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Meromorphic mappings and deficiencies

Seiki Mori

Abstract.
In this note, we shall discuss elimination theorems of defects of

hypersurfaces or rational moving targets for a meromorphic mapping
or a holomorphic curve into P"(C) by its small deformation.

§1. Introduction.

Value distribution theory is to study how intersects the image of a
mapping to divisors in a target space. Liouville theorem asserts that the
image of a meromorphic function is dense in the projective space P1(C),
and also Picard theorem asserts that the image covers all points on
P!(C) except for at most two points. Nevanlinna theory is a quantitative
refinement of Picard theorem. Nevanlinna deficiency d¢(a) express that
ds(a) = 1 if the image f(C) omits a-point and d¢(a) > 0 if f covers a
point a relatively few times. For a meromorphic mapping of C™ into
P™(C), Nevanlinna’s defect relations or Crofton’s formulae assert that
Nevanlinna defects or Valiron defects of a mapping are very few.

We shall now discuss on defects for a family of mappings, that is,
elimination theorems of defects of hyperplanes, hypersurfaces or rational
moving targets for a meromorphic mapping or a holomorphic curve into
P"(C) by its small deformation. Here a samll deformation f of f means
that the difference of order functions of f and f is relatively small.

§2. Preliminaries.

Let z = (z1,..., 2m) be the natural coordinate system in C™. Set

(2,6) = 3 2585 for € = (€1, &), I211° = (2, 2), BO) = {z]l12ll < 7},
j=1
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0B(r) = {z’“z“ = r}, Y = dd°log ||z||2 and o = d° log]]zH2 Ayp™ L

where d° = ¥=1(5 — 9) and ¢* = A--- A9 (k-times).

Let f be a nonconstant meromorphic mapping f of C™ into P"(C)
and £ = [H?) be the line bundle over P*(C) which is determined by
d-th tensor power of the hyperplane bundle [H]. A hypersurface D of
degree d in P™(C) is given by the divisor of a holomorphic section s €
H°(P™(C),O(L)) which is determined by a homogeneous polynomial
P(w) of degree d. A metric @ = {a,} on the line bundle L is given by
aa = (27— lwj/wal?)? in a neighborhood Uy = {w € P*(C)|wq # 0}.

The Nevanlinna’s order function Ty (r, £) of f for the line bundle £
is given by:

Tf(’l“,ﬁ) ::/ ﬁ f*w/\,lpm'l’
To t B(t)
where w = {wa} = dd°log(}_7_; lw;/wal?)? in Uy. We say that f is
Tf(T‘, [:)

transcendental if lim = 400. The norm of a section s is

r—+o0 logr

“ ||2 |8a|2 — 'P(w)|2 .
ao (=g wjl?)

The proximity function my(r, D) of D is defined by

i 1 Filk
min D)= | R = P

The Nevanlinna deﬁciency ) f(D) and the Valiron deficiency Af(D) of
D for f is defined by

given by

(r, D) my(r, D)
07(D) := liminf -—f-—— and A = lim sup ————.
r—co Ty(r, L) £(D) = limsu Ty (r, L)
Using Stok’s theorem, the Nevanlinna’s order function T¢(r) := T¢(r, [H])
of f for the hyperplane bundle [H] is written as:

n 1/2 n
T¢(r) = /33(r) log(jz:; |fj|2) oc+0(1) = /BB(T) logjg0 |file +0(1).

Let f be a meromorphic mapping of C™ into P*(C), and ¢ be a
meromorphic mapping of C™ into the dual projective space P™(C)*
which is called a moving target for f. Then the proximity function
my(r, ¢) of a moving target ¢ into P"(C)* is given by:

B 1Al
my(r @) = /aB g 17,7
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The Nevanlinna deficiency ¢(¢) and the Valiron deficiency A(¢) of a
moving target ¢ for f are defined similarly. (See [5])

Let f be a meromorphic mapping of C™ into P*(C). Then f has
a reduced representation (fo : ... : f,), and. we write f = (fo,..., fn)
the same letter as the mapping f. Denote D*f = (D*fy, ..., D% f,,) for
a multi-index o, where D*f; = 9llf,; /820 ... 92%m @ = (a1, ..., )
and ol = a1 + - + am.

Fujimoto [2] defined the generalized Wronskian of f by

Weo... on(f) = det(D* £:0 < k <n),

for n + 1 multi-indices o* = (af,...,ak), (0 <k <n).

§ 2-2. Some Results

Molzon-Shiffman-Sibony [6] defined the projective logarithmic ca-
pacity C(E) of a set E on P"(C), and they gave a criterion of positivity
of projective logarithmic capacity for a subset of P"(C)

Proposition 1 ([3]). Let f be a nonconstant meromorphic map-
ping of C™ into P*(C). Then, for H € P*(C)*,

fim TH) g
r—too  Ty(r)

outside a set E C P*(C)* of projective logarithmic capacity zero.

Proposition 2 ([3]).
A n
A= {(Lal, ey Oy @2 @100, .yl aln H al) | aj; € C}
k=1

is of positive projective logarithmic capacity.

§3. Elimination of defects of meromorphic mappings.

For a meromorphic mapping f of C™ into P™(C), we can eliminate
all defects by a small deformation of f.

Theorem 1. Let f : C™ — P*(C) be a given transcendental
meromorphic mapping, and d is a positive integer. Then there erists a
regular matriz L = (Lij) o, -, of the form li; = cij9; + dij, (cijydij €
C:0<4,j <n) suchthat detL # 0 and f = L-f : C™ — P*(C)
is a meromorphic mapping without Nevanlinna defects of hypersurfaces
of degree at most d, and satisfies |T¢(r) — Tj(r)| = O(logr) (r — o00),
where g; (j = 1,...,n) are some monomials on C™.
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Theorem 2. Let f: C — P"*(C) be a given transcendental holo-
morphic curve. Then there exists a regular matrix L = (lij)0<i,j<n of the
form li’j = Ci95 + dij, (Cij,dij eC:0< 1,7 < TL) such th(;t d:%tL 7é 0
and f = L-f: C — P™(C) is a holomorphic curve without Nevan-
linna defects of rational moving targets and satisfies |Ty(r) — Tf(r)| =
o(T¢(r))(r — o0), where g; (j =1,...,n) are some transcendental entire
functions on C satisfying Ty, (r) = o(Ty,,,(r)), (j = 1,...,n — 1) and
Ty, (r) = o(T¢(r)) (r — oo) which are constructed by using Edrei-Fuchs’
theorem [1].

Note that we cannot replace all transcendental entire functions g;
by rational functions.

Remark 1. In Theorem 1 and 2, mappings f may be linearly dege-
narate or of infinite order, and also if f is of finite order we can replace
”Nevanlinna deficiency” by ” Valiron deficiency” in the conclusion.

Remark 2. 1 first proved Theorem 1 for a meromorphic mapping
f: C™ — P"(C) and hyperplanes [3], and also for a holomorphic curve
f : € — P™(C) and hypersurfaces [4]. The case where m > 1 in
Theorem 1 is not yet published. Theorem 2 is found in [5].

We now give a very short sketch of the proof of Theorem 1 for m > 1.
We need following lemmas.

Lemma 1. There are monomials g1, ..., gn in C™ such that any n
derivatives in {D%g := (D%¢y, ..., D%g,)||a| < n+ 1} are linearly inde-
pendent over the field M of meromorphic functions on C™, where a =
(a1, ..., am) € Zxg is a multi-index and D*gy, = 6|°‘|gk/8z1°‘1 v Oz O

Lemma 2. Leth = (hg:hy:---: hy) be a reduced representation
of a meromorphic mapping of C™ into P*(C) and g1,...,gn linearly
independent monomials as in Lemma 1. Then there exists (ay,...,dn)
such that

fi= (ho thy +aygiho: he + @sgohg: -+ : hy + Zlngnho)

is a reduced representation of a linearly nondegenerate meromorphic
mapping of C™ into P™(C).

Sketch of the proof of Theorem 1:
There is a regular linear change L; of P*(C) such that h := Ly -f =
(ho : -+- : hy) : C™ — P™(C) is a reduced representation of the
meromorphic mapping h which satisfies

mp(r, Hj) = o(Th(r)) (r— +o00), (j=0,1,..,n),
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where H; = {(wp : -+ : wp,)|w; = 0}

Consider the Veronese mapping vy given by monomials of degree d.
We first deform a meromorphic mapping h to h := (ho : h1 + a191ho :
ha + d2gohg : -+ : hy + dngnho) by using g1, ...,9, as in Lemma 1, and
compose it to the Veronese mapping v4. We write the composed mapping
as f =740 h = (f07 "'afs)'

We next choose a sequence of integers {m;;} with large gaps such

that mgf:rl)z
95 = gj1(21) *+* gjm(zm), where g;i(z) = 27" (j=1,...,n; i=1,...,m).
Then we can prove Lemma 1 and Lemma 2. In the proof of Theorem 1,
the key point is an auxiliary mapping F' which is constructed by using
the generalized Wronskian of fg, ..., fs. By using Proposition 1 and 2,
we can choose complex numbers a1, ...,4, in Lemma 2 such that F is
nonconstant and Ap(H,) = 0 for some suitable vector a € Cs+1\ {0}
constructed by using @i, ...,d,. Another part of the proof is essentially
similar to the method of [3]. Detail is omitted here.

< myj 41 for (j=1,...,n; i=1,....m). We consider monomials

§4. A space of meromorphic mappings.

We shall introduce a distance on the space F of meromorphic map-
pings into P*(C). Let f = (fo: ... : fn) and g = (go : ... : gn) be reduced
representations of meromorphic mappings of C™ into P™(C). Then we
define the distance d(f, g) := d1(f, 9) + d2(f,g), where

—e

_ ) 1 n+1 in f(
dl(fvg) T ; gn+1 /n dt /z?B(t) Gf Hf(z)” Hg(z)]]

which is a distance and it can not distinguish mappings which are ratio-
nal or transcendental, and

z) e _9(2)

o<1,

— Liminf 1i Ty(r) Ty(r)
d2(f,9) := lim inf hiii‘.fp{ (logr)™ + T;(r)  (logr)™ + T,(r) l}
which is a pseudodistance and it distinguishs mappings which are ratio-
nal or transcendental.

In our case, a small deformation f is represented as a form f =
(ho, h1+a1giho iy ...yt hp+angnhp). Also, we can choose (aq, ..., a,) such
that ||a|| := |a1] + « -+ + |an| is as small as possible. So, we can choose
f = Ll"1 -f which is also a small deformation without Nevanlinna defects
such that d( f, f) is as small as possible. Hence we see meromorphic
mappings without Nevanlinna defects are dense in the subset Fp C F
of transcendental meromorphic mappings on this distance.
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