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On the non-existence of smooth Levi-flat 
hypersurfaces in <CJP> n 

Andrei Iordan 

Abstract. 

We prove that there exists no em Levi-flat real hypersurface in 
CIP'n for n;;;:: 2 and m;;;:: 4. This is an improvement of the regularity 
in a theorem of Y.-T. Siu who proved this result form;;;:: 8. 

In [9] Y-T. Siu proved the following theorem: 

Theorem 1 ([9]). There exists no em Levi-fiat real hypersurface 
in CIP' n for n ;;;:: 2 and m ;;;:: 8. 

This theorem answers to a question raised by D. Cerveau [1]. The 
real analytic case of Theorem 1 was proved by A. Lins Neto [5] for n ;;;:: 3 
and by T. Ohsawa [7] for n;;;:: 2. The case n;;;:: 3 and m;;;:: 3n/2 + 7 of 
Theorem 1 was proved by Siu [8]. 

The proof of Theorem 1 is based on the following regularity result 
for the a-operator: 

Theorem 2 ([9]). Let n be a domain with em+l Levi-fiat bound
ary in CIP'2, m ;;;:: 3. Let g be a em+l a-closed (0, I)-form on n which 
is em up to the boundary of n. Then there exists u belonging to the 
Sobolev space wm (0) such that au= g. 

A recent paper of G. M. Henkin and the author [4] study the regu
larity of the a-operator on peudoconcave domains in CIP' no 

By using the results of [4] and Theorem 2 we prove in this note that 
there exists no em Levi-flat real hypersurface in CIP' n for n ;;;:: 2 and 
m;;;:: 4. The methods are the same as in [4]. 

Let n be a domain of CIP' n and E a holomorphic hermitian vector 
bundle over n. We denote by W(~,q) (0; E) the (p, q)-forms on n with 

coefficients in the Sobolev space Wk(O) and values in the bundle E 
endowed with the Sobolev norm ll·llk (or ll·llk,o), Af:;,q)(O;E) the set of 

a-closed (p, q)-forms on n with values in E which have a e= extension 
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to IT and AW(~,q)(O;E) the set of a-closed (p,q)-forms contained in 

w<~,q)(O; E). 
Let J (z) be the distance from z E 0 to the boundary of 0 with 

respect to the Fubini-Study metric. A theorem of Takeuchi [10] shows 
that for every pseudoconvex domain 0 there exists a positive constant 
Kn ~ 1/3 such that wa (-log J) ~ Knw where w is the Kahler form of 
the Fubini-Study metric (see also [2], [6]). We denote by L~p,q)(O;Jk;E) 
the set of E-valued (p, q)-forms f on 0 such that Jk f is an L2-form on 
o. 

We say that a domain 0 c CIP'n is pseudoconcave if CIP'n\0 is pseu
i-

doconvex. 
Let 0_ be a pseudoconcave domain in CIP' n, k a positive integer and 

k - -
f E W(p,n-1)(0_; O(m)) a 8-closed form. We set 0+ = CIP'n \0_. We 
say that f verifies the moment condition of order k if there exists an ex
tension 1 E W(~,n-n(CIP'n;O(m)) off such that a1 EL~p,n)(O+;J-k+l;O(m)) 
and J0 +a11\h=O for every holomorphic form hEL~-p,o)(O+;Jk-l;O(-m)). 
Every form f =au where u E W(~;-;_ 2)(0_; O(m)) verifies the moment 
condition of order k. 

We recall here the following consequence of Theorem 7.1 and The
orem 8.7 of [4]: 

Theorem 3 ([4]). Let 0_ be a pseudoconcave domain with Lips
chitzboundaryinCIP'n andk ~ 1 anintegersuchthat2(k-1)Kn-m+n+ 
1 > 0. Then for every a-closed form f E C~,n-l)(O_; O(m)) verifying 

the moment condition of order k there exists u E W/~>,n- 2)(0_; O(m)) n 
C~,n-2)(0-; O(m)) such that au = f and llullk ::; Ck llfllk, where Ck 
is a constant independent off. 

We use also the following approximation lemma (Lemma 8.3 of [4]): 

Lemma 1 ([4]). Let 0 be a relatively compact domain with Lips
chitz boundary in a complex manifold, E a holomorphic bundle on X. 
Suppose that there exists a fundamental system of neighborhoods {O,J e>O 

of 0 with the following property: for every a-exact form <P = a'¢ with 
'¢ E A(p,q) (Oe;E), there exists 0 < E1 < E and cp E w(~,q) (Oe';E) n 
C(;,q) (Oe'; E) such that acp = <P and II'PIIs,n,, ::; C II<PIIs,n,, with C in
dependent of <P and E. Then, every f E AW(~,q) (0; E) n C(;,q) (0; E) 
belongs to the closure of A(p,q) (0; E) in W(~,q) (0; E). 

From Theorem 3 and Lemma 1 we obtain: 
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Proposition 1. Let n_ be a pseudoconcave domain with Lipschitz 
boundary oj!CW'2. Then A00 (fL; 0(1)) is dense in AW3 (n_; 0(1)). 

Proof We identify the 0(1)-valued sections of A00 (n_; 0(1)) with 
the 0(4)-valued (2, 0)-forms of A~,o)(n_; 0(4)). Since /C2 ;;::: 1/3, it 
follows that 2(k- l)/C2 - m + n + 1 > 0 for k = 3 and m = 4. Let 
{nc-}c->0 be a fundamental neighborhood system {nc-}c->0 of n_ such 
that n" is a pseudoconcave domain with Lipschitz boundary of ICW'2 for 
each c > 0. Since every form f =au where u E A~,o)(nc-; 0(4)) verifies 
the moment condition of order 4, Proposition 1 follows from Theorem 3 
and Lemma 1. Q.E.D. 

Since 

dim A00 (n_; 0(1)) =dim A~,o)(n_; 0(4)) = 3 

(see Proposition 10.1 of [4]), from Proposition 1 we obtain: 

Corollary 1. dim AW3(n_; 0(1)) = 3. 

Theorem 4. There exists no domain with Ck Levi-fiat boundary 
in !CW'n for n ;;::: 2 and k ;;::: 4. 

Proof. The proof is done by using Theorem 2 and an extension 
argument as in the proof of Proposition 4.3 of [4]. By using projections 
it is enough to prove the result for n = 2. 

Let n be a domain with C4 Levi-flat boundary in ICW'2, a E n and 
b E ICW'2 \0. We denote by H the complex projectiv line through a and 
b and we choose homogeneous coordinates z = (z0 ; z1 ; z2 ) for a point 
[z] E ICW'2 such that the complex projectiv line through a and b is given 
by H = {[z]lzo = 0}. Let n' be an open neighborhood of IT which does 
not contain the point band hE H 0 •0 (Hnn'; 0(1)). By [3] there exists a 
Stein neighborhood V of H n n' and lethE H 0 •0 (V; 0(1)) an extension 
of h. 

Let x be a coo function on ICW'2 with support contained in V such 
that x = 1 near H n n. By identifying the sections of 0(1) with the !-

homogeneous functions in homogeneous coordinates, '§ defines a form zo 

g E C~,l) (IT). By Theorem 2 there exists u E W 3 (n) such that au = g. 

Then xh- z0 u defines a section f E AW3 (n; 0(1)) such that f = h on 
H n n. This implies that AW3 (n; 0(1)) is infinite dimensional and it 
contradicts the Corollary 1. Q.E.D. 
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