E1,αβγ = −4, c2 ·E2,αβ = −4, c2 ·Ri = 0, c2 ·R3 = 24. (C.10)

C.1.3 The orientifold

The O-plane configuration at the orbifold point is very simple, we have
64 O3-planes, located at the I6 fixed points in each direction. They fall
into 22 conjugacy classes, apart from (0, 0, 0), which is invariant. Under the
combination I6 θ2, one O7-plane is fixed located at z3 = 0 in the (z1, z2)-
plane.
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The h1,1
− = 6 of this example is due to the 12 C

3/Z4-patches which are
shifted in the z3-direction by 1/4, which are mapped to each other by I6
pairwise on each fixed line.

Now we discuss the orientifold of the resolved case. There are two pos-
sibilities for I on the C

3/Z4-patch which lead to a solution with O3- and
O7-planes:

(1) I(z, y) = (−z1,−z2,−z3, y1, y2),

(2) I(z, y) = (−z1,−z2,−z3,−y1,−y2).
(C.11)

For the choice (1), we solve

(−z1,−z2,−z3, y1, y2) =
(

λ1 z1, λ1 z2, λ2 z3,
1
λ2

2
y1,

λ2

λ2
1

y2
)

, (C.12)

leading to the following two solutions:

y2 = 0, λ1 = λ2 = −1, z3 = 0, λ1 = −1, λ2 = 1.

This corresponds to an O7-plane located on E2 and one on D3. The choice
(2) leads to

y1 = 0, λ1 = λ2 = −1.

We will concentrate on the choice (1) for I. The restriction of the scaling
action to the C

2/Z2 fixed line which is compatible with the solution y2 = 0
consists of D1, D2, and E2 is given by setting λ2 = −1:

(−z1,−z2,−z3, y1, y2) =
(

λ1 z1, λ1 z2,−z3, y1,− 1
λ2

1
y2

)

. (C.13)

This obviously leads to the solution

y2 = 0, λ1 = −1.

In the resolved case, we have thus four O7-planes on the E2αβ , and eight O7-
planes on the eight D3γ . Four of the C

3/Z4-patches coincide with location
of O3-planes before the blow-up. Since no O3-plane solutions appear in the
resolved patches, these O3-planes are not present in the resolved case and
we are left with 18 O3-planes located away from the resolved patches.

The modified intersection intersection numbers are

R1R2R3 = 4, R3E
2
2,αβ = −4,

E1,αβγE2
2,αβ = −4, E3

1,α,β,γ = 4, E3
2,α,β = 32.

(C.14)
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C.2 The lattice SU(2) × SO(5) × SU(4)

C.2.1 Complex structure and fixed sets

The twist Q has the following action on the root lattice of SU(2) × SO(5) ×
SU(4):

Q e1 = e2, Q e2 = e3, Q e3 = −e1 − e2 − e3,

Q e4 = e4 + 2 e5, Q e5 = −e4 − e5, Q e6 = −e6 .
(C.15)

The form of metric and anti-symmetric tensor follow from solving the equa-
tions Qtg Q = g and Qtb Q = b:

g =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

R2
1 R2

1 cos θ23 x −R1R2 cos θ34
R2

1 cos θ23 R2
1 R2

1 cos θ23 y
x R2

1 cos θ23 R2
1 R1R2 cos θ34

−R1R2 cos θ34 y R1R2 cos θ34 2 R2
2

−R1R2 cos θ35 −y R1R2 cos θ35 −R2
2

R1R3 cos θ36 −R1R3 cos θ36 R1R3 cos θ36 0

−R1R2 cos θ35 R1R3 cos θ36
−y −R1R3 cos θ36

R1R2 cos θ35 R1R2 cos θ36
−R2

2 0
R2

2 0
0 R2

3

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (C.16)

with x = −R2
1(1 + 2 cos θ23), y = R1R2 (cos θ34 + 2 cos θ35). The seven real

parameters R2
1, R2

2, R2
3, θ23, θ34, θ35, θ36. For b we find

b =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 b1 0 −b2 −b3 b4
−b1 0 b1 b2 + 2 b3 −b2 − b3 −b4
0 −b1 0 b2 b3 b4
b2 −b2 − 2 b3 −b2 0 b5 0
b3 b2 + b3 −b3 −b5 0 0

−b4 b4 −b4 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

(C.17)

with the five real parameters b1, b2, b3, b4, b5. We see that we get five
untwisted Kähler moduli and one untwisted complex structure modulus in
this orbifold. With the methods discussed in [14], we arrive at the following
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complex structure:

z1 =
1√
2

(x1 + i x2 − x3),

z2 = x4 +
(

1
2

− i

2

)

x5,

z3 =
1

2
√

2 u2
(x1 − x2 + x3 + 2 U x6).

(C.18)

with

U = − R3

2 R1
sec θ23

(

cos θ36 + i
√

− cos θ23 − cos θ2
36

)

. (C.19)

The five untwisted real 2-forms that are invariant under this orbifold twist
are

ω1 = dx1 ∧ dx2 + dx2 ∧ dx3,

ω2 = −dx1 ∧ dx4 + dx2 ∧ dx4 − dx2 ∧ dx5 + dx3 ∧ dx4,

ω3 = −dx1 ∧ dx5 + 2 dx2 ∧ dx4 − dx2 ∧ dx5 + dx3 ∧ dx5,

ω4 = dx1 ∧ dx6 − dx2 ∧ dx6 + dx3 ∧ dx6,

ω5 = dx4 ∧ dx5.

(C.20)

The fixed-point set consists of eight C
2/Z2 fixed lines which lie at z1

fixed,α = 0,
1
2(1 + i), α = 1, 2, and z2

fixed,β = 0, 1
2 , i

2 , 1
2(1 + i), β = 1, . . . , 4. On four

of them there are four C
3/Z4 fixed points. For (z1

fixed,1, z2
fixed,β) = (0, 0),

(0, 1
2) they are at z3

fixed,2γ−1 = 0, 1
2 , U

2 , 1
2(1 + U), γ = 1, . . . , 4, whereas for

(z1
fixed,2, z2

fixed,β) = (1
2(1 + i), 0), (1

2(1 + i), 1
2) they are at z3

fixed,2γ = 1
4 , 3

4 ,
1
4(1 + 2U), 1

4(3 + 2U), γ = 1, . . . , 4. Here, U = U , see [14]. Table C.2 sum-
marizes the relevant data of the fixed sets. The invariant subtorus under
θ2 is (x3, 0, x3, 0, 0, x6), corresponding to the z3 coordinate being invariant.
Figure C.3 shows the configuration of the fixed-point set in a schematic way.
Since in this case only one SU(4) factor is present in the lattice, the period-
icity change occurs only in one real direction and only the fixed-points with
z1 �= 0 are shifted by 1/4.

Table C.2: Fixed-point set for Z4 orbifold on SU(2) × SO(5) × SU(4).

Group elements Order Fixed set Conjugacy classes
θ 4 16 fixed points 16
θ2 2 8 fixed lines 6
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Figure C.3: Schematic picture of the fixed-set configuration of Z4 on
SU(2) × SO(5) × SU(4).

C.2.2 The resolved orbifold

As we have seen, there are 16 local C
3/Z4-patches which sit in groups of

four on a C
2/Z2 fixed line. They yield the same exceptional divisors as in

Section C.1, however, according to the different labeling of the fixed points
here, we denote them by E1,αβγ and E2,α,β , α, β = 1, 2, γ = 1, 3, 5, 7 for α = 1
and γ = 2, 4, 6, 8 for α = 2. The remaining four C

2/Z2 fixed lines fall into
two equivalence classes E2,α,3 = Ẽ2,α,3 + Ẽ2,α,4, α = 1, 2, where Ẽ2,α,β are
the divisors on the cover. Therefore, we get 16 · 1 + 6 · 1 = 22 exceptional
divisors in total. These two classes of C

2/Z2 fixed lines do not have fixed
points on them, so by (4.19) we have h2,1

twist. = 2.

From the local linear relations (A.11), we find the following global
relations:

R1 ∼ 4 D1,1 +
∑

β=1,2

4∑

γ=1

E1,1,β,2γ−1 + 2
3∑

β=1

E2,1,β ,

R1 ∼ 4 D1,2 +
∑

β=1,2

4∑

γ=1

E1,2,β,2γ + 2
3∑

β=1

E2,2,β ,

R2 ∼ 4 D2,β +
4∑

γ=1

(E1,1,β,2γ−1 + E1,2,β,2γ) + 2
∑

α=1,2

E2,α,β ,

R2 ∼ 2 D2,3 +
2∑

α=1

E2,α,3, (C.21)
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R3 ∼ 2 D3,2γ−1 +
∑

β=1,2

E1,1,β,2γ−1,

R3 ∼ 2 D3,2γ +
∑

β=1,2

E1,2,β,2γ ,

where α, β = 1, 2, γ = 1, . . . , 4. The polyhedron for the Z2 fixed lines is
obtained from (C.8) by dropping v7. We obtain the following non-vanishing
intersection numbers of X in the basis {Ri, Ekαβγ} (without the
divisors Rij̄):

R1R2R3 = 8, R3E
2
2,αβ = −2, E1,αβγE2

2,αβ = −2,

E3
1,α,β,γ = 8, E3

2,α,β = 8, E2
2,α,3R3 = −4,

(C.22)

for α, β = 1, 2 and all γ. The topology of those divisors which were already
present in the model in Appendix C.1.2 does not change except for D3γ . The
difference is that for both even and odd γ two of the 10 classes of fixed points
of T 4/Z4 are not resolved and the corresponding singularities are replaced
by points. The Euler number, therefore, is −4 + 2 · 1 + 8 · 2 = 14 and the
topology of D3,γ is Bl10F0. According to Section 4.3, the new divisors E2,α,3
are of type (E2), hence their topology is P

1 × T 2. By a similar argument as
for D1,2 in Section 4.5.1 we find that the topology of D2,3 is also that of a
P

1 × T 2. Finally, the second Chern class is

c2 ·E1,αβγ = −4, c2 ·E2,αβ = −4, c2 ·E2,α,3 = 0, c2 ·Ri = 0,

c2 ·R3 = 24.
(C.23)

C.2.3 The orientifold

In this example, we have at the orbifold point 64 O3-planes which fall into
28 conjugacy classes under the orbifold group. Under I6 θ2, we have two
O7-planes in the (z1, z2)-plane located at z3 = 0 and 1

2U . h1,1
− = 4 is due

to the eight C
3/Z4-patches which are shifted in the z3-direction by 1/4 and

are mapped pairwise onto each other under I6. There are two classes of
fixed lines with fixed points which are invariant under the orientifold action,
hence h2,1

+ = 2.

The local involution on the resolved patches is the same as in Appen-
dix C.1.3. Since eight of the O3-planes coincide with the local patches, they
are not present in the resolved case. This means that we are left with 20
O3-planes, which are located away from the fixed points. Choosing the invo-
lution (1) of (C.11), we have four O7-planes on the E2αβ and eight on the
D3γ-planes.
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The modified intersection numbers are

R1R2R3 = 4, R3E
2
2,αβ = −4, E1,αβγE2

2,αβ = −4,

E3
1,α,β,γ = 4, E3

2,α,β = 32, E2
2,α,3R3 = −16,

(C.24)

for α, β = 1, 2 and all γ.

C.3 The lattice SU(2)2 × SO(5)2

C.3.1 Complex structure and fixed sets

On the root lattice of SU(4)2, the twist Q has the following action:

Q e1 = e1 + 2 e2, Q e2 = −e1 − e2, Q e3 = e3 + 2 e4,

Q e4 = −e3 − e4, Q e5 = −e5, Q e6 = −e6.
(C.25)

The form of metric and anti-symmetric tensor follow from solving the equa-
tions Qtg Q = g and Qtb Q = b:

g =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

2R2
1 −R2

1 2R1R2 cos θ24 x
−R2

1 R2
1 R1R2 cos θ23 R1R2 cos θ24

2R1R2 cos θ24 R1R2 cos θ23 2 R2
2 −R2

2
x R1R2 cos θ24 −R2

2 R2
2

0 0 0 0
0 0 0 0

0 0
0 0
0 0
0 0

R2
3 R3R4 cos θ56

R3R4 cos θ56 R2
4

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (C.26)

with x = −R1R2 (cos θ23 + 2 cos θ24). The seven real parameters R2
1, R2

2,
R2

3, R2
4, θ23, θ24, θ56. For b we find

b =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 b1 2 b4 −b4 − 2 b5 0 0
−b1 0 b4 b5 0 0

−2 b4 −b4 0 b2 0 0
−b4 − 2 b5 −b5 −b2 0 0 0

0 0 0 0 0 b3
0 0 0 0 −b3 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

(C.27)

with the five real parameters b1, b2, b3, b4, b5. We see that we get five
untwisted Kähler moduli and one untwisted complex structure modulus in
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Table C.3: Fixed-point set for Z4 orbifold on SU(2)2 × SO(5)2.

Group elements Order Fixed set Conjugacy classes
θ 4 16 fixed points 16
θ2 2 16 fixed lines 10

this orbifold. With the methods discussed in [14], we arrive at the following
complex coordinates:

z1 = x1 +
(

1
2

− i

2

)

x2,

z2 = x3 +
(

1
2

− i

2

)

x4,

z3 =
1√

2 Im U
(x5 + U x6),

(C.28)

with U = R4
R3

eiθ56 . The five untwisted real 2-forms that are invariant under
this orbifold twist are

ω1 = dx1 ∧ dx2, ω2 = dx3 ∧ dx4, ω3 = dx5 ∧ dx6,

ω4 = −dx1 ∧ dx4 + dx2 ∧ dx3,

ω5 = 2 dx1 ∧ dx5 − 2 dx1 ∧ dx4 + dx2 ∧ dx4.

(C.29)

The fixed-point set consists of 16 C
2/Z2 fixed lines which lie at z1

fixed,α = 0,
1
2 , i

2 , 1
2(1 + i), α = 1, . . . , 4, and z2

fixed,β = 0, 1
2 , i

2 , 1
2(1 + i), β = 1, ldots, 4.

On those with α = 1, 2, β = 1, 2 there are four C
3/Z4 fixed points which

lie at z3
fixed,γ = 0, 1

2 , U
2 , 1

2(1 + U), γ = 1, . . . , 4. Here, U = U , see [14].
Table C.3 summarizes the relevant data of the fixed sets. The invariant
subtorus under θ2 is (0, 0, 0, 0, x5, x6), corresponding to the z3 coordinate
being invariant. Figure C.4 shows the configuration of the fixed-point set in a
schematic way.

C.3.2 The resolved orbifold

As we have seen, there are 16 local C
3/Z4-patches which sit in groups of

four on a C
2/Z2 fixed line. They yield the same exceptional divisors as in

Section C.2, however, according to the different labeling of the fixed points
here, we denote them by E1,αβγ and E2,α,β , α, β = 1, 2, γ = 1, . . . , 4. The
remaining 12 C

2/Z2 fixed lines fall into six equivalence classes. The invariant
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Figure C.4: Schematic picture of the fixed-set configuration of Z4 on
SU(2)2 × SO(5)2.

divisors are

E2,1 = Ẽ2,1,1, E2,2 = Ẽ2,1,2, E2,3 = Ẽ2,1,3 + Ẽ2,1,4,

E2,4 = Ẽ2,2,1, E2,5 = Ẽ2,2,2, E2,6 = Ẽ2,2,3 + Ẽ2,2,4,

E2,7 = Ẽ2,3,1 + Ẽ2,4,1, E2,8 = Ẽ2,3,2 + Ẽ2,4,2, E2,9 = Ẽ2,3,3 + Ẽ2,4,4,

E2,10 = Ẽ2,3,4 + Ẽ2,4,3,
(C.30)

where Ẽ2,α,β are the representatives on the cover. Therefore, we get 16 · 1 +
10 · 1 = 26 exceptional divisors in total. The latter six classes of C

2/Z2 fixed
lines do not have fixed points on them, so by (4.19) we have h2,1

twist. = 6.

From the local linear relations (A.11), we find the following global rela-
tions:

R1 = 4 D1,α +
2∑

β=1

4∑

γ=1

E1,αβγ + 2
3∑

μ=1

E2,3α−3+μ, α = 1, 2,

R1 = 2 D1,3 +
10∑

μ=7

E2,μ,

R2 = 4 D2,β +
2∑

α=1

4∑

γ=1

E1,αβγ + 2
∑

μ=0,3,6

E2,μ+β , β = 1, 2,
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R2 = 2 D2,3 +
∑

μ=3,6,9,10

E2,μ, (C.31)

R3 = 2 D3,γ +
2∑

α=1

2∑

β=1

E1,αβγ , γ = 1, . . . , 4,

The polyhedron of the Z2 fixed lines is obtained from (C.8) by dropping
v7. We obtain the following non-vanishing intersection numbers of X in the
basis {Ri, Ekαβγ} (without the divisors Rij̄):

R1R2R3 = 8, R3E
2
2,μ = −2, E1,αβγE2

2,μ = −2,

E3
1,α,β,γ = 8, E3

2,μ = 8,

for μ = 1, 2, 4, 5 and
E2

2,μR3 = −4, (C.32)

for μ = 3, 6, . . . , 10 and α, β = 1, 2. The topology of those divisors which
were already present in the model in Appendix C.2.2 does not change except
for D3γ . The difference is that all of the 10 classes of fixed points of T 4/Z4 are
resolved. The Euler number therefore is −4 + 10 · 2 = 16 and the topology
of D3,γ is Bl12F0. All the new divisors E2,μ and D3,β have the topology of a
P

1 × T 2. Finally, the second Chern class is

c2 ·E1,αβγ = −4, c2 ·Ri = 0, c2 ·R3 = 24, c2 ·E2,μ = −4,

for μ = 1, 2, 4, 5 and
c2 ·E2,μ = 0, (C.33)

for μ = 3, 6, . . . , 10.

C.3.3 The orientifold

In this example, we have at the orbifold point 64 O3-planes which fall into
40 conjugacy classes under the orbifold group. Under I6 θ2, we have four O7-
planes in the (z1, z2)-plane located at z3 = 0, 1

2 , 1
2 , U3 and z3 = 1

2 (1 + U3).
h1,1

− = 0 since all C
3/Z4-patches are fixed under I6. There are six classes of

fixed lines with fixed points which are invariant under the orientifold action,
hence h2,1

+ = 6.

The local involution on the resolved patches is the same as for the SU(4)2-
lattice in Appendix C.1.3. Since all of the local patches coincide with the
locations of the O3-planes, these 16 O3-planes are not present in the resolved
case. This means that we are left with 24 O3-planes, which are located away
from the fixed points. Choosing the involution (1) of (C.11), we have four
O7-planes on the E2αβ and four on the D3γ-planes.
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The modified intersection numbers are

R1R2R3 = 4, R3E
2
2,μ = −4, E1,αβγE2

2,μ = −4,

E3
1,α,β,γ = 4, E3

2,μ = 32,

for μ = 1, 2, 4, 5 and
E2

2,μR3 = −16, (C.34)
for μ = 3, 6, . . . , 10 and α, β = 1, 2.

Appendix D The Z6-II orbifolds

D.1 The lattice SU(2) × SU(6)

D.1.1 The resolved orbifold

As for Z6-I in Section 4.5.1, we need to look again only at the θ-, θ2-, and θ3-
twisted sectors. The action of the twist θ on the lattice SU(2) × SU(6) was
given in (A.29) and the resulting complex structure in (A.36) of [14] with
U3 = U3. We denote the fixed points in each direction as follows: z1

fixed,1 = 0,
z2
fixed,1 = 0, z2

fixed,2 = 1√
3
eπi/6, z2

fixed,3 = 1 + i/
√

3, z3
fixed,1 = 0, z3

fixed,2 = 1
2U3,

z3
fixed,3

1
2 , z3

fixed,4 = 1
2(1 + U3). They are left invariant under all twists, so that

all the conjugacy classes contain a single element. Table D.1 summarizes
the relevant data of the fixed-point sets. The invariant subtori under θ2 and
θ3 are (x5, 0, x5, 0, x5, x6) and (x4, x5, 0, x4, x5, 0) corresponding to complex
coordinates z3 and z2 being invariant, respectively, while figure D.1 shows
the configuration of the fixed-point sets in a schematic way.

We see that in this model, there are three lines fixed by the order 3 element
and four lines fixed by the order 2 element. They intersect in 12 fixed points
at which we have a C

3/Z6-II-patch. From the toric diagram of its resolution
in figure A.3, we get one compact divisor E1 each, which we label them
E1,αβγ , with α = 1, β = 1, 2, 3, γ = 1, . . . , 4. The divisor E3 is identified
with the exceptional divisor on the resolved C

2/Z2-patch, therefore there are

Table D.1: Fixed-point set for Z6-II orbifold on SU(2) × SU(6).

Group elements Order Fixed set Conjugacy classes
θ 6 12 fixed points 12
θ2 3 3 fixed lines 3
θ3 2 4 fixed lines 4
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Figure D.1: Schematic picture of the fixed-set configuration of Z6-II on
SU(2) × SU(6).

four of them: E3,αγ . Of the divisors E2, E4, we get three each: E2,αβ , E4,αβ .
They are identified with the two exceptional divisors of the C

2/Z3-patch.
Since in this lattice α = 1 is the only value, we suppress the label α in the
following. In total, there are 12 · 1 + 3 · 2 + 4 · 1 = 22 exceptional divisors.
There are eight fixed planes with their associated divisors: D1, D2β, β =
1, 2, 3,, D3γ , γ = 1, . . . , 4. On this lattice, there are no fixed lines without
fixed points on them, hence by (4.19) we have h2,1

twist. = 0.

From the local linear equivalences (A.15) for the C
3/Z6-II-patch, the global

relations (4.3) are constructed:

R1 = 6 D1 + 3
4∑

γ=1

E3,γ +
3∑

β=1

4∑

γ=1

E1,βγ +
3∑

β=1

( 2 E2,β + 4 E4,β),

R2 = 3 D2,β +
4∑

γ=1

E1,βγ + 2 E2,β + E4,β , β = 1, 2, 3

R3 = 2 D3,γ +
3∑

β=1

E1,βγ + E3,γ , γ = 1, . . . , 4.

(D.1)

To compute the intersection ring, we determine the basis for the lattice
N from (D.1) to be f1 = (1, 0, 0), f2 = (0, 2, 0), f3 = (0, 0, 3). The lattice
points of the polyhedron Δ(3) for the local compactification of the Z6-II
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Figure D.2: The polyhedron Δ(3) describing the local compactification of
the resolution of C

3/Z6-II.

fixed points are

v1 = (−1, 0, 0), v2 = (0,−2, 0), v3 = (0, 0,−3), v4 = (6, 0, 0),

v5 = (0, 6, 0), v6 = (0, 0, 6), v7 = (1, 2, 3), v8 = (2, 4, 0),

v9 = (3, 0, 3), v10 = (4, 2, 0), (D.2)

corresponding to the divisors R1, R2, R3, D1, D2, D3, E1, E2, E3, E4 in that
order. The polyhedron is shown in figure D.2. From the intersection ring
of the 12 polyhedra and the linear relations (D.1) we obtain the following
nonvanishing intersection numbers of X in the basis {Ri, Ekαβγ}:

R1R2R3 = 6, R2E
2
3,γ = −2, R3E

2
2,β = −2, R3E4,β = −2,

R3E2,βE4,β = 1, E3
1,βγ = 6, E3

2,β = 8, E3
3,γ = 8,

E3
4,β = 8, E1,βγE2

2β = −1, E1,βγE2
3γ = −1, E1,βγE2

4β = −1,

E1,βγE2,βE4β = 1, E2
2,βE4,β = −2. (D.3)

Next, we discuss the topology of the divisors. For the moment, we still only
consider the triangulation (a). The topology of the exceptional divisors
has been determined in Appendix A.3: E1,βγ was found to be Bl2F1. The
remaining exceptional divisors are all of type (E3), hence the basic topology
is F0. Looking at figure A.3 we see that in the toric diagram of triangulation
(a) there is only one line ending in each of E2, E3, and E4, which corresponds
to the exceptional curve of F0. Therefore, there is no additional blow-up,
and each of E2β, E3γ , and E4β has the topology of a F0.

The topology of D1 is seen as follows: the action of 1
6(2, 3) on T 4 factor-

izes and the topology of D1 minus the fixed-point set is that of (T 2/Z3 \
{3 pts}) × (T 2/Z2 \ {4 pts}). Looking again at the toric diagram in
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figure A.3 we see that there is one line ending in D1, hence the 12 sin-
gular points are replaced by a P

1. The topology of D1 therefore is that of
Bl12F0, and its Euler number is 16. (For the other triangulations there is
no line ending in D1, hence there is no blow-up and the topology is that
of F0.) For D2β the action of 1

6(1, 3) on T 4 yields the Z3 fixed line with 3
Z6-II fixed points on top of it that we see in figure D.1. In addition, there
are two more Z3 fixed lines which fall into an orbit of length 2 under the
residual Z2 action, as well as 12 Z2 fixed points which fall into four orbits
of length 3 under the residual Z3 action. The latter two sets are not real-
ized in the T 6 orbifold for this lattice. The Euler number of D2β minus
the fixed-point set is (0 − 3 · 0 − 12)/6 = −2. The blow-up process glues in
a T 2 × F at the class of the Z3 fixed lines without fixed points, where F
are two P

1 intersecting in a point. There is no contribution to the Euler
number from this space. The last fixed line is replaced by T 2 × F minus
4 points, upon which there is still a free Z2 action. Its Euler number is
therefore (0 − 4)/2 = −2. For the four Z6-II fixed points on this fixed line
we see that in the corresponding toric diagram there is one line ending in
D2. (For triangulation (e) there are two lines.) For a single fixed point,
this contributes χ(P1) = 2 to the Euler number. At each of the four classes
of Z2 fixed points we also glue in a P

1. Adding everything up, the Euler
number of D2β is −2 + 0 − 2 + 4 · 2 + 4 · 2 = 12 which can be viewed as the
result of a blow-up of F0 is eight points. For D3γ the computation is similar.
The action of 1

6(1, 2) on T 4 yields the Z2 fixed line with four Z6-II fixed
points on top of it that we see in figure D.1. In addition, there are three
more Z2 fixed lines which fall into an orbit of length 3 under the residual Z3
action, as well as six Z3 fixed points which fall into three orbits of length 2
under the residual Z2 action. The latter two sets again are not realized in
the T 6 orbifold for this lattice. The Euler number of D2β minus the fixed
point set is (0 − 4 · 0 − 6)/6 = −1. The blow-up process glues in a T 2 × P

1

at the class of the Z2 fixed line without fixed points. There is no contri-
bution to the Euler number from this space. The last fixed line is replaced
by T 2 × P

1 minus 3 points, upon which there is still a free Z3 action. Its
Euler number is therefore (0 − 3)/3 = −1. For the three Z6-II fixed points
on this fixed line, we see that in the corresponding toric diagram there is one
line ending in D2. (For triangulation (d) there are two lines.) For a single
fixed point this contributes χ(P1) = 2 to the Euler number. At each of the
three classes of Z3 fixed points, we glue in two P

1 intersecting in one point
whose Euler number is 2 · 2 − 1. Adding everything up, the Euler number
of D3γ is −1 + 0 − 1 + 3 · 2 + 3 · 3 = 13 which can be viewed as the result of
a blow-up of F0 in nine points.

The divisor R1 does not intersect any fixed lines, therefore it simply has
the topology of T 4. The divisors R2 and R3, on the other hand, have the
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Table D.2: The topologies of the divisors for all triangulations.

Triangulations E1,βγ E2,β E3,γ E4,β D1 D2,β D3,γ R1 R2, R3

(a) Bl2F1 F0 F0 F0 Bl12F0 Bl8Fn Bl9Fn T 4 K3
(b) F1 Bl4F0 Bl6F0 F0 F0 Bl8Fn Bl9Fn T 4 K3
(c) Bl1F1 F0 Bl3F0 Bl4F0 F0 Bl8Fn Bl9Fn T 4 K3
(d) F1 F0 F0 Bl8F0 F0 Bl8Fn Bl12Fn T 4 K3
(e) P

2
F0 Bl9F0 F0 F0 Bl12Fn Bl9Fn T 4 K3

topology of a K3. In table D.2, we have summarized the topology of all the
divisors for all triangulations. All the Euler numbers and types of surfaces
we have determined above together with (4.30) agree with Noethers for-
mula (4.17). With the knowledge of the Euler numbers and the intersection
ring we can determine the second Chern class c2 on the basis {Ri, Ekαβγ}
by (4.14) (for triangulation (a)):

c2 ·E1βγ = 0, c2 ·E2β = −4, c2 ·E3γ = −4, c2 ·E4β = −4,

c2 ·R1 = 0, c2 ·Ri = 24. (D.4)

Since the second Chern class is a linear form on H2(X, Z) we can apply it
to each of the linear relations in (4.22) to (4.26) and again find complete
agreement.

D.1.2 The orientifold

At the orbifold point, there are 64 O3–planes which fall into 16 conjugacy
classes under the orbifold group. The combination I6 θ3 gives rise to one
O7–plane at z2 = 0 in the (z1, z3)–plane.

The fixed sets located at z2 = 0 are invariant under the global involu-
tion I6, those located at z2 = 1

3 are mapped to z2 = 2
3 and vice versa.

Consequently, the 12 divisors E1,βγ , E2,β , and E4,β for β = 2, 3 are not
invariant. We can form six invariant linear combinations: 1

2(E1,2γ + E1,3γ),
1
2(E2,2 + E2,3), and 1

2(E4,2 + E4,3). With a minus sign instead of a plus sign,
the combinations are anti-invariant, therefore h1,1

− = 6.

We now discuss the orientifold for the resolved case. On the homogeneous
coordinates yk, several different local actions are possible. We give the eight
possible actions which only involve sending coordinates to their negatives:

(1) I(z, y) = (−z1,−z2,−z3, y1, y2, y3, y4),

(2) I(z, y) = (−z1,−z2,−z3, y1, y2,−y3,−y4),
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(3) I(z, y) = (−z1,−z2,−z3, y1,−y2, y3,−y4),

(4) I(z, y) = (−z1,−z2,−z3, y1,−y2,−y3, y4),

(5) I(z, y) = (−z1,−z2,−z3,−y1, y2, y3,−y4),

(6) I(z, y) = (−z1,−z2,−z3,−y1, y2,−y3, y4),

(7) I(z, y) = (−z1,−z2,−z3,−y1,−y2, y3, y4),

(8) I(z, y) = (−z1,−z2,−z3,−y1,−y2,−y3,−y4). (D.5)

In the orbifold limit, (D.5) reduces to I6. The combination of (D.5) and the
scaling action of the resolved patch (A.13) has the following fixed-point sets:

(1), (8) {z2 = 0} ∪ {y4 = 0} ∪ {z1 = y1 = y3 = 0} ∪ {z3 = y1 = y3 = 0},

(2), (7) {y3 = 0} ∪ {z1 = y1 = y4 = 0} ∪ {z2 = z3 = y3 = 0}
∪ {z2 = y1 = y2 = 0} ∪ {y1 = y2 = y4 = 0},

(3), (6) {z1 = 0} ∪ {z3 = 0} ∪ {y2 = 0},

(4), (5) {y1 = 0}. (D.6)

Note that the eight possible involutions only lead to four distinct fixed sets
(but to different values for the λi).

We focus for the moment on the third possibility. With the scaling action

(z1, z2, z3, y1, y2, y3, y4) →
(

λ1λ3

λ4
z1, λ2z

2, λ3z
3,

1
λ4

y1,
λ1

λ2
2
y2,

λ4

λ2
3
y3,

λ2λ4

λ2
1

y4
)

(D.7)
we get the solutions

(i) z1 = 0, λ1 = λ2 = λ3 = −1, λ4 = 1,

(ii) z3 = 0, λ1 = λ2 = −1, λ3 = λ4 = 1,

(iii) y2 = 0, λ1 = λ4 = 1, λ2 = λ3 = −1.

(D.8)

This corresponds to an O7–plane wrapped on D1, one on each of the four
D3,γ and one wrapped on each of the two invariant E2,β . No O3–plane
solutions occur.

λ1 and λ2 correspond to the two Mori generators of the Z3-fixed line. We
restrict to it by setting λ3 = −1, λ4 = 1 in accordance with solution (i) and
(ii) which are seen by this fixed line. The scaling action thus becomes

(z1, z2, z3, y1, y2, y3, y4) −→
(

−λ1z
1, λ2z

2,−z3, y1,
λ1

λ2
2
y2, y3,

λ2

λ2
1
y4

)

. (D.9)

y1 and y3 do not appear in the fixed line, and the restriction makes sense
only directly at the fixed point, i.e., for z3 = 0. With this scaling action and
the involution (3), we again reproduce the solutions (i) and (ii).
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λ3 corresponds to the Mori generator of the Z2 fixed line. We restrict to
it by setting λ1 = λ2 = −1, λ4 = 1. The scaling action becomes

(z1, z2, z3, y1, y2, y3, y4) −→
(

−λ3z
1,−z2, λ3z

3, y1,−y2,
1
λ2

3
y3,−y4

)

,

(D.10)
which together with the involution (3) again reproduces the solutions (i) and
(iii). Global consistency is ensured since we only have one kind of patch on
which we choose the same involution for all patches.

The four patches at z1 = z2 = 0 coincide with locations of O3-planes at
the orbifold point. Since no O3-plane solutions occur for our choice of invo-
lution, we are left with 12 O3-plane in the resolved case, which are located
away from the C

3/Z6-II patches.

The modified intersection numbers are

R1R2R3 = 3, R2E
2
3,γ = −1, R3E

2
2,β = −4, R3E4,β = −1,

R3E2,βE4,β = 1, E3
1,βγ = 3, E3

2,β = 32, E3
3,γ = 4,

E3
4,β = 4, E1,βγE2

2β = −2, E1,βγE2
3γ = −1

2
,

E1,βγE2
4β = −1

2
, E1,βγE2,βE4β = 1, E2

2,βE4,β = −4. (D.11)

D.2 The lattice SU(3) × SO(8)

D.2.1 The resolved orbifold

Here, the analysis of the fixed-point set is very similar to the previous
example and we will only point out the differences. The action of the twist
θ on the lattice SU(3) × SO(8) was given in (A.48) and the resulting complex
structure in (A.51) of [14]. As for the fixed-point set, the only change
occurs in the z1-direction. Apart from z1

fixed,1 = 0, we now have z1
fixed,2 =

1
2

( 1√
3
eπi/6

)
, z1

fixed,4 = 1
2 , z1

fixed,6 = 1
2

(
1 + 1√

3
eπi/6

)
, at which we have further

Z2 fixed lines in the z2-direction. In addition, the order 3 element maps these
points as 1

2

( 1√
3

eπi/6
)

→ 1
2 → 1

2

(
1 + 1√

3
eπi/6

)
→ 1

2

( 1√
3

eπi/6
)
. The resulting

conjugacy classes are

α = 1 :

γ = 1 : (0, z2, 0) γ = 2 :
(

0, z2,
1
2

)

γ = 3 :
(

0, z2,
1
2
U3

)

γ = 4 :
(

0, z2,
1
2
(1 + U3)

)
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α = 2 :

γ = 1 :
(

1
2
, z2, 0

)

,

(
1

2
√

3
eπi/6, z2, 0

)

,

(
1
2

(

1 +
1√
3

eπi/6
)

, z2, 0
)

γ = 2 :
(

1
2
, z2,

1
2

)

,

(
1

2
√

3
eπi/6, z2,

1
2

)

,

(
1
2

(

1 +
1√
3

eπi/6
)

, z2,
1
2

)

γ = 3 :
(

1
2
, z2,

1
2
U3

)

,

(
1

2
√

3
eπi/6, z2,

1
2
U3

)

,

(
1
2

(

1 +
1√
3

eπi/6
)

, z2,
1
2
U3

)

γ = 4 :
(

1
2
, z2,

1
2
(1 + U3)

)

,

(
1

2
√

3
eπi/6, z2,

1
2
(1 + U3)

)

,

×
(

1
2

(

1 +
1√
3

eπi/6
)

, z2,
1
2
(1 + U3)

)

. (D.12)

Table D.3 summarizes the relevant data of the fixed-point set. The invariant
subtori under θ2 and θ3 are (x3 + x4, 0, x3, x4, 0, 0) and (0, 0, 0, 0, x5, x6),
respectively. Figure D.3 shows the configuration of the fixed point set in a
schematic way.

Table D.3: Fixed-point set for Z6-II orbifold on SU(3) × SO(8).

Group elements Order Fixed set Conjugacy classes
θ 6 12 fixed points 12
θ2 3 3 fixed lines 3
θ3 2 16 fixed lines 8

Figure D.3: Schematic picture of the fixed set configuration of Z6-II on
SU(3) × SO(8).
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Here we have again 12 C
3/Z6-II patches which each sit at the intersec-

tion of two fixed lines, and in addition three fixed lines originating from the
order 3 element as well as eight classes of fixed lines from the order 2 element.
The fixed points yield the same exceptional divisors E1,βγ , E2,β , E3,αγ , E4,β ,
α = 1, β = 1, 2, 3, γ = 1, . . . , 4, as in Appendix D.1. Moreover, there are
four exceptional divisors E3,2γ coming from the additional C

2/Z2 fixed lines.
These are the invariant combinations E3,2γ =

∑
α=2,4,6 Ẽ3,αγ , where Ẽ3,αγ

are the representatives on the cover. This gives a total of 12 · 1 + 3 · 2 +
8 · 1 = 26 exceptional divisors. On this lattice there are four classes of
C

2/Z2 fixed lines without fixed points on them, therefore by (4.19) we have
h2,1

twist. = 4. We have nine fixed planes with their associated divisors: D1α,
α = 1, 2, D2β, β = 1, 2, 3, D3γ , γ = 1, . . . , 4. Here, D1,2 is the invariant com-
bination D1,2 =

∑
α=2,4,6 D̃1α of the representatives D̃1α on the cover.

The global linear relations are the same as those in (D.1) except for a
new relation involving R1 and D1,2, as well as an additional term involving
E3,2,γ in the relations for R3:

R1 = 6 D1,1 + 3
4∑

γ=1

E3,1,γ +
3∑

β=1

4∑

γ=1

E1,βγ + 2
3∑

β=1

(2 E2,β + 4 E4,β) ,

R1 = 2 D1,2 +
4∑

γ=1

E3,2,γ ,

R2 = 3 D2,β +
4∑

γ=1

E1,βγ + 2 E2,β + E4,β , β = 1, 2, 3,

R3 = 2 D3,γ +
3∑

β=1

E1,βγ +
2∑

α=1

E3,αγ , γ = 1, . . . , 4. (D.13)

We obtain the following non-vanishing intersection numbers of X in the
basis {Ri, Ekαβγ}:

R1R2R3 = 6, R2E
2
3,1,γ = −2, R2E

2
3,2,γ = −6, R3E

2
2,β = −2,

R3E4,β = −2, R3E2,βE4,β = 1, E3
1,βγ = 6, E3

2,β = 8,

E3
3,1,γ = 8, E3

4,β = 8, E1,βγE2
2β = −2, E1,βγE2

3,1,γ = −2,

E1,βγE2
4,β = −2, E1,βγE2,βE4,β = 1, E2

2,βE4,β = −2, (D.14)

For the topology of the divisors there are only a few changes with respect
to the lattice SU(2) × SU(6). First of all, the topology of the divisors E1,βγ ,
E2,β , E4,β , D2,β , and D3,γ are the same as in table D.2. The divisors E3,1,γ

and D1,1 have the same topology as E3,γ and D1, respectively, in that table.
The topology of the new divisors E3,2γ and D1,2 are as follows: the divisors
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are of type (E2) with three representatives, hence their topology is that of
P

1 × T 2. The topology of each representative of D1,2 minus the fixed-point
set, viewed as a T 4 orbifold, is that of a T 2 × (T 2/Z2 \ {4 pts}). They are
permuted under the residual Z3 action and the 12 points fall into 3 orbits
of length 1 and 3 orbits of length 3. Hence, the topology of the class is
still that of a T 2 × (T 2/Z2 \ {4 pts}). After the blow-up it is therefore a
P

1 × T 2. For both, E3,2γ and D1,2, the topology is obviously independent of
the choice of resolution of C

3/Z6-II. For completeness, we display the second
Chern classes in the basis {Ri, Ekαβγ} (for triangulation (a)):

c2 ·E1βγ = 0, c2 ·E2β = −4, c2 ·E3,1γ = −4, c2 ·E3,2γ = 0,

c2 ·E4β = −4, c2 ·R1 = 0, c2 ·Ri = 24. (D.15)

D.2.2 The orientifold

At the orbifold point, there are 64 O3-planes which fall into 24 conjugacy
classes under the orbifold group. Under I6 θ3 we find four O7-planes in
the (z1, z3)-plane which fall into two conjugacy classes: the one at z2 = 0
and those at z2 = 1

2 , τ
2 , 1

2(1 + τ). h
(1,1)
− = 6 is obtained in the same way

as in Appendix D.1.2. Similarly, everything we found for the resolved
orbifold in that appendix applies here as well. There are four classes of
fixed lines with fixed points which are invariant under the orientifold action,
hence h2,1 = 4.

D.3 The lattice SU(2)2 × SU(3)2

D.3.1 The resolved orbifold

Here, the analysis of the fixed-point set is very similar to the example in
Appendix D.2 and we will only point out the differences. The action of the
twist θ on the lattice SU(2)2 × SU(3)2 was given in (A.41) and the resulting
complex structure in (A.44) of [14] (table D.4). The only change is that
instead of C

2/Z2 fixed lines in the z2-direction, we now have C
2/Z3 fixed

lines in the z3-direction which lie, apart from z1
fixed,1 = 0, at z1

fixed,3 = 1/3
and z1

fixed,5 = 2/3. In addition, the order 2 element maps the latter two
points into each other. The resulting conjugacy classes are

μ = 1 : (0, 0, z3) μ = 2 :
(

0,
1√
3

eπi/6, z3
)

μ = 3 :
(

0, 1 +
i√
3
, z3

)

μ = 4 :
(

1
3
, 0, z3

)

,

(
2
3
, 0, z3

)
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μ = 5 :
(

1
3
,

1√
3

eπi/6, z3
)

,

(
2
3
,

1√
3

eπi/6, z3
)

μ = 6 :
(

1
3
, 1 +

i√
3
, z3

)

,

(
2
3
, 1 +

i√
3
, z3

)

. (D.16)

Table D.5 summarizes the important data of the fixed sets. The invariant
subtori under θ2 and θ3 are (x1, x2, 0, 0, 0, 0) and (0, 0, x5 − x6,−x6, x5, x6),
respectively. Figure D.4 shows the configuration of the fixed sets in a
schematic way.

Table D.4: Fixed point set for Z6-II on SU(2)2 × SU(3)2.

Group elements Order Fixed set Conjugacy classes
θ 6 12 fixed points 12
θ2 3 9 fixed lines 6
θ3 2 4 fixed lines 4

Table D.5: Fixed-point set for Z6-II on SU(2)2 × SU(3) × G2.

Group elements Order Fixed set Conjugacy classes
θ 6 12 fixed points 12
θ2 3 9 fixed lines 6
θ3 2 16 fixed lines 8

Figure D.4: Schematic picture of the fixed-set configuration of Z6-II on
SU(2)2 × SU(3)2.
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The fixed-point set yields the same exceptional divisors E1,βγ , E2,αβ ,
E3,γ , E4,αβ , α = 1, β = 1, 2, 3, γ = 1, . . . , 4, as in Appendix D.1. More-
over, there are three pairs of exceptional divisors E2,3β , E4,3β coming from
the additional C

2/Z3 fixed lines. These are the invariant combinations
Ei,3β =

∑
α=3,5 Ẽi,αγβ , i = 2, 4, where Ẽi,αβ are the representatives on the

cover. This gives a total of 12 · 1 + 6 · 2 + 4 · 1 = 28 exceptional divisors.
On this lattice, there are three classes of C

2/Z3 fixed lines without fixed
points on them, therefore by (4.19) we have h2,1

twist. = 6. We have nine fixed
planes with their associated divisors: D1α, α = 1, 3, D2β, β = 1, 2, 3, D3γ , γ =
1, . . . , 4. Here, D1,3 is the invariant combination D1,3 =

∑
α=3,5 D̃1α of the

representatives D̃1α on the cover.

The global linear relations are the same as those in (D.1) except for a new
relation involving R1 and D1,3, as well as additional terms involving Ei,3β,
i = 2, 4 in the relations for R2:

R1 = 6 D1,1 + 3
4∑

γ=1

E3,1,γ +
3∑

β=1

4∑

γ=1

E1,βγ +
3∑

β=1

(2 E2,1,β + 4 E4,1,β),

R1 = 3 D1,3 +
3∑

β=1

(E2,3,β + 2 E4,3,β),

R2 = 3 D2,β +
4∑

γ=1

E1,βγ +
∑

α=1,3

(2 E2,αβ + E4,αβ), β = 1, 2, 3

R3 = 2 D3,γ +
3∑

β=1

E1,βγ + E3,1,γ , γ = 1, . . . , 4. (D.17)

For the non-vanishing intersection numbers of X in the basis {Ri, Ekαβγ}
we find

R1R2R3 = 6, R2E
2
3,1,γ = −2, R3E

2
2,1,β = −2, R3E

2
2,3,β = −4,

R3E4,1,β = −2, R3E4,3,β = −4, R3E2,1,βE4,1,β = 1,

R3E2,3,βE4,3,β = 2, E3
1,βγ = 6, E3

2,1,β = 8, E3
3,1,γ = 8, E3

4,1,β = 8,

E1,βγE2
2,1,β = −1, E1,βγE2

3,1,γ = −1, E1,βγE2
4,1,β = −1,

E1,βγE2,1,βE4,1,β = 1, E2
2,1,βE4,1,β = −2. (D.18)

The topology of the divisors E1,βγ , E3,1,γ , D2,β , and D3,γ are the same as
in table D.2. The divisors E2,1,β , E4,1,β , and D1,1 have the same topology
as E2,β , E4,β , and D1, respectively, in that table. The topology of the new
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divisors E2,3,β , E4,3,β , and D1,3 are P
1 × T 2 and Bl8Fn, respectively, inde-

pendent of the choice of resolution of C
3/Z6-II. For completeness, we display

the second Chern classes in the basis {Ri, Ekαβγ} (for triangulation (a)):

c2 ·E1βγ = 0, c2 ·E2,1β = −4, c2 ·E2,3β = 0, c2 ·E3,γ = −4,

c2 ·E4,1β = −4, c2 ·E4,3β = 0, c2 ·R1 = 0, c2 ·Ri = 24. (D.19)

D.3.2 The orientifold

At the orbifold point, there are 64 O3-planes which fall into 16 conju-
gacy classes under the orbifold group, as for the lattice SU(2) × SU(6) in
Appendix D.1.2. Under I6 θ3 we find four O7-planes in the (z1, z3)-plane
which fall into two conjugacy classes: The one at z2 = 0 and those at
z2 = 1

2 , τ
2 , 1

2(1 + τ). h
(1,1)
− = 8 is obtained in the same way as in Appen-

dix D.1.2 with two additional divisors coming from the new divisors E2,3,β ,
E4,3,β . Since these divisors come from fixed lines without fixed point, and
latter also contribute to the twisted complex structure moduli according to
the discussion in Section 4.4, some of these moduli are projected out by the
induced orientifold action on H2,1

+ . In fact, since the three fixed lines at
(z1

fixed,2, z
2
fixed,β), β = 1, 2, 3 are identified with those at (z1

fixed,3, z
2
fixed,β), we

find that h2,1
+ = 3. Similarly, everything we found for the resolved orbifold

in that appendix applies here as well.

D.4 The lattice SU(2)2 × SU(3) × G2

D.4.1 The resolved orbifold

Here, the analysis of the fixed-point set is a combination of those in the
Appendices D.2 and D.3. The action of the twist θ on the lattice SU(2)2 ×
SU(3) × G2 was given in (A.22) and the resulting complex structure in
(A.25) of [14]. The main difference to the lattices in the Appendices D.1–D.3
is that the torus now factorizes into (T 2)3. Figure D.5 shows the fundamen-
tal regions of the three tori corresponding to z1, z2, z3 and their fixed points.
For z1, we have 0 as the fixed point of the Z6-twist, 0, 1/3, 2/3 as the fixed
points of the Z3-twist arising in the second twisted sector and the four fixed
points of the Z2-twist arising in the third twisted sector. For z2, we get the
usual three fixed points of the Z3-twist, namely 0, 1/

√
3 eπi/6, and 1 + i/

√
3,

and for z3 we find the four fixed points 0, 1
2 , 1

2U3, 1
2(1 + U3). Therefore,

apart from z1
fixed,1 = 0, we now have both z1

fixed,2 = 1
2( 1√

3
eπi/6), z1

fixed,4 =
1
2 , z1

fixed,6 = 1
2(1 + 1√

3
eπi/6), at which we have further Z2 fixed lines in the z2-

direction, and z1
fixed,3 = 1/3 and z1

fixed,5 = 2/3, at which we have further Z3
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Figure D.5: Fundamental regions for the Z6-II orbifold on SU(2)2 ×
SU(3)×G2.

fixed lines in the z3-direction. The conjugacy classes of these fixed lines were
given in (D.12) and (D.16). Table D.5 summarizes the relevant data of the
fixed-point set. The invariant subtori under θ2 and θ3 are (0, 0, 0, 0, x5, x6)
and (0, 0, x3, x4, 0, 0), respectively. Figure D.6 shows the configuration of
the fixed sets in a schematic way.

The fixed-point set yields the same exceptional divisors E1,βγ , E2,αβ ,
E3,αγ , E4,αβ , α = 1, 2, 3, β = 1, 2, 3, γ = 1, . . . , 4, as in the Appendices D.2
and D.3. Here, α = 1, 2 for E3,αγ and α = 1, 3 for E2,αβ and E4,αβ . This
gives a grand total of 12 · 1 + 6 · 2 + 8 · 1 = 32 exceptional divisors. On
this lattice, there are four classes of C

2/Z2 fixed lines and three classes
of C

2/Z3 fixed lines without fixed points on them, therefore by (4.19), we
have h2,1

twist. = 10.

Figure D.6: Schematic picture of the fixed-set configuration of Z6-II on
SU(2)2 × SU(3) × G2.
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The global linear relations are obtained by combining (D.13) and (D.17):

R1 = 6 D1,1 + 3
4∑

γ=1

E3,1,γ +
3∑

β=1

4∑

γ=1

E1,βγ +
3∑

β=1

(2 E2,1,β + 4 E4,1,β),

R1 = 2 D1,2 +
4∑

γ=1

E3,2,γ ,

R1 = 3 D1,3 +
3∑

β=1

(E2,3,β + 2 E4,3,β),

R2 = 3 D2,β +
4∑

γ=1

E1,βγ +
∑

α=1,3

(2 E2,αβ + E4,αβ) , β = 1, 2, 3

R3 = 2 D3,γ +
3∑

β=1

E1,βγ +
2∑

α=1

E3,α,γ , γ = 1, . . . , 4. (D.20)

We obtain the following non-vanishing intersection numbers of X in the
basis {Ri, Ekαβγ}:

R1R2R3 = 6, R2E
2
3,1,γ = −2, R2E

2
3,2,γ = −6, R3E

2
2,1,β = −2,

R3E
2
2,3,β = −4, R3E4,1,β = −2, R3E4,3,β = −4, R3E2,1,βE4,1,β = 1,

R3E2,3,βE4,3,β = 2, E3
1,βγ = 6, E3

2,1,β = 8, E3
3,1,γ = 8,

E3
4,1,β = 8, E1,βγE2

2,1,β = −1, E1,βγE2
3,1,γ = −1, E1,βγE2

4,1,β = −1,

E1,βγE2,1,βE4,1,β = 1, E2
2,1,βE4,1,β = −2. (D.21)

The topology of all the divisors has already been determined in one of the
Appendices D.1 to D.3. The second Chern class in the basis {Ri, Ekαβγ}
(for triangulation (a)) reads:

c2 ·E1βγ = 0, c2 ·E2,1β = −4, c2 ·E2,3β = 0, c2 ·E3,1γ = −4,

c2 ·E3,2γ = 0, c2 ·E4,1β = −4, c2 ·E4,3β = 0, c2 ·R1 = 0,

c2 ·Ri = 24. (D.22)

D.4.2 The orientifold

At the orbifold point, there are 64 O3-planes which fall into 24 conju-
gacy classes under the orbifold group as for the lattice SU(3) × SO(8) in
Appendix D.2.2. Under I6 θ3 we find four O7-planes in the (z1, z3)-plane
which fall into two conjugacy classes: the one at z2 = 0 and those at z2 =
1
2 , τ

2 , 1
2(1 + τ). h

(1,1)
− = 8 is obtained in the same way as in Appendix D.3

with two additional divisors coming from the new divisors E2,3,β , E4,3,β .
Since these divisors come from fixed lines without fixed point, and latter also
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contribute to the twisted complex structure moduli according to the discus-
sion in Section 4.4, some of these moduli are projected out by the induced
orientifold action on H2,1

+ . In fact, the three fixed lines at (z1
fixed,2, z

2
fixed,β),

β = 1, 2, 3 are identified with those at (z1
fixed,3, z

2
fixed,β). Moreover, there

are four classes of C
2/Z2 fixed lines without fixed points, therefore we find

that h2,1
+ = 7. Similarly, everything we found for the resolved orbifold in

Appendix D.1.2 applies here as well.

Appendix E The Z2 × Z4 orbifold

E.1 Complex structure and fixed sets

The torus factorizes into (T 2)3 under the combined twists, where the first
of the T 2 is not constrained. The twists act on the lattice basis:

Q1 e1 = −e1, Q1 e2 = −e2, Q1 e3 = e3, Q1 e4 = e4,

Q1 e5 = −e5, Q1 e6 = −e6,

Q2 e1 = e1, Q2 e2 = e2, Q2 e3 = e3 + 2 e4, Q2 e4 = −e3 − e4,

Q2 e5 = e5 + 2 e6, Q2 e6 = −e5 − e6. (E.1)

The combined twist Q3 has the form

Q3 e1 = −e1, Q3 e2 = −e2,

Q3 e3 = e3 + 2 e4, Q3 e4 = −e3 − e4,

Q3 e5 = −e5 − 2 e6, Q3 e6 = e5 + e6. (E.2)

We require the metric to be invariant under all three twists, i.e., we impose
the three conditions QT

i g Qi = g, i = 1, 2, 3. This leads to the following
solution:

g =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

R2
1 R1R2 cos θ12 0 0 0 0

R1R2 cos θ12 R2
1 0 0 0 0

0 0 2 R2
3 −R2

3 0 0
0 0 −R2

3 R2
3 0 0

0 0 0 0 2 R2
5 −R2

5
0 0 0 0 −R2

5 R2
5

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (E.3)

From the solution for b we see that we have three Kähler moduli and three
untwisted complex structure moduli. With the methods discussed in [14],
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Figure E.1: Fundamental regions for the Z2 × Z4 orbifold.

we get the following complex structure:

z1 =
1√

2 Im U
(x1 + U x2), z2 = x3 − 1

2
(1 − i) x4, z3 = x5 − 1

2
(1 − i) x6,

(E.4)
with U = R2/R1 eiθ12 .

In order to determine the fixed-point set, we need to examine the θ1, θ2,
(θ2)2, θ1θ2, and θ1(θ2)2 twists. Figure E.1 shows the fundamental regions of
the three tori corresponding to z1, z2, z3 and their fixed points. In each of
them, we get the usual four fixed points of the Z2-twist, z1

fixed,α = 0, 1
2 , U

2 , 1
2

(1 + U), α = 1, . . . , 4, and z2
fixed,β , z3

fixed,γ = 0, 1
2 , i

2 , 1
2(1 + i), β, γ = 1, . . . , 4.

At each pair (zi
fixed,α, zj

fixed,β) we have a C
2/Z2 fixed line. In addition, at

the fixed points with β, γ = 1, 2, and α = 1, . . . , 4 there are C
3/(Z2 × Z4)

singularities whereas the singularities at the remaining fixed points are of
the form C

3/(Z2 × Z2). The latter, as well as the corresponding fixed lines,
at β = 3, 4 and γ = 3, 4 are mapped into each other by an order two twist,
respectively, and fall into conjugacy classes. Table E.1 summarizes the rel-
evant data of the fixed-point set. Figure E.2 shows the configuration of the
fixed sets in a schematic way.

Table E.1: Fixed-point set for Z2 × Z4.

Group elements Order Fixed set Conjugacy classes
θ1 2 16 fixed lines 12
θ2 4 4 fixed lines 4
(θ2)2 2 16 fixed lines 10
θ1θ2 8 16 fixed points 16
θ1(θ2)2 2 16 fixed lines 12
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Figure E.2: Schematic picture of the fixed-set configuration of Z2 × Z4.

E.2 The resolved orbifold

From the 16 C
3/Z2 × Z4-patches, see figure A.5, we get for each an excep-

tional divisor, E5,αβγ , α = 1, . . . , 4, β, γ = 1, 2. From the four C
2/Z4-fixed

lines in the z1-direction, we get three each: E2,βγ , E3,βγ , E4,βγ , β, γ = 1, 2.
From the 12 + 12 + (10 − 4) = 30 C

2/Z2-fixed lines we get one for each:
E1,αγ′ , E6,αβ′ , i = α = 1, . . . , 4, β′, γ′ = 1, 2, 3 in the z2, respectively, z3-
direction and in the z1-direction E3,μ, μ = 3, 6, . . . , 10. Since these divisors
and the divisors E3,βγ have similar properties, we collect them and denote
the latter by E3,μ, μ = 1, 2, 4, 5. This adds up to 16 · 1 + 4 · 3 + 30 · 1 =
58 exceptional divisors. The intersection points of three Z2 fixed lines
are locally described by the resolved C

3/Z2 × Z2-patches in Appendix A.4.
Since in this example, there are no fixed lines without fixed points on
them, h2,1

twist. = 0.

Since the C
3/Z2 × Z2 fixed points fall into conjugacy classes, we have to

form the corresponding invariant divisors:

D2,1 = D̃2,1, D2,2 = D̃2,2, D2,3 = D̃2,3 + D̃2,4,

D3,1 = D̃3,1, D3,2 = D̃3,2, D3,3 = D̃3,3 + D̃3,4,

E1,α,1 = Ẽ1,α,1, E1,α,2 = Ẽ1,α,2, E1,α,3 = Ẽ1,α,3 + Ẽ1,α,4,

E6,α,1 = Ẽ6,α,1, E6,α,2 = Ẽ6,α,2, E6,α,3 = Ẽ6,α,3 + Ẽ6,α,4,

E3,1 = Ẽ3,1,1, E3,2 = Ẽ3,1,2, E3,3 = Ẽ3,1,3 + Ẽ3,1,4,



172 D. LÜST ET AL.

E3,4 = Ẽ3,2,1, E3,5 = Ẽ3,2,2, E3,6 = Ẽ3,2,3 + Ẽ3,2,4,

E3,7 = Ẽ3,3,1 + Ẽ3,4,1, E3,8 = Ẽ3,3,2 + Ẽ3,4,2, E3,9 = Ẽ3,3,3 + Ẽ3,4,4,

E3,10 = Ẽ3,3,4 + Ẽ3,4,3, (E.5)

where D̃2,β , D̃3,γ , Ẽ1,α,γ , Ẽ6,α,β , Ẽ3,βγ are the divisors on the cover. From
the local linear relations (A.29) and (A.23) we arrive at the following global
relations:

R1 ∼ 2 D1,α +
3∑

γ=1

E1,αγ +
∑

β,γ=1,2

E5,αβγ +
3∑

β=1

E6,αβ , α = 1, . . . , 4,

R2 ∼ 4 D2,β +
∑

γ=1,2

( E2,βγ + 2 E3,βγ + 3 E4,βγ) +
4∑

α=1

∑

γ=1,2

E5,αβγ

+ 2
4∑

α=1

E6,αβ + 2 E3,μ, β = 1, 2,

R2 ∼ 2 D2,3 +
4∑

α=1

E6,α3 +
10∑

μ=7

E3,μ,

R3 ∼ 4D3,γ + 2
4∑

α=1

E1,αγ +
∑

β=1,2

(3E2,βγ + 2E3,βγ + E4,βγ) +
4∑

α=1

∑

β=1,2

E5,αβγ

+ 2 E3,μ, γ = 1, 2,

R3 ∼ 2 D3,3 +
4∑

α=1

E1,α3 +
∑

μ=3,6,9,10

E3,μ, (E.6)

where we set in the second line μ = 3, 6 for β = 1, 2, respectively, and in
the fourth line μ = 7, 8 for γ = 1, 2, respectively. Furthermore, for compact-
ness of the display in these two lines, we have written E3,μ, μ = 1, . . . , 4
instead of E3,βγ , β, γ = 1, 2 according to their origin on the cover as in (E.5)
(figure E.3). We obtain the following non-vanishing intersection numbers of
X in the basis {Ri, Ekαβγ}:

R1R2R3 = 4, R1E
2
2βγ = −2, R1E2βγE3μ = 1, R1E

2
3μ′ = −2,

R1E3μE4βγ = 1, R1E
2
4βγ = −2, R2E

2
1αγ = −2, R2E

2
1α3 = −4,

R3E
2
6αβ = −2, R3E

2
6α3 = −4, E3

1αγ = 3, E3
1α3 = 4,

E2
1αγ′E3μ′ = −1, E2

1αγE6α3 = −1, E2
1α3E6αβ = −1,

E2
1α3E6α3 = −2, E1αγE2

2βγ = −2, E1αγE2βγE3μ = 1,

E1αγ′E2
3μ′ = −1, E1αγE3μE5αβγ = 1, E1α3E3μ1E6αβ = 1,
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Figure E.3: The polyhedron Δ(3) describing the local compactification of
the resolution of C

3/Z2 × Z4.

E1αγE3μ2E6α3 = 1, E1α3E3μ3E6α3 = 1, E1αγE2
5αβγ = −2,

E1α3E
2
6αβ = −1, E1αγE2

6α3 = −1, E1α3E
2
6α3 = −2, E3

2βγ = 8,

E2
2βγE3μ = −4, E2βγE2

3μ = 2, E3
3μ′′ = 4, E2

3μE4βγ = 2,

E2
3μ′E6αβ′ = −1, E3μE2

4βγ = −4, E3μE4βγE6αβ = 1,

E3μE2
5αβγ = −2, E3μE5αβγE6αβ = 1, E3μ′E2

6αβ′ = −1,

E3
4βγ = 8, E2

4βγE6αβ = −2, E3
5αβγ = 8,

E2
5αβγE6αβ = −2, E3

6αβ = 3, E3
6α3 = 4, (E.7)

where α = 1, . . . , 4, β, γ = 1, 2, β′, γ′ = 1, . . . , 3, μ = 1, 2, 4, 5, μ′ = 1, . . . , 10,
μ′′ = 3, 6, . . . , 10, μ1 = 3, 6, μ2 = 7, 8, and μ3 = 9, 10. The intersection num-
bers involving β, β′, γ, γ′, μ, and μ′ only have the given value for appropriate
values of the labels, otherwise they vanish. As an example, R1E2βγE3μ = 1
has to be understood as R1E2,1,1E3,1 = 1, R1E2,1,2E3,2 = 1, R1E2,2,1E3,4 =
1, R1E2,2,2E3,5 = 1. Which values of μ fit to the values of β, γ can be deter-
mined by looking at the first summand in the definition of E3,μ in (E.5).

Next, we discuss the topology of the divisors. The topology of the excep-
tional divisors E5,αβγ was determined in Appendix A.5 to be an F1. Accord-
ing to Section 4.3 the remaining divisors are of type (E3). Since there is only
one line ending at E2,βγ and E4,βγ in the toric diagram in figure A.5, both
of them have the topology of an F0. The divisors E1,αγ and E6,αβ have two
C

3/Z2 × Z4 and one C
3/Z2 × Z2 fixed points lying on them, with three and
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two lines ending at them in the toric diagram in the respective figures A.5
and A.4. Hence, their topology is Bl5F0. The divisors E3μ, μ = 1, 2, 4, 5
have four C

3/Z2 × Z4 fixed points lying on them, with three lines ending at
them in the corresponding toric diagram. Therefore, their topology is that
of Bl8F0. Similarly, the divisors E1,α3, E3μ, μ = 3, 6, . . . , 10, and E6,α3 have
four C

3/Z2 × Z2-patches lying on them, with two lines ending at them in the
toric diagram. Therefore, their topology is that of Bl4F0. The topology of
the divisors Diα is obtained from that of T 2 \ {4 pts} × T 2 \ {4 pts}. Since
in figure A.5 there is one line ending at D1 and none at D2 and D3, the
topology of D1α is that of Bl4F0, while D2β′ and D3γ′ have the topology of
F0. Finally, the Ri are K3 surfaces.

Finally, the second Chern class is

c2 ·E1,αγ = 6, c2 ·E1,α3 = 4, c2 ·E2,βγ = −4, c2 ·E3μ = 12,

c2 ·E3μ” = 4 c2 ·E4,βγ = −4, c2 ·E5,αβγ = −4, c2 ·E6αβ = 6,

c2 ·E6,α3 = 4, c2 ·Ri = 24, (E.8)

for μ = 1, 2, 4, 5 and μ′′ = 3, 6, . . . , 10.

E.3 The orientifold

At the orbifold point, we get the following configuration of O-planes: the
fixed points under I6 are 64 O3-planes which fall into 40 conjugacy classes
under the orbifold group. From the combination I6 θ1 arise four O7-planes
in the (z1, z3)-plane. They fall into the conjugacy classes z2 = 0, z2 = 1/2,
and z2 = 1/2 τ, 1/2 (1 + τ). Under I6 (θ2)2 are four O7-planes fixed in the
(z2, z3)-plane, which are all in separate conjugacy classes. Under I6 θ1(θ2)3,
another four O7-planes arise, this time in the (z1, z2)-plane in the three
conjugacy classes z3 = 0, z3 = 1/2, and z3 = 1/2τ , 1/2(1 + τ).

For this example, h
(1,1)
− = 0 since all the fixed points under the orbifold

group lie on Z2 fixed points and are therefore invariant under I6.

After the blow–up, we have to deal with two different patches, the C
3/Z2 ×

Z2-patch and the C
3/Z2 × Z4-patch. For both cases, we choose the simplest

possibility for I, namely sending zi → −zi while leaving the yi unchanged.
The fixed sets under the combination of the scaling action of C

3/Z2 × Z4
(A.27) and I are

• z1 = 0, λ1 = 1, λ2 = λ3 = −1, λ4 = λ5 = λ6 = 1,
• z2 = 0, λ1 = −1, λ2 = 1, λ3 = −1, λ4 = λ5 = λ6 = 1,
• z3 = 0, λ1 = λ2 = −1, λ3 = λ4 = λ5 = λ6 = 1,
• y3 = 0, λ1 = λ2 = λ3 = λ4 = −1, λ5 = λ6 = 1.
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The fixed sets under the combination of the scaling action of C
3/Z2 × Z2

(A.27) and I are

• z1 = 0, λ1 = λ2 = −1, λ3 = 1,
• z2 = 0, λ1 = 1, λ2 = −1, λ3 = 1,
• z3 = 0, λ1 = −1, λ2 = λ3 = 1.

These solutions correspond to O7-planes on the four D1-planes, on the three
equivalence classes of D2- and D3-planes and on the four exceptional divisors
E3,1, E3,2, E3,4, and E3,5 which arise from the resolution of the four Z4 fixed
lines. This amounts to a total of 14 O7-planes. In the blown-down limit,
the O7-planes on the E3 disappear and we recover the 10 O7-planes of the
orbifold limit. There are no O3-plane solutions in the local patches, and
since such a patch sits at every location of an O3-plane in the orbifolds
limit, no O3-planes arise in the blown-up case.

Intersection numbers involving divisors not fixed under the orientifold
involution are halved

R1R2R3 = 2, R1E
2
2βγ = −1, R1E

2
3μ′′ = −1,

R1E
2
4βγ = −1, R2E

2
1αγ = −1, R2E

2
1α3 = −2,

R3E
2
6αβ = −1, R3E

2
6α3 = −2, E3

1αγ =
3
2
,

E3
1α3 = 2, E2

1αγ′E3μ′′ = −1
2
, E2

1αγE6α3 = −1
2
,

E2
1α3E6αβ = −1

2
, E2

1α3E6α3 = −1, E1αγE2
2βγ = −1,

E1αγ′E2
3μ′′ = −1

2
, E1α3E3μ1E6αβ =

1
2
, E1αγE3μ2E6α3 =

1
2
,

E1α3E3μ3E6α3 =
1
2
, E1αγE2

5αβγ = −1, E1α3E
2
6αβ = −1

2
,

E1αγE2
6α3 = −1

2
, E1α3E

2
6α3 = −1, E3

2βγ = 4,

E3
3μ′′ = 2, E2

3μ′′E6αβ′ = −1
2
, E3μ′′E2

6αβ′ = −1
2
,

E3
4βγ = 4, E2

4βγE6αβ = −1, E3
5αβγ = 4,

E2
5αβγE6αβ = −1, E3

6αβ =
3
2
, E3

6α3 = 2. (E.9)

The intersection numbers involving the E3,μ, μ = 1, 2, 4, 5, which are
fixed are

R1E3μE4βγ = 1, R1E2βγE3μ = 1, E2
1αγ′E3μ = −1,

E1αγE2βγE3μ = 1, E1αγ′E2
3μ = −2, E1αγE3μE5αβγ = 1,
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E2
2βγE3μ = −4, E2βγE2

3μ = 4, E2
3μE4βγ = 4,

E2
3μE6αβ′ = −2, E3μE2

4βγ = −4, E3μE4βγE6αβ = 1,

E3μE2
5αβγ = −2, E3μE5αβγE6αβ = 1, E3μE2

6αβ′ = −1. (E.10)

Appendix F The Z3 × Z3 orbifold

F.1 The resolved orbifold

This is a combination of two prime orbifolds, therefore the conjugacy classes
are in one-to-one correspondence with the fixed points. We need to examine
the θ1, θ2, θ1θ2, and θ1(θ2)2–twists ( (θ1)2θ2 is the anti-twist of θ1(θ2)2).
The action of the twists θ1 and θ2 was given in (A.84) and the resulting
complex structure in (A.88) of [14]. The torus factorizes into (T 2)3 and
figure F.1 shows the fundamental regions of the three tori corresponding to
z1, z2, z3 and their fixed points. In each of them, we get the usual three
fixed points of the Z3–twist, namely z1

fixed,1 = z2
fixed,1 = z3

fixed,1 = 0, z1
fixed,2 =

z2
fixed,2 = z3

fixed,2 = 1√
3
eπi/6, and z1

fixed,3 = z2
fixed,3 = z3

fixed,3 = 1 + i√
3
. At each

pair (zi
fixed,α, zj

fixed,β), i, j, α, β = 1, 2, 3 we have a C
2/Z3 fixed line. These

fixed lines intersect in C
3/(Z3 × Z3) fixed points. Table F.1 summarizes the

relevant data of the fixed-point set. Figure F.2 shows the configuration of
the fixed sets in a schematic way.

Figure F.1: Fundamental regions for the Z3 × Z3 orbifold.

Table F.1: Fixed-point set for Z3 × Z3.

Group elements Order Fixed set Conjugacy Classes
θ1 3 9 fixed lines 9
θ2 3 9 fixed lines 9
θ1θ2 9 27 fixed points 27
θ1(θ2)2 3 9 fixed lines 9
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Figure F.2: Schematic picture of the fixed-set configuration of Z3 × Z3.

Every C
2/Z3 fixed line contributes two exceptional divisors, namely E1,αγ ,

E2,αγ , E3,βγ , E4,βγ , E6,αβ , E7,αβ , α, β, γ = 1, 2, 3. The resolved C
3/(Z3 ×

Z3)-patches yield one additional exceptional divisor E5,αβγ , α, β, γ = 1, 2, 3,
besides the two on each of the sides of the toric diagram in figure A.6. The
latter are identified with those of the fixed lines, on whose intersections
the fixed points sit. So we have 9 · 2 + 9 · 2 + 9 · 2 + 27 = 81 exceptional
divisors. Since in this example there are no fixed lines without fixed points
on them, we have h2,1

twist. = 0. Finally, in each of the coordinate planes we
have three fixed planes with associated divisors Diα, α, i = 1, 2, 3.

We do the calculation of the intersection ring for triangulation (a) in fig-
ure A.6. From the local linear equivalences (A.35) we arrive at the following
global relations:

R1 ∼ 3 D1,α +
3∑

β=1

(E6,αβ + 2 E7,αβ) +
3∑

γ=1

(E1,αγ + 2 E2,αγ) +
3∑

β,γ=1

E5,αβγ ,

R2 ∼ 3 D2,β +
3∑

α=1

(2 E6,αβ + E7,αβ) +
3∑

γ=1

(2 E4,βγ + E3,βγ) +
3∑

α,γ=1

E5,αβγ ,

R3 ∼ 3 D3,γ +
3∑

α=1,

(2 E1,αγ + E2,αγ) +
3∑

β=1

(2 E3,βγ + E4,βγ) +
3∑

α,β=1

E5,αβγ .

(F.1)

The basis for the lattice N from (F.1) to be f1 = (3, 0, 0), f2 = (0, 1, 0), f3 =
(0, 0, 1). The lattice points of the polyhedron Δ(3) for the local
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Figure F.3: The polyhedron Δ(3) describing the local compactification of
the resolution of C

3/Z3 × Z3.

compactification of the Z3 × Z3 fixed points are

v1 = (−3, 0, 0), v2 = (0,−1, 0), v3 = (0, 0,−1), v4 = (9, 0, 0),

v5 = (0, 3, 0), v6 = (0, 0, 3), v7 = (1, 0, 2), v8 = (2, 0, 1), v9 = (0, 1, 2),

v10 = (0, 2, 1), v11 = (1, 1, 1), v12 = (1, 2, 0), v13 = (2, 1, 0), (F.2)

corresponding to the divisors R1, R2, R3, D1, D2, D3, E1, . . . , E7 in that
order. The polyhedron is shown in figure F.3. We obtain the following
non-vanishing intersection numbers of X in the basis {Ri, Ekαβγ}:

R1R2R3 = 3, R1E
2
3,βγ = −2, R1E3,βγE4,βγ = 1,

R1E
2
4,βγ = −2, R2E

2
1,αγ = −2, R2E1,αγE2,αγ = 1,

R2E
2
2,αγ = −2, R3E

2
6,αβ = −2, R3E6,αβE7,αβ = 1,

R3E
2
7,αβ = −2, E3

1,αγ = 8, E2
1,αγE2,αγ = −1,

E1,αγE2
2,αγ = −1, E1,αγE2,αγE5,αβγ = 1, E2

1,αγE5,αβγ = −2,

E3
2,αγ = 8, E2

2,αγE5,αβγ = −2, E3
3,βγ = 8,

E2
3,βγE4,βγ = −1, E3,βγE2

4,βγ = −1, E3,βγE4,βγE5,αβγ = 1,

E2
3,βγE5,αβγ = −2, E3

4,βγ = 8, E2
4,βγE5,αβγ = −2,

E3
5,αβγ = 3, E5,αβγE2

6,αβ = −2, E5,αβγE6,αβE7,αβ = 1,
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E5,αβγE2
7,αβ = −2, E3

6,αβ = 8, E2
6,αβE7,αβ = −1,

E6,αβE2
7,αβ = −1 E3

7,αβ = 8. (F.3)

Next, we discuss the topology of the divisors. The topology of the excep-
tional divisors E5,αβγ was determined in Appendix A.6 to be a Bl5F0. Accor-
ding to Section 4.3, the remaining divisors are of type (E3). Since the there
is only one line ending at all the other exceptional divisors in the toric dia-
gram in figure A.6, all of them have the topology of an F0. The topology of
the divisors Diα is obtained from that of T 2 \ {3 pts} × T 2 \ {3 pts}. Since
in figure A.6 there is one line ending at all the Di, the topology of Diα is
that of a Bl9F0. Finally, the Ri are K3 surfaces.

Finally, the second Chern class is

c2 ·E1,αγ = −4, c2 ·E2,αγ = −4, c2 ·E3,βγ = −4, c2 ·E4,βγ = −4,

c2 ·E5αβγ = 6, c2 ·E6,αβ = −4, c2 ·E7,αβ = −4, c2 ·Ri = 24. (F.4)

F.2 The orientifold

At the orbifold point, there are 64 O3-planes which fall into 18 conjugacy
classes under the orbifold action. Since Z3 × Z3 has no Z2 subgroups, no
O7-planes appear.

For this example, h1,1
− = 37. Thirteen of these divisors come from the

E5αβγ , which except for the one located at (0, 0, 0) fall into conjugacy classes
of length two under I6. The remaining 24 come from the two exceptional
divisors of the C

2/Z3 fixed lines, which except for those three which pass
the origin also fall into equivalence classes of length two.

Now we discuss the orientifold for the resolved case. For the local involu-
tion, we choose the simplest possibility, i.e., zi → −zi while on the yi nothing
happens. Looking for the fixed points of the combination of the involution
and the scaling action of the resolved patch (A.33), we find

y5 = 0, λ1 = λ2 = λ5 = −1, λ3 = λ4 = λ6 = λ7 = 1,

i.e., an O7-plane wrapped on E5. In total, we arrive at 14 O7-planes wrapped
on the remaining linear combinations of the E5αβγs in H1,1

+ . Only the
resolved patch at (0, 0, 0) coincides with an O3-plane location at the orbifold
point. This O3-plane is not present in the resolved case. We are therefore
left with 17 equivalence classes of O3-planes which are located away from
the resolved patches. In this case, the O-plane configuration of the orbifold
point is reproduced in the blown-down limit.
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In the global relations (F.1), the coefficient of E5 is changed to 1/2 and
the intersection numbers change as follows:

R1R2R3 =
3
2
, R1E

2
3,βγ = −1, R1E3,βγE4,βγ =

1
2
,

R1E
2
4,βγ = −1, R2E

2
1,αγ = −1, R2E1,αγE2,αγ =

1
2
,

R2E
2
2,αγ = −1, R3E

2
6,αβ = −1, R3E6,αβE7,αβ =

1
2
,

R3E
2
7,αβ = −1, E3

1,αγ = 4, E2
1,αγE2,αγ = −1

2
,

E1,αγE2
2,αγ = −1

2
, E1,αγE2,αγE5,αβγ = 1, E2

1,αγE5,αβγ = −2,

E3
2,αγ = 4, E2

2,αγE5,αβγ = −2, E3
3,βγ = 4,

E2
3,βγE4,βγ = −1

2
, E3,βγE2

4,βγ = −1
2
, E3,βγE4,βγE5,αβγ = 1,

E2
3,βγE5,αβγ = −2, E3

4,βγ = 4, E2
4,βγE5,αβγ = −2,

E3
5,αβγ = 12, E5,αβγE2

6,αβ = −2, E5,αβγE6,αβE7,αβ = 1,

E5,αβγE2
7,αβ = −2, E3

6,αβ = 4, E2
6,αβE7,αβ = −1

2
,

E6,αβE2
7,αβ = −1

2
E3

7,αβ = 4. (F.5)
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