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On N evanlinna theory for holomorphic curves in 
Abelian varieties 

Katsutoshi Yamanoi 

Abstract. 

We give some observations and results on Nevanlinna theory for 
holomorphic curves in algebraic varieties. 

§1. Intersection theory and Nevanlinna theory 

In this note, we consider Nevanlinna theory as non-compact, tran
scendental intersection theory. First we begin with an algebraic inter
section theory. Let X be a smooth, projective algebraic variety and let 
D C X be an effective reduced divisor. Let C be a smooth, projective 
curve and let S be a finite set of points on C, which will be fixed for 
the following discussion. Let f : C ---+ X be an algebraic map such that 
f(C) ¢_ suppD. Then we have 

(1) L ordx f* D + L ordx f* D = 1 j*(c1(D)). 
xEC\S xES C 

The left hand side of (1) is a sum of local intersection numbers between 
f(C) and D, while the right hand side is a cohomological invariant which 
only depend on f and O(D). 

There is a kind of intersection theory for a holomorphic map f : 
C ---+X which may be transcendental. This is called Nevanlinna's First 
Main Theorem. We want to count a intersection number between f(C) 
and D. Since this number is infinite in general, we use an exhaustion 
C = Ur>o{z E C; lzl < r}. We define the counting function as 

N(r,J,D) = Jr (L ordzf*D) ~t· 
1 lzl<t 
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As in the first term of the left hand side of (1), the counting function 
counts intersection numbers just on the non-compact part C. Hence we 
need to count intersection number on the boundary of C. This is the 
following proximity function which corresponds to the second term of 
the left hand side of (1). Let L(D) be the associated line bundle for D. 
Let II · II be a Hermitian metric of L (D) and let s D be a section of L (D) 
such that D is the zero divisor for s D. Then we define the proximity 
function of D by 

12 7r 1 d() 
m(r,f,D)= logll f( li)ll-. 

0 SD o re' 21r 

We define an analogue of degree of f with respect to a line bundle 
Lon X as 

l r dt1 T(r,J,L)= - f*cl(L)+0(1) 
1 t <C(t) 

(r----* oo ), 

which is called the order function. We define the height function of D 
by T (r, f, D)= T (r, f, L(D)) + 0(1). Then the First Main Theorem in 
Nevanlinna theory is 

(2) N (r, J, D)+ m (r, J, D) = T (r, J, D)+ 0(1), 

which is an analogue of (1). Here the left hand side depends on external 
geometry of f(C) and Din X, while the right hand side only depend on 
f(C) and a cohomology class of D. 

§2. Conjectures 

Our Problem is the following; 

What happen if we don't count intersection multiplicity 
in (1) or (2) ? 

Of course, we can't obtain an equality any more, but we hope that there 
is some inequality. We motivate this estimate by the following heuristic 
and optimal observation for an algebraic map f : C ----* X. Let M 1 be 
the connected component of the moduli space of f. 
(i) For a generic fo E Mt, we have degf0D = deg(f0D)red· This is 
because f 0 (C) and D would intersect transversely. 
(ii) For an integer k 2: 0, put 

M1 = {! E Mt; degf* D- deg(f* D)red 2: k}. 
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Then M1 is a Zariski closed subset of Mf and form a sequence 

MJ = M~ :> M} :> M} :> · · ·. 

(iii) We hope that codim(M1+l, M1) :2: 1 in general. 
(iv) Hence fork= dimMJ + t:, we have" Mj = 0". 
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( v) We hope that dim M f = - deg f* K x + f for the canonical line 
bundle Kx. 
(vi) We have deg(f* D)red = deg0 \ 8 (!* D)red + 0(1) where 0(1) is a 
bounded term independent to f. This is because 

(3) #S < oo. 

Hence we hope that the following conjecture is true (cf. [7]). 

Conjecture 1. Let L be an ample line bundle on X and let f > 0. 
Then there exists a proper Zariski closed subset A= A( X, D, L, t:) ~X 
such that 

for all algebraic map f : C ~ X with f(C) cj_ A. Here 0.(1) is a 
bounded term independent to f but dependent on f and L. 

For a closed subvariety Z of X with codim(Z, X) :2: 2, we put 

and the same observation makes us to hope 

Conjecture 2. There exists a proper Zariski closed subset 3 = 
3(X, Z, L, t:) ~X such that 

deg f* Z ~ - deg f* Kx + t: deg f* L + O. (1) 

for all algebraic map f : C ~ X with /(C) cj_ 3. 

There are counterparts in Nevanlinna theory for the above conjec
tures (cf. [1]). Define the truncated counting function by 

N(l) (r, J, D)= Jr ( L min(ordz f* D, 1)) ~t. 
1 lzl<t 



328 K.Yamanoi 

Conjecture 3. There exists a proper Zariski closed subset A = 
A(X,D,L,E) <i X such that 

T(r,J,Kx(D)):::; N(l) (r,J,D) +ET(r,J,L) II 

for all holomorphic map f: C-+ X with /(C) C/.. A. 

Conjecture 4. There exists a proper Zariski closed subset 3 = 
3(X, Z, L, E) <i X such that 

N (r, f, Z):::; -T (r, J, Kx) + ET (r, J, L) II 

for all holomorphic map f: C-+ X with f(C) C/.. 3. 

Here the symbol II means that the inequality holds for r > 0 outside a 
set of finite linear measure. In the above, conjectures 3 and 4 correspond 
to those of 1 and 2, respectively. 

Remark. (1) The counterpart for inequality (3) in Nevanlinna theory 
is Nevanlinna's lemma on logarithmic derivatives for a meromorphic 
function cp, i.e., m(r,cp'/cp,oo) < O(log(rT(r,cp,oo))) II· To see this, 
we note that 

#S < oo ~ L ordx(ocpjcp)*(oo) < 0(1) for all cp E C(C), 
xES 

where 8 is a vector field on C and 0(1) is a constant independent of cp. 
(2) To be precise, we need the condition that D is simple normal 

crossing in the above conjectures (cf. [6]). 

§3. The case for curves 

When dimX = 1, we have the natural morphism between log
arithmic 1-forms J*f21-(log D) -+ nh(log(f* D)red) for algebraic map 
f : C-+ X. Hence by taking degrees and using (3), we obtain Conjec
ture 1 in this case. For the holomorphic case f : C -+ X, the following 
result is classical (R. Nevanlinna, L. Ahlfors). 

Theorem 1. Suppose dim X = 1. Then Conjecture 3 is true. 

Suppose g(X) ~ 2. Since we have N(l) (r, J, D) :::; T (r, J, D), The
orem 1 implies the inequality T(r,J,Kx) :::; 0(1)11· But since Kx is 
ample, this inequality implies that f is constant. Hence we have 

Corollary 1. Suppose g(X) ~ 2. Then all holomorphic map f : 
C -+ X is a constant map. 
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The higher dimensional version of this corollary is the following con
jecture (cf. [1]). 

Conjecture 5. Let X be a projective variety of general type. 
Then there exists a proper Zariski closed subset Y ~ X such that the 
image of all non-constant holomorphic map f : C ----> X is contained in 
Y. 

A remarkable fact is that Theorem 1 for X = J!D 1 implies Corollary 
1. Suppose g(X) :2: 2 and let 1r : X ----> lP'1 be a ramified covering. Let 
E' C X be the ramification divisor of 1r and put D = supp 1r * ( E'), 
E = supp1r*D. Then we have an equality 1r*KIP''(D) = Kx(E). Hence 
for a holomorphic map f : C ----> X, we apply Theorem 1 to 1r o f and we 
have 

T (r, f, Kx(E)) = T (r, f, 1r* KIP'' (D)) = T (r, 1r of, KIP'' (D)) 

::::; N(1l (r, 1r of, D) = N(ll (r, f, E) ::::; T (r, f, E) 

modulo small term ET(r,f,L) II· Hence T(r,f,Kx)::::; ET(r,J,L) II for 
all E > 0, which implies Corollary 1. 

Remark. This argument is quite general. And it also works in the 
higher dimensional case: Conjecture 3 for X implies Conjecture 5 for X' 
which is a ramified covering of X. 

§4. The case of Abelian varieties 

In the higher dimensional case, the conjectures in section 2 seem 
to be difficult problem. But when X is an Abelian variety, we have 
interesting results. ( cf. [2], [3], [4], [5], [8], [9]) 

Theorem 2. Let X be an Abelian variety. Then Conjectures 3 
and 4 are true. 

Remark This theorem holds without any restriction for the singu
larities of D. 

As corollaries to this theorem, we have 

Corollary 2. Let X be a projective variety with irregularity con
dition dimH0 (X,S1l) :2: dim X. Then Conjecture 5 is true for X. 

The case dim H 0 (X, st!k) > dim X is famous Bloch-Ochiai's Theo
rem and our new part is the case dimH0 (X, nl) =dim X. To prove this 
case, we use the albanese map X ----> Alb(X) which is a generically finite 
map, the argument for the remark in section 3 and the above Theorem 
2. 
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The following Corollary is a unicity theorem for elliptic curves. 
Though there is a higher dimensional version for general Abelian vari
eties, we just present an one dimensional case for the sake of simplicity. 

Corollary 3. Let E 1, E2 be elliptic curves and let Oi E Ei {i = 
1, 2} be the points of identities. Let fi : C ---> Ei {i = 1, 2} be non
constant holomorphic maps such that supp fi ( 01) = supp /2 ( 02). Then 
there exists an isomorphism a : E1 ---> E 2 such that h = a o h. 

The idea of the proof of this corollary is the following. Consider the 
holomorphic map h x h : C ---> E1 x E2 and suppose that the image 
h x h(C) is Zariski dense in E1 x E2. Then since codim(01 x 02, E1 x 
E2) ~ 2, Theorem 2 implies that N(l) (r, h x h, 01 x 02) is very small 
term. On the other hand the assumption supp fi ( 01) = supp /2 ( 02) 
implies that N(1) (r, h x /2,01 x 0 2) = N(l) (r, fl, 0 1) but this right 
hand side is a big term. These give a contradiction, hence h x h(C) is 
not Zariski dense in E1 x E2. By Bloch-Ochiai's theorem, h x h(C) is 
contained in some elliptic curve F C E 1 x E 2 and this F gives the graph 
of a. 
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