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On the topology of symmetry sets 
of smooth submanifolds in JR.k 

Vyacheslav D. Sedykh 

Abstract. 

We study topology of symmetry sets, conflict sets and medial 
axes in the case when they have only stable singularities of corank 
1. Singularities of these sets satisfy various conditions of coexistence. 
For example, isolated singularities and singularities forming smooth 
non-closed curves define a graph. If this graph is finite, then there 
is the following incidence relation: the sum of the local degrees of 
vertices of the graph is equal to the doubled number of its edges 
(the local degree of a vertex is the number of edges that are incident 
to this vertex; loops are counted twice). We give many-dimensional 
generalizations of this relation for sets mentioned above. These gen­
eralizations follow from some general facts on coexistence of wave 
front singularities found recently by the author. 

Let M be a C 00-smooth closed (compact without boundary) sub­
manifold in the k-dimensional Euclidean space JRk. The manifold M 
can have several connected components, perhaps of different dimensions 
(including isolated points). We will assume everywhere below that M 
lies neither in any hyperplane nor in any hypersphere in JRk. 

Let us equip the space of all embeddings M --+ JRk by the coo­
topology. Submanifolds in JRk corresponding to embeddings from an 
open dense subset in this space are called generic. 

DEFINITION. The symmetry set of the manifold M is the closure of 
the set of centers of hyperspheres sk-l in JRk that are tangent to M at 
two different points. 

The symmetry set is a complicated singular subset in the ambient 
space. This set and various of its subsets (conflict sets, medial axes, etc) 
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found applications in computer vision and other applied fields (see, for 
example, [3], [5], [6], [15]). 

The symmetry set can be noncom pact. Moreover, some of its points 
can be centers of several hyperspheres (of different radii) every of which 
is tangent to the manifold M at two or more points. Therefore, we will 
consider more simple object. 

Let 1-l(JRk) be the set of all hyperspheres and hyperplanes in JRk. 
This is a smooth (k +I)-dimensional manifold. Hyperplanes in JRk form 
a smooth hypersurface 'P(JRk) in 1-l(JRk). The complement to P(JRk) is 
the total space of a smooth fiber bundle 

that takes each hypersphere to its center. The fiber of this (trivial) 
bundle is the set of positive real numbers (the radius of a hypersphere). 

DEFINITION. Generalized symmetry set E ( M) of the manifold M is 
the closure in 1-l(JRk) of the set of hyperspheres in JRk which are tangent 
to M at two different points. 

The set E(M) is a compact subset in 1-l(JRk). The image of the set 
E(M) \ P(JRk) with respect to the projection e is the symmetry set of the 
manifold M. Moreover, the intersection of the tangent cone to E(M) at 
any point from E(M) \ P(JRk) and the tangent space to the fiber ofthe 
bundle e at this point is 0. 

Denote by F(M) the set of hyperspheres and hyperplanes in JRk 
that are tangent to the submanifold M. This is the front of some Le­
gendre mapping into 1-l(JRk) (see [9]). Its simplest singularities are stable 
singularities of corank 1. These singularities are classified by (nonzero) 
elements A = AJL1 + · · · + AJLv of the free additive Abelian semigroup A 
whose generators are the symbols A1 , A2 , •.• , AJL, ... 

Namely a generic front F in a smooth n-dimensional manifold V 
has a singularity of type AJL at a given point v E V if its germ (F, v) 
at this point is diffeomorphic to a germ at zero of the hypersurface in 
IR.n = {(>.o, ... , An-d} formed by points, where the polynomial tJL+1 + 
>.JL_1tJL-1 + · · · + >.1t + >.o has a multiple real root. The front F has 
a singularity of type AJL1 + · · · + AJLv at a point v if the germ (F, v) 
consists of p irreducible components having (as germs of fronts) singu­
larities of types AJL1 , ••• , AJLv at the point v, and if, moreover, germs 
of the manifolds of these singularities on the corresponding components 
intersect transversally at the point v. The numbers J-L 1 , ... , /-Lp are called 
multiplicities of a singularity of type AJL1 + · · · + AJLv. 

Let us suppose that the front F(M) has only stable singularities of 
corank 1. Then for a generic manifold M, the points of the front F(M), 
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where it has singularities of type A E A, are in one to one correspondence 
with tangent A-spheres and A-planes of the manifold M. The latter are 
defined by the following way. 

DEFINITION. A hypersphere (hyperplane) 1r in ]Rk is said to be 
tangent A = AJ.L1 + · · · + A/Lp -sphere (plane) of the manifold M if 

1) it is tangent to M exactly at p points x1, ... , Xp that are the 
vertices of an (p - 1 )-dimensional simplex; 

2) for any i = 1, ... ,p and for any smooth function in JRk equal to 0 
on 1r and having noncritical value at Xi, a germ at Xi of the restriction 
of this function onto M is given by the formula 

in suitable local coordinates t 1, ... , tm, on M. 

REMARK. By definition, any hypersphere (hyperplane) in JRk pass­
ing through a given point is a tangent A1-sphere (plane) for this point. 

Tangent A-spheres (planes) of the manifold M are called its tangent 
hyperspheres (hyperplanes) of corank 1. The number c(A) = J-ll +· · ·+J-Lp 
is called the codimension of tangency of an A-sphere (plane) with the 
manifold M. The number d(A) = c(A) +pis called the degree of this 
tangency. 

Let M be a generic manifold. Then c(A) ::; k + 1 for any its tangent 
A-sphere and c(A) ::; k for any tangent A-plane. Moreover, for any fixed 
A E A the set AM consisting of all tangent A-spheres and A-planes of 
the manifold M is a smooth submanifold (generally speaking, nonclosed) 
of codimension c(A) in H(JRk). The restriction of the projection f2 onto 
the manifold AM\ P(JRk) is a smooth immersion. 

Now, if A= 2A1 or c(A) > 2, then the manifold AM belongs to the 
set ~(M) and is called the manifold of singularities of type A of this set. 
The numbers c(A) and d(A) are called the codimension and the degree 
of these singularities, respectively. 

Denote by x(AM) the topological Euler characteristic of the man­
ifold AM (the alternated sum of the Betti numbers of the homology 
groups with compact supports). Sometimes, to simplify notations, we 
omit the subscript M and write x(A). 

DEFINITION. The index IA(X) of a singularity of type X = Av1 + 
· · · + Av0 E A with respect to a singularity of type A = A!L1 + · · · + AJ.Lp is 
the nonnegative integer defined recursively by the following conditions: 

1) if J-l* = max{J-LI,···,J-lp} > v* = max{v1, ... ,vq}, then IA(X) is 
equal to 0; 
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2) if J.L* :S v*, then IA(X) is equal to 

Vi=J.L*,J.L*+l 

where I 0 (Y) = 1 for any Y (here 0 is the zero of the semigroup A). 

THEOREM 1. Let M be a smooth closed submanifold in JR.k. Sup­
pose that all tangent hyperspheres (hyperplanes) of Mare tangent hyper­
spheres (hyperplanes) of corank 1. Then for a generic M the following 
statements are valid. 

1) If the manifold AM of singularities of type A E A of the general­
ized symmetry set :E(M) of the manifold M has an odd dimension, then 
its Euler characteristic x(AM) is a linear combination 

(1) x(AM) = LKA(X)x(XM) 
X 

of the Euler characteristics x(XM) of even-dimensional manifolds XM 
of singularities of types X E A where c(X) > c(A). This combination 
is universal in the sense that every its coefficient KA(X) depends only 
on A and X (that is, it does not depend on the topology of the manifold 
M). Namely, 

[c(X)-c(A)-1]/2 

KA(X) = L (-1)iPi(A,X), 
i=O 

where Pi(A, X) is equal to the sum of the products of the form 

by all ordered sets (Yo, Y1, ... , Yi+1) of elements of the semigroup A such 
that Yo = A, Yi+1 = X and 

c(A) < c(Yl) < · · · < c(Y;) < c(X), 

c(Y1) = · · · = c(Y;) = c(A) (mod 2). 

2) The list of the formulas (1) for singularities of codimension c :S 6 
is given in Table 1 for an even k and in Table 2 for an odd k. 

3) The Euler characteristic x(:E(M)) of the set :E(M) is a universal 
linear combination 
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(2) x(E(M)) = LK(X)x(XM) 
X 

of the Euler characteristics x(XM) of even-dimensional manifolds XM 
of singularities of types X E A \ {AI, A2}. The coefficients of this com­
bination are calculated by the formula 

K(X) = 1 - L KA(X), 
A 

where the summation is taken by all nonzero elements A of the semigroup 
A such that A -=1- AI, A -=1- A2, c(A) < c(X) and c(A) = k (mod2). 

4) The formula (2) for an even k has the form 

x(E(M)) = ![x(A3)- 4x(3AI)] 
+ ![x(A5) + 3x(A4 +AI)+ 2x(A3 + A2) + 6x(A3 + 2AI) 

+ 4x(2A2 +AI) + 12x(A2 + 3AI) + 32x(5AI)] 
- H27x(A7) + 52x(A6 +AI)+ 38x(A5 + A2) + 96x(A5 + 2AI) 

+ 41x(A4 + A3) + 70x(A4 + A2 +AI) + 168x(A4 + 3AI) 
+ 74x(2A3 +AI)+ 52x(A3 + 2A2) + 124x(A3 + A2 + 2AI) 
+ 288x(A3 + 4AI) + 88x(3A2 +AI) + 208x(2A2 + 3AI) 
+ 480x(A2 + 5AI) + 1088x(7 AI)] + ... 

(the dots denote a universal linear combination of the Euler character­
istics of manifolds of singularities of odd codimensions starting from the 
codimension 9); for an odd k 

x(E(M)) = x(2AI) 
- ![2x(A4) + 3x(A3 +AI)+ 2x(2A2) 

+ 4x(A2 + 2AI) + 6x(4AI)] 
+ ![10x(A6) + 14x(A5 +AI)+ nx(A4 + A2) 

+ 20x(A4 + 2AI) + 1ox(2A3) + 15x(A3 + A2 +AI) 
+ 28x(A3 + 3AI) + 12x(3A2) + 22x(2A2 + 2AI) 
+ 40x(A2 + 4AI) + 70x(6AI)] + ... 

(the dots denote a universal linear combination of the Euler characteris­
tics of manifolds of singularities of even codimensions starting from the 
codimension 8) . 

PROOF. Let a generic front Fin a smooth manifold V have only sta­
ble singularities of co rank 1. Assume that the closure of the submanifold 
in V formed by singularities of type 2AI of this front is compact. Then 
there are universal linear relations between the Euler characteristics of 
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the manifolds of singularities of :F lying in the mentioned closure. These 
relations are given in [12]. Theorem 1 is a corollary of these results in 
the case :F = :F(M). 

REMARK. Theorem 1 is valid for any generic curve in JRk. In the case 
dim M > 1, the main condition of Theorem 1 (all tangent hyperspheres 
(hyperplanes) of Mare tangent hyperspheres (hyperplanes) of corank 1) 
is valid only for very special manifold M. For example, a smooth closed 
connected generic surface with such a property in JR3 has no umbilic 
points. Therefore it is diffeomorphic to a torus (see [4]). 

EXAMPLE. Let M be a smooth closed curve (not necessary con­
nected) in the plane lR 2 . Then its generalized symmetry set ~ ( M) is the 
union of a graph and a smooth closed one-dimensional manifold. The 
edges of the graph are simply connected components of the manifold 
(2A1)M· The vertices are singularities 3A1, A2 + A1, A3. The incidence 
relation in this graph has the form: 2x(2Al) = 6x(3A1) + 2x(A2 +AI)+ 
x(A3). This is the first formula of Table 1 (in the case k = 2). 

Consider supporting hyperspheres and hyperplanes of the manifold 
M. They are tangent hyperspheres and hyperplanes such that M lies on 
one side of them. If a supporting hypersphere (hyperplane) is a tangent 
All, + · · · + A!lp -sphere (plane), then J..L 1 , ... , f..Lv are odd numbers. 

Let Aadd C A be the free additive Abelian semigroup whose gen­
erators are the symbols A 1, A3, ... , A21+ 1, . . . Then for k ::; 6 the set 
of supporting hyperspheres (hyperplanes) of a smooth closed generic 
submanifold M in JRk consists of supporting A-spheres (planes) where 
A E A odd and c( A) ::; k + 1 ( c( A) ::; k for hyperplanes). If the dimension 
of each connected component of the manifold M is at most 1, then this 
is true for any k (see [1],[16]). 

Supporting hyperspheres and hyperplanes of the manifold M that 
lie in its generalized symmetry set ~(M) are called singular. Singular 
supporting hyperspheres and hyperplanes of the manifold M form a 
compact subset ~sup(M) in 'H(JRk). This subset is the closure in 'H(JRk) 
of the set of supporting hyperspheres that are tangent to M at two 
different points. 

The set of singular supporting A-spheres and A-planes of a generic 
manifold M (in dimensions mentioned above) is a smooth sub manifold 
of codimension c(A) in 'H(JRk) for any A E Aodd· It is called the manifold 
of singularities of type A of the set ~ = ~sup(M) and is denoted by AE. 
The numbers c(A) and d(A) are called the codimension and the degree 
of these singularities, respectively. 

THEOREM 2. Let M be a smooth closed submanifold in JRk. Assume 
that k ::; 6 or the dimension of each connected component of the manifold 
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M is at most 1. Then for a generic M the statements 1 - 5 below are 
valid for I:= I:sup(M) and Xo = ( -1)k[1- x(M)] + 1. 

1) If the manifold AE of singularities of type A E Aodd of the set I: 
has an odd dimension, then its topological Euler characteristic x(AE) is 
a linear combination 

(3) x(AE) = 2:::: K'Add(X) x(XE) 
X 

of the Euler characteristics x(XE) of even-dimensional manifolds XE of 
singularities of types X E Aodd where c(X) > c(A). This combination 
is universal in the sense that every its coefficient K'Add(X) depends only 
on A and X (that is, it does not depend on the topology of the manifold 
M). Namely, 

[c(X)-c(A)-1]/2 

K'Add(X) = 2:::: ( -1)i Pi(A, X), 
i=O 

where Pi(A, X) is equal to the sum of the products of the form 

i (~) sign[d(YJ+,)-d(Yj)J lv;(YJH) 

}] 2 /yj(}j) 

by all ordered sets (Yo, Y1, ... , Yi+l) of elements of the semigroup Aodd 
such that Yo= A, Yi+l =X and 

c(A) < c(Yl) < · · · < c(Yi) < c(X), 

c(Yl) = · · · = c(Yi) = c(A) (mod 2). 

2) The list of the formulas (3) for singularities of codimension c:::; 8 
is given in Table 3 for an even k and in Table 4 for an odd k. 

3) The Euler characteristic x(I:) of the set I: is equal to Xo· From 
the other side it is a universal linear combination 

(4) x(I:) = 2:::: Kodd(X)x(XE) 
X 

of the Euler characteristics x(XE) of even-dimensional manifolds XE of 
singularities of types X E Aodd \ { A1}. The coefficients of this combina­
tion are calculated by the formula 

Kodd(X) = 1- 2:::: K'Add(X), 
A 
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where the summation is taken by all nonzero elements A of the semigroup 
Aadd such that A -1- At, c(A) < c(X) and c(A) = k (mod 2). 

4) The formula ( 4) for an even k has the form 

x(~) = ~ [x(A3) - x(3Al)] + ~ [x(A5) + 2x(5Al)] + 
+ :dx(A7)- 2x(A5 + 2Al)- x(2A3 + A1) 

- 3x(A3 + 4Al) - 17x(7 AI)] 
+ H3x(Ag) + 4x(A7 + 2Al) + 3x(A5 + A3 + A1) 

+ 13x(A5 + 4A1) + 2x(3A3) + 8x(2A3 + 3A1) 
+ 30x(A3 + 6A1) + 124x(9Al)] 

- H7x(An) + 22x(Ag + 2A1) + 16x(A7 + A3 +A!) 
+ 56x(A7 + 4A!) + 17x(2A5 + A1) + 12x(A5 + 2A3) 
+ 42x(A5 + A3 + 3A1) + 152x(A5 + 6Al) 
+ 30x(3A3 + 2A!) + 106x(2A3 + 5A!) 
+ 378x(A3 + 8A1) + 1382x(11Al)] + ... 

(the dots denote a universal linear combination of the Euler character­
istics of manifolds of singularities of odd codimensions starting from the 
codimension 13); for an odd k, 

x(~) = x(2Al)- x(4A!) 
+ i[6x(6A!) + x(A3 + 3A1) + x(A5 + A1)] 
- 2 [34x(8Al) + 8x(A3 + 5A1) + 2x(2A3 + 2Al) 

+ 4x(A5 + 3A1) + x(A5 + A3) + x(A7 +AI)] 
+ H620x(10A1) + 167x(A3 + 7 A1) + 46x(2A3 + 4Al) 

+ 13x(3A3 +A!)+ 71x(A5 + 5A1) + 19x(A5 + A3 + 2Al) 
+ 8x(2A5) + 26x(A7 + 3A1) + 7x(A7 + A3) 
+ llx(Ag +AI)] + ... 

(the dots denote a universal linear combination of the Euler characteris­
tics of manifolds of singularities of even codimensions starting from the 
codimension 12); 

5) Let k be even (k::; 16) and x(AE) = 0 for any A E Aadd \{A!} 
such that d(A) ::; k. Then 

(5) w(A)x(AE) = (1 + k/2) w(Ak+l) xo, 
AEAodd' c(A)=k+l 

where 
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and [x] is the integral part of the number x. The number w(A2z+t) is the 
l 'th Catalan number. The formulas (5) fork :::; I2 are given in Table 5 
below. 

PROOF. The subset L:sup(M) C 7t(JRk) is diffeomorphic to the set 
of singular points of the boundary r of a connected component of the 
complement to some generic front :Fin a (k +I)-dimensional space (see 
[10]; the closure of this component is a (k +I)-dimensional C0-manifold 
and r is its boundary). For any A E Aodd, the manifold AE is diffeomor­
phic to the manifold Ar of singularities of type A of the hypersurface r 
(that is the set of singularities of type A of the front :Fat points of f). 
Therefore Theorem 2 follows from [11] (see also [I4]) where we found 
universal linear relations between the Euler characteristics of the mani­
folds of singularities on the boundary of a connected component of the 
complement to a generic front under the condition that this boundary 
has only stable corank I singularities with odd multiplicities. 

REMARK. The restriction k :::; I6 in the condition of the statement 
5 of Theorem 2 is pure technical. I think that it can be omitted. 

EXAMPLE. The formula (5) is valid for any smooth closed convex 
generic curve Min the even-dimensional space JRk (see [I3]; recall that a 
curve in JRk is convex if it intersects any hyperplane at most at k points 
taking multiplicities into account). 

REMARK. One can prove that the formula (5) is valid for any smooth 
closed generic curve Min JRk (k is even) such that for any k of its points 
(taking multiplicities into account) there is a hypersphere that passes 
through these points and does not intersect the curve at other points. 

Consider the set of supporting hyperspheres of the manifold M. A 
supporting hypersphere is called externally (internally) supporting if M 
lies outside (inside) the ball bounded by this hypersphere. 

Let L:ext(M) (L:int(M)) be the set of singular externally-supporting 
(internally-supporting, respectively) hyperspheres of the manifold M. 
The sets L:ext(M) and L:int(M) are disjoint (recall, we assume that M 
does not lie in any hypersphere and in any hyperplane in JRk). The union 
of these sets is equal to L:sup(M) \ P(JRk). 

DEFINITION. The externally-supporting (internally-supporting) sym­
metry set of the manifold M is the closure Cext(M) (Cint(M), respec­
tively) in JRk of the set of centers of externally-supporting (internally­
supporting) hyperspheres that are tangent to M at two different points. 

The supporting symmetry sets of the manifold M are subsets of its 
symmetry set. It is easy to see that Cext(M) = Q(L:ext(M)), Cint(M) = 
Q(L:int(M)). Moreover, the projection Q defines a homeomorphism of 
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the sets Eext(M) and Eint(M) with the sets Cext(M) and Cint(M), re­
spectively. 

PROPOSITION. Let M be a smooth closed submanifold in JRk. Then 
the set Cext(M) is compact if an only if one of the connected components 
of M is a strictly convex hypersurface and all other components lie inside 
the compact domain in JRk bounded by this hypersurface. 

The similar statement is valid for the set Cint ( M) as well. Moreover, 
if M = M0 U (M \ M0 ) where Mo is a smooth closed strictly convex 
hypersurface and M \ M 0 lies inside the compact domain in JRk bounded 
by the hypersurface Mo, then Cint(M) = Cint(Mo). 

PROOF. The set Cext(M) (or Cint(M)) is compact if and only if 
M has no singular supporting hyperplanes. The set of all supporting 
hyperplanes of such a manifold is diffeomorphic to sk-1. The mapping 
sk-1 --7 JRk that assigns to a supporting hyperplane the point of tan­
gency with M is a smooth embedding ([8]). The image of this embedding 
is the desired strictly convex connected component of M. Proposition 
is proved. 

Let M be a smooth closed submanifold in JRk where k:::; 6. Then the 
set of centers of singular externally-supporting (internally-supporting) 
A-spheres of a generic M is a smooth submanifold of codimension c(A)-
1 in JRk for any A E Aodd· It is called the manifold of singularities of type 
A of the set E = Cext(M) (E = Cint(M), respectively) and is denoted 
by A~;. The numbers c(A) and d(A) are called the codimension and the 
degree of these singularities. 

THEOREM 3. Let M be a smooth closed submanifold in JRk where 
k :::; 6. Suppose that one of the connected components of M is a strictly 
convex hypersurface and all other components lies inside the compact 
domain in JRk bounded by this hypersurface. Then for a generic M, the 
statements 1 - 5 from Theorem 2 are valid in every of the following two 
cases: 

1) E = Cext(M) and Xo = (-1)k[1- x(M)]; 
2) E = Cint(M) and Xo = 1. 

PROOF. Theorem 3 is a corollary of the main result of [13]. Indeed, 
the set Cext(M) (Cint(M)) is the Maxwell set of global minima (maxima, 
respectively) of the family of functions F(x, >.) of x E M depending on 
the parameter >. E JRk, where F(x, >.) is the square of the distance be­
tween>. and x (see [1]). The manifold A~ is the manifold of singularities 
of type A of the corresponding Maxwell set for any A E Aodd· 

REMARK. If the sets Cext(M) and Cint(M) are compact, then the 
Euler characteristic of the manifold of Morse global minima of the family 
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F(x, >.) is equal to x(M). The Euler characteristic of the manifold of 
Morse global maxima of the family F(x, >.) is equal to x(sk-l ). 

Now, take an arbitrary connected component U of the complement 
to a smooth closed generic submanifold M in ~k. By Mu denote the 
union of the connected components of M lying strictly inside the closure 
U of the domain U. 

Let 'Esup(U) be the set of singular supporting hyperspheres and 
hyperplanes of M lying in U. The set 'Esup(U) is a connected component 
of the set 'Esup(M). Singularities of 'Esup(M) at points from 'Esup(U) 
are called singularities of 'Esup(U). 

DEFINITION. The middle points set of the domain U is the set 
C(U) of points in U being the centers of singular externally-supporting 
hyperspheres of the manifold M. Sometimes, depending on M and U, 
this set is called medial axe or conflict set. 

The set C(U) is a subset of the externally-supporting symmetry set 
of the manifold M. If the domain U is bounded, then its middle points 
set is a compact connected component C(U) = e('Esup(U)) of the set 
Cext ( M). Singularities of the set Cext ( M) at points from C ( U) are called 
singularities of C(U). 

THEOREM 4. Let M be a smooth closed submanifold in ~k, where 
k :::; 6. Assume that the complement JR.k \ M is disconnected and U is 
one of its connected components. Then for a generic M, the statements 
1 - 5 from Theorem 2 are valid for 

1) 'E = C(U) and xo = x(U)- ( -1)kx(Mu) if U is bounded; 
2) 'E = 'Esup(U) and Xo = x(U)- (-1)kx(Mu) + (-1)k if U is 

unbounded. 

PROOF. Theorem 4 in the case of the bounded component U follows 
from [13] by analogy with Theorem 3. Namely, the set C(U) is the 
Maxwell set of global minima of the family of functions F(x, >.) of x E M 
depending on the parameter>. E U \au, where F(x, >.) is the square of 
the distance between>. and x, and au is the boundary of U. The Euler 
characteristic of the manifold of Morse global minima of this family is 
equal to x(aU) + x(Mu). 

The case of the unbounded component U is reduced to the previous 
one after the inversion of the space JR.k with respect to a hypersphere 
of a small radius having the centre at a point from the complement 
JR.k \ (U u M). 

EXAMPLE. Let M be a smooth closed connected curve in the plane 
JR2 . Suppose that it has no self-intersections and is generic. Take a 
connected component U of the complement JR2 \ M. Let x(A3 ) be the 
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number of the curvature circles of M lying in U and x(3Al) be the 
number of circles in U that are tangent to M at three points. Then 
Theorem 4 implies, 

(6) 

REMARK. At the first time, the relation (6) was obtained in [2] for 
a convex curve M. In [7], it was proved in the non-convex case as well. 
Theorem 4 extends these results onto the case of non-connected curves 
and gives their many-dimensional generalizations. 
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Table 1 (k is even) 

c=2 2x(2Al) = 6x(3Al) + 2x(A2 + A1) + x(Aa) 
- 40x(5Al) - 18x(A2 + 3Ai) - 8x(2A2 + A1) 

- nx(Aa + 2A1) - 5x(Aa + A2) 
- 7x(A4 +A!) - 4x(A5) 

+ 672x(7 AI) + 320x(A2 + 5Ai) + 152x(2A2 + 3Al) 
+ 72x(3A2 +AI) + 204x(Aa + 4Al) 
+ 97x(Aa + A2 + 2Al) + 46x(Aa + 2A2) 
+ 62x(2Aa + A1) + 129x(A4 + 3Al) 
+ 61x(A4 + A2 + A1) + 39x(A4 + Aa) 
+ 81x(A5 + 2Al) + 38x(A5 + A2) 
+ 50x(A6 + A1) + 31x(A7) + ... 

c=4 4x(4Al) = 20x(5Al) + 4x(A2 + 3Al) + 2x(Aa + 2Al) 
- 280x(7 A1) - lOOx(A2 + 5Al)- 32x(2A2 + 3Al) 

- Bx(3A2 + A1) - 58x(Aa + 4Al) 
- 18x(A3 + A2 + 2Al) - 4x(A3 + 2A2) 
- 10x(2A3 + A1) - 26x(A4 + 3Al) 
- 6x(A4 + A2 + A1) - 3x(A4 + A3) - 12x(A5 + 2Al) 
- 2x(A5 + A2) - 4x(A6 + A1) - x(A7) + ... 

2x(A2 + 2Al) = 6x(A2 + 3Al) + 4x(2A2 +AI) 
+ 2x(A3 + 2Al) + x(A3 + A2) + 2x(A4 + A1) 

- 40x(A2 + 5Al) - 36x(2A2 + 3Al) - 24x(3A2 + A1) 
- 24x(A3 + 4Al) - 21x(A3 + A2 + 2Al) 
- 14x(A3 + 2A2) - 12x(2Aa + A1) - 24x(A4 + 3Al) 
- 17x(A4 + A2 + A1) - 9x(A4 + Aa) - 16x(A5 + 2Al) 
- 10x(A5 + A2) - 11x(A6 + A1) - 6x(A7) + ... 

2x(2A2) = 2x(2A2 + A1) + 2x(A3 + A2) + x(A5) 
- 4x(2A2 + 3Al) - 6x(3A2 + A1) - 4x(A3 + A2 + 2Al) 

- 5x(A3 + 2A2)- 4x(2Aa + A1)- 4x(A4 + A2 +AI) 
- 4x(A4 + A3) - 2x(A5 + 2Al) - 5x(A5 + A2) 
- 3x(A6 + A1)- 4x(A7) + ... 

x(A3 + A1) = 2x(Aa + 2Al) + x(A3 + A2) 
+ x(A4 +A!) + x(A5) 

- 8x(A3 + 4Al) - 4x(A3 + A2 + 2A1) - 2x(A3 + 2A2) 
- 5x(2A3 + A1) - 6x(A4 + 3Al) - 3x(A4 + A2 + A1) 
- 4x(A4 + A3) - 6x(A5 + 2Ai) - 3x(A5 + A2) 
- 5x(A6 + A1) - 4x(A7) + ... 

2x(A4) = 2x(A4 + A1) + 2x(A5) 
- 4x(A4 + 3Al) - 2x(A4 + A2 + A1) - x(A4 + A3) 

- 4x(A5 + 2Al) - 2x(A5 + A2) 
- 4x(A6 +AI) - 4x(A7) + ... 
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c=6 2x(6Al) = 14x(7 A1) + 2x(A2 + SA1) + x(A3 + 4Al) + ... 
2x(A2 + 4Al) = IOx(A2 + SA1) 

+ 4x(2A2 + 3Al) + 2x(A3 + 4Al) 
+ x(A3 + A2 + 2Al) + 2x(A4 + 3Al) + ... 

2x(2A2 + 2Al) = 6x(2A2 + 3Al) + 6x(3A2 + A1) 
+ 2x(A3 + A2 + 2Al) + x(A3 + 2A2) 
+ 2x(A4 + A2 +AI)+ x(As + 2Al) + ... 

2x(3A2) = 2x(3A2 + A1) 
+ 2x(A3 + 2A2) + x(As + A2) + ... 

x(A3 + 3Al) = 4x(A3 + 4Al) + x(A3 + A2 + 2Al) 
+ x(2A3 + A1) + x(A4 + 3Al) + x(As + 2Al) + ... 

x(A3 + A2 + A1) = 2x(A3 + A2 + 2Al) + 2x(A3 + 2A2) 
+ 2x(2A3 + A1) + x(A4 + A2 +AI) 
+ x(A4 + A3) + x(As + A2) + x(AB +AI) + ... 

2x(2A3) = 2x(2A3 +AI) + 2x(A4 + A3) + x(A7) + ... 
2x(A4 + 2Al) = 6x(A4 + 3Al) + 2x(A4 + A2 + A1) 

+ x(A4 + A3) + 2x(As + 2Al) + 2x(A6 + A1) + ... 
x(A4 + A2) = x(A4 + A2 + A1) + x(A4 + A3) 

+ x(As + A2) + x(A1) + ... 
x(As +AI) = 2x(As + 2A1) + x(As + A2) 

+ x(AB +AI)+ x(A7) + ... 
x(AB) = x(AB + A1) + x(A7) + ... 

The dots in formulas of Table 1 denote universal linear combinations 
of the Euler characteristics of manifolds of singularities of odd codimen­
sions starting from the codimension 9. 
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Table 2 (k is odd) 

c=3 2x(3Al) = 8x(4Al) + 2x(A2 + 2Al) + x(A3 + A1) 
- 80x(6A1) - 32x(A2 + 4Al) - 12x(2A2 + 2A1) 

- 4x(3A2) - 19x(A3 + 3Al) - 7x(A3 + A2 + A1) 
- 4x(2A3) - 10x(A4 + 2Al) - 3x(A4 + A2) 
- 5x(A5 + A1) - 2x(A6) + ... 

2x(A2 + A1) = 4x(A2 + 2Al) + 4x(2A2) 
+ 2x(A3 + Al) + 2x(A4) 

- 16x(A2 + 4Al) - 16x(2A2 + 2Al) 
- 12x(3A2) - 12x(A3 + 3Al) - llx(A3 + A2 + A1) 
- 8x(2A3) - 12x(A4 + 2Al) - 10x(A4 + A2) 
- 10x(A5 + A1) - 8x(A6) + ... 

x(A3) = x(A3 + Al) + x(A4) 
- 2x(A3 + 3Al) - x(A3 + A2 + Al) - x(2A3) 

- 2x(A4 + 2Al) - x(A4 + A2) 
- 2x(A5 + Al) - 2x(A6) + ... 

c=5 2x(5Al) = 12x(6Al) + 2x(A2 + 4Al) + x(A3 + 3Al) + ... 
2x(A2 + 3Al) = 8x(A2 + 4Al) + 4x(2A2 + 2Al) 

+ 2x(A3 + 3Al) + x(A3 + A2 + A1) 
+ 2x(A4 + 2Al) + ... 

2x(2A2 + A1) = 4x(2A2 + 2Al) + 6x(3A2) 
+ 2x(A3 + A2 + A1) + 2x(A4 + A2) 
+ x(A5 + A1) + ... 

x(A3 + 2Al) = 3x(A3 + 3Al) + x(A3 + A2 + A1) 
+ x(2A3) + x(A4 + 2Al) + x(A5 + A1) + ... 

x(A3 + A2) = x(A3 + A2 + Al) + 2x(2A3) 
+ x(A4 + A2) + x(A6) + ... 

x(A4 + A1) = 2x(A4 + 2Al) + x(A4 + A2) 
+ x(A5 + A1) + x(A6) + ... 

x(A5) = x(A5 + Al) + x(A6) + ... 

The dots in formulas of Table 2 denote universal linear combina­
tions of the Euler characteristics of manifolds of singularities of even 
codimensions starting from the codimension 8. 
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Table 3 (k is even) 

c=2 2x(2Al) = 3x(3Al) + x(A3) 
- 5x(5Al) - x(A3 + 2A1) - x(As) 
+ 21x(7 A1) + 5x(A3 + 4Al) + x(2A3 + Al) 

+ 3x(As + 2Al) + x(A7) 
- 153x(9Al) - 41x(A3 + 6A1) - 11x(2A3 + 3Al) 

- 3x(3A3) - 19x(As + 4Al) - 5x(As + A3 + Al) 
- 7x(A7 + 2Al) - 3x(Ag) + ... 

c=4 4x(4Al) = 10x(5Al) + 2x(A3 + 2Al) 
- 35x(7 A1) - 9x(A3 + 4Al) - 3x(2A3 + Al) 

- 4x(As + 2A1) - x(A7) 
+ 252x(9Al) + 70x(A3 + 6A1) + 20x(2A3 + 3Al) 

+ 6x(3A3) + 31x(As + 4Al) + 9x(As + A3 + A1) 
+ 12x(A7 + 2Al) + 5x(Ag) + ... 

x(A3 + Al) = x(A3 + 2Al) + x(As) 
- x(A3 + 4Al) - x(As + 2Al) - x(A7) 
+ 3x(A3 + 6A1) + x(2A3 + 3Al) + 3x(As + 4Al) 

+ x(As + A3 + A1) + 2x(A7 + 2Al) + x(Ag) + ... 
c=6 4x(6Al) = 14x(7 A1) + 2x(A3 + 4Al) 

- 84x(9Al)- 20x(A3 + 6A1)- 5x(2A3 + 3Al) 
- x(3A3) - 6x(As + 4Al) - x(As + A3 + A1) 
- x(A7 + 2Al) + ... 

2x(A3 + 3Al) = 4x(A3 + 4Al) 
+ 2x(2A3 + A1) + 2x(As + 2Al) 

- 10x(A3 + 6A1) - 5x(2A3 + 3Al) - 3x(3A3) 
- Bx(As + 4Al) - 4x(As + A3 + A1) 
- 5x(A7 + 2A1) - 2x(Ag) + ... 

4x(2A3) = 2x(2A3 + A1) + 2x(A7) 
- x(2A3 + 3Al) + 3x(3A3) - x(As + A3 + A1) 

- x(A7 + 2Al) - 2x(Ag) + ... 
x(As + Al) = x(As + 2Al) + x(A7) 

- x(As + 4Al) - x(A7 + 2Al) - x(Ag) + ... 
c=8 2x(8Al) = 9x(9Al) + x(A3 + 6A1) + ... 

x(A3 + 5Al) = 3x(A3 + 6A1) 
+ x(2A3 + 3Al) + x(As + 4Al) + ... 

2x(2A3 + 2Al) = 3x(2A3 + 3Al) + 3x(3A3) + 
+ 2x(As + A3 + Al) +x(A7 + 2Al) + ... 

2x(As + 3Al) = 4x(As + 4Al) 
+ x(As + A3 + A1) + 2x(A7 + 2Al) + ... 

2x(As + A3) = x(As + A3 + Al) + 2x(Ag) + ... 
x(A7 + A1) = x(A7 + 2Al) + x(Ag) + ... 
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The dots in formulas of Table 3 denote universal linear combinations 
of the Euler characteristics of manifolds of singularities of odd codimen­
sions starting from the codimension 11. 

Table 4 (k is odd) 

c=3 4x(3AI) = 8x(4Al) + 2x(A3 + A1) 
- 20x(6A1) - 5x(A3 + 3Al) - 2x(2A3) - 3x(A5 + A1) 
+ 112x(8Al) + 30x(A3 + 5Al) + 8x(2A3 + 2Al) 

+ 15x(A5 + 3Al) + 4x(A5 + A3) + 6x(A7 +AI) + ... 
4x(A3) = 2x(A3 + A1) - x(A3 + 3Al) 

+ 2x(2A3) - x(A5 +AI) 
+ 2x(A3 + 5AI) + 2x(A5 + 3AI) 

+ x(A5 + A3) + x(A7 + A1) + ... 
c=5 4x(5Al) = 12x(6AI) + 2x(A3 + 3AI) 

- 56x(8Al) - 14x(A3 + 5AI) - 4x(2A3 + 2AI) 
- 5x(A5 + 3Al) - x(A5 + A3) - x(A7 + A1) + ... 

4x(A3 + 2Al) = 6x(A3 + 3Al) + 4x(2A3) + 4x(A5 + A1) 
- l0x(A3 + 5AI) - 4x(2A3 + 2Al) - 9x(A5 + 3Al) 

- 5x(A5 + A3) - 7x(A7 +AI) + ... 
4x(A5) = 2x(A5 +AI) - x(A5 + 3Al) 

+ x(A5 + A3) - x(A7 + A1) + ... 
c=7 2x(7 A1) = 8x(8A1) + x(A3 + 5AI) + ... 

2x(A3 + 4Al) = 5x(A3 + 5Al) 
+ 2x(2A3 + 2AI) + 2x(A5 + 3AI) + ... 

2x(2A3 + A1) = 2x(2A3 + 2Al) 
+ 2x(A5 + A3) + x(A7 +AI) + ... 

2x(A5 + 2AI) = 3x(A5 + 3AI) 
+ x(A5 + A3) + 2x(A7 +AI) + ... 

2x(A7) = x(A7 + A1) + ... 

The dots in formulas of Table 4 denote universal linear combinations 
of the Euler characteristics of manifolds of singularities of odd codimen­
sions starting from the codimension 10. 
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Table 5 

k=2 x(A3) - x(3At) = 2xo 
k=4 2x(A5) - x(A3 + 2A1) + x(SA1) = 6xo 
k=6 5x(A7) - 2x(A5 + 2A1) - x(2A3 +AI) 

+ x(A3 + 4Al) - x(7 AI) = 20xo 
k=8 14x(Ag) - 5x(A7 + 2Al) - 2x(A5 + A3 + A1) 

+ 2x(A5 + 4At) - x(3A3) + x(2A3 + 3At) 
- x(A3 + 6A1) + x(9A1) = 70xo 

k = 10 42x(Au) - 14x(Ag + 2Al) - 5x(A7 + A3 +At) 
+ 5x(A7 + 4Al) - 4x(2A5 + A1) - 2x(A5 + 2A3) 

+ 2x(A5 + A3 + 3A1) - 2x(A5 + 6A1) 
+ x(3A3 + 2A1) - x(2A3 + SA1) 

+ x(A3 + 8A1) - x(liAl) = 252xo 
k = 12 132x(A13) - 42x(Au + 2Al) - 14x(Ag + A3 + A1) 

+14x(Ag + 4Al) -10x(A7 + A5 +At)- 5x(A7 + 2A3) 
+5x(A7 + A3 + 3A1) - 5x(A7 + 6At) - 4x(2A5 + A3) 

+ 4x(2A5 + 3A1) + 2x(A5 + 2A3 + 2A1) 
- 2x(A5 + A3 + SA1) + 2x(A5 + 8A1) 
+ x(4A3 +At)- x(3A3 + 4Al) + x(2A3 + 7 A1) 

- x(2A3 + 10Al) + x(13Al) = 924xo 
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