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L,—L, maximal regularity of the Neumann problem
for the Stokes equations in a bounded domain

Yoshihiro Shibata ! and Senjo Shimizu 2

Abstract.

We consider the Neumann problem for the Stokes equations with
non-homogeneous boundary and divergence conditions in a bounded
domain. We obtain a global in time L,-L, maximal regularity theorem
with exponential stability. To prove the L,-L, maximal regularity, we
use the Weis operator valued Fourier multiplier theorem.

§1. Introduction and Results

This paper is concerned with the L,-L, maximal regularity of the
Neumann problem for the Stokes equations in a bounded domain 2 in
R™ (n 2 2):

(1.1) vy — DivS(v,0) = f in Q x (0,7),
divv =g =divg in Q x (0,7,
S(v,0)v =h onI'x (0,T),
V|,_o = Vo in Q.

Here, I' is a C?! boundary of §; v is the unit outward normal to T}
v = (v1,...,vp)* and @ are unknown velocity and pressure, respectively,
where M™ denotes the transpose of M. f, g, g, h and vy are given
functions; S(v, 6) is the stress tensor defined by the formula:

S(v,8) = D(v) — 6I,
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where D(v) is the deformation tensor of the velocities with element
D;;(v) = 0v; + Ov;, 0; = 0/0x;, and I is the n x n identity matrix.
This problem is obtained as a linearized problem of some time dependent
problem with free surface for the Navier-stokes equations which describes
the motion of an isolated finite volume of viscous incompressible fluid
without taking surface tension into account. Such free boundary prob-
lem was first studied by Solonnikov [8]. In our forthcoming paper [7],
we treat the problem by using the results obtained in the present paper.

First of all, in order to state our main results precisely we introduce
function spaces and some symbols which will be used throughout the
paper. For any domain D in R™, integer m and 1 < ¢ £ o0, L,(D) and
W7*(D) denote the usual Lebesgue space and Sobolev space of functions
defined on D with norms: |- |, ., and || - ||W?(D)7 respectively. And

also, for any Banach space X, interval I, integer £ and 1 £ p < oo,
Lyp(I,X) and WE(I,X) denote the usual Lebesgue space and Sobolev
space of the X-valued functions defined on I with norms: ||-|, , ., and

| - ”w;;(l.xﬂ respectively. Set

WEr (D x I) = Ly(I, WE(D)) N WI(I, Ly(D)),

Hullngg,mx,) =Wl weoy T 1w comn
W (D) = Lo(D), WJ(I,X) = Ly(I, X),
Wio((0,T),X) = {u € Wi((—00,T),X) | u=0 for t <0},
Wpo((0,T), X) = Lyp,o((0,T), X).

Given a € R, we set
< Dy > u(t) = F7 U + 522 Fu(s)](t),
Hg(]R,X) ={ueL,(R,X)|< D >*ue L,(R,X)},
HUHHIO;(R,X) = “ < Dy >° u”LP(]R_x) + ““HLP(R.X)‘

Here and hereafter, 7 and F~! denote the Fourier transform and its
inverse, respectively. Set

HLY2(D x R) = HY*(R, Ly(D)) N Ly(R, wl(D)),
IIUHH;:;/Z(DXM = IIUIIH;/Q(R‘LL](D)) + IIUIILP(R,W%(D)),

HL2(D x (0,00)) = {u € HEY2(D x R) | u=0 for t < 0}.

Finally, given 0 < T £ oo we set
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HM2(D x (0,7))

q,p,0
={u|3ve H (D x (0,00)), u=von D x(0,T)},
L L I
v E qu,’;,/oz(D x (0,00)) with v = w on D x (0,T)}.

we set

Given Banach space X with norm || - || .,

n
Xt={v= (o, o) [y € Xb (ol =D ol
j=1

The dot - denotes the inner-product of R®. F = (F;;) means the n x
n matrix whose i-th row and j-th column component is Fj;. For the
differentiation of the n X n matrix of functions ¥’ = (Fj;), the n-vector

of functions u = (uy,...,u,)* and the scalar function 6, we use the
following symbols: 6, = 8,8 = 00/0¢t, 0,6 = 98/0z;,

Vo = (816‘, ey ane)*, U = 8tu = (3tu1, [EP 8tun), Vu = (Biu]-),
divuzzajuj, DiVF:(ZajFlj,...,Zaanj)*.
j=1 j=1 j=1

The inner products (-,-), and (-, ). are defined by

(u,v), :/ﬂu(;r)-v(x)dr, (u, V), :/Fu(ac)-v(x)da,

where do denotes the surface element of I'. We denote by C a generic
constant and Cyp .. denotes a constant depending on the quantities a,
b, .... The constants C and C, .. may change from line to line.

To state our main results concerning the unique existence of solu-
tions to (1.1), first of all we discuss an analytic semigroup approach to
the initial-boundary value problem:

(1.2) vy — DivS(v,8) =0, dive=0 inQ x (0,00),

S(v,0)v|. =0, vl=p = vo.
Set

Jo(Q) ={w = (w1,...,wn)" € Lg(Q)" | divw =0 in O},
Go(Q) = {Vw |w € W, (Q), w|. =0}
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Then, by Grubb and Solonnikov [3], we know the second Helmholtz
decomposition corresponding to (1.2):

Lq(Q)n = Jq(Q) @ Gq(Q)

for 1 < g < 0o, where @ denotes the direct sum. Let P, be the solenoidal
projection: Lqe(Q)™ — J4(Q) along G4(?) and we consider the resolvent
problem corresponding to (1.2):

(1.3) A —DivS(v,0) = Pyf, dive=0 inQ, S(v,0)v|. =0.

If we take the divergence of the first equation of (1.3) and take the inner
product between the boundary condition and v, we have

(1.4) AG=0 inQ, 0.=v- [Sly]—divy,

because v - v =1 on I'. We know that for any v € W2(Q2)" there exists
a unique 6 € W, (2) such that 6 solves (1.4) and enjoys the estimate:

< Cllvll

Heuwgm) = w2’

Let us define the map K : WqZ(Q) — qu(Q) by 6 = K(v) forv € WqQ(Q)
We know that (1.2) is equivalent to the reduced Stokes equation:

Av—-DivS(v,K(v)) = P,f inQ S(v,K()v|. =0.
Set

Aqv = -DivS(v, K(v)) forv e D(A4y),

D(Ag) = {v € Jo(Q) N W)™ | S(v, K(v))v. =0}
By Grubb and Solonnikov [3] and Shibata and Shimizu [5], we know the
following theorem.

Theorem 1.1. Let 1 < ¢ < co. A, generates the analytic semigroup
{e 4t (t)}izo on Jo(Q).

In order to state a global in time unique existence result, we intro-
duce the rigid space R defined by

R ={Az+b| A: n xn anti-symmetric matrix, b € R"}.

We know that u satisfies the condition: S(u) = 0 if and only if u € R.
If u € R, then divu = 0. Therefore, if u € R, then u satisfies (1.1)
with f = g =G = h = 0 and vo = u. To obtain solutions of (1.1)
in W23 (€2 x (0,00))™ x Ly((0,00), W2(R)) decaying as t — oo, initial
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data and right members should be orthogonal to R. To represent the
orthogonality, we introduce a basis {p¢}™ , of R normalized as
(plypm)nzdfma gam:]-w"va

where 4, is the Kronecker symbol such as 6, = 1 and d;,, = 0 with
£ # m.

We can now state our main result which shows the L,-L, maximal
regularity with exponential stability of solutions of (1.1) global in time.

Theorem 1.2. Let 1 < p,q < co. Set
D%P(Q) = [JQ(Q)a'D(Aq)h—I/p,pv

where [, -]g,p denotes the real interpolation functor. Then, there exists a
positive constant yo such that if initial data vo and right members f, g,
g and h for (1.1) satisfy the conditions:

Vo € DQ»P(Q)v e‘th € LP((Ov OO)? LQ(Q))na eﬂytg € LP,U((O’ OO), W;(Q))’

€™§ € W o((0,00), Lg()", *h € Hylp/e' (2 x (0,00))"

for some vy € [0,70] and

(UO,pl)n =0, (f('vt)vpl)n + (h(-,t),pe)r =0

forae. t>0andf=1,..., M, then (1.1) with T = oo admits a unique
solution

(v,0) € W2 (2 x (0,00))"™ x Lp((0, 00), W, (),

q

which satisfies the estimates:

vt
le vllwg;l}(nx(ux

t
» + He‘y GIILP((().x)twa(Q))
‘ t
<c {“W”%p(m + |le” f”LP((le)qu(m) + (le” 9||Lp(<o.x>.wa<m>

b, }

q.p,0 (2%(0.5¢))

+lle™gl

W2 ((0.5¢).Lq(2))
and the condition:
(v(-,t),pe)g =0 fort=0andl=1,....M.
Remark 1.3. Let Bj‘,}“l/”’ (©) denote the Besov space defined by

B21=YP(Q) = [Ly(Q), W2(]1-1/p,p-
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From Steiger [9] and Triebel [10] we know that
{ve B2U-1/P/(Q) | divo = 0in Q, S(v,K(v))v|. =0}
when 2(1-1/p)>1+1/q,
{ve BX-1/P)(Q) | dive = 0 in Q}
when 2(1-1/p)<1+1/q.

Dq,p(Q) =

The following theorem shows the L,-L, maximal regularity of solu-
tions of (1.1) local in time.

Theorem 1.4. Let1 < p,q < oo and T > 0. If initial data vy and
right members f, g, § and h for (1.1) satisfy the condition:

Yo € Dq,p(Q)v f € Lp((ovT)v LQ(Q))n’ g € LP,O((Oa T)v qu(ﬂ))’

§€Wpo((0.T), Ly()",  h e HypG(x (0,T))"
then (1.1) admits a unique solution
(v,8) € W2 (2 x (0,T))" x Lyp((0,T), W ()

which enjoys the estimate:

(1.5) “UHW‘;..;(QX(O.T)) + HGHLP«O.T»W;(Q))
< C(1+T){llvollo, 0 + 1FllL om0y T ”gHLp((o,T),wam))
+ ||gHWI}((04T),Lq(Q)) + ||h||y3:;v/02(nx(orr))}’

where the constant C is independent of T, v, 6, f, g, § and h.

Remark 1.5. Solonnikov [8, Theorem 2] stated a maximal regular-
ity theorem on a finite time interval (0,7 corresponding to Theorem

1.4 under the condition that p = ¢ > 3, replacing H;/Z((O,T),Lq(ﬂ))

and the constant C(1 + T) in (1.5) by Wpl/z((O,T),Lq(Q)) and some
constant Cr which is a nondecreasing function of T, respectively.

§2. An idea of our proof of Theorems 1.2 and 1.4

Roughly speaking, we can show our maximal regularity result as
follows. First of all, we show the L,-L, maximal regularity of solutions
to the model problems in the whole space and in the half-space by ap-
plying the Weis operator valued Fourier multiplier theorem (Theorem
2.2, below) to the exact solution formulas, and therefore it is the key to
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show the R boundedness of the family of solution operators to the corre-
sponding resolvent problem on B(L,). Several techniques to show the R
boundedness can be found in [2]. After such analysis for the model prob-
lems, using the usual localization procedure and estimating the perturba-
tion terms by using the estimate: ||e‘Aqtvo||qu(Q) < C’t'l/ze_CtHvOHLqm)
(C, ¢ > 0 and vy being orthogonal to R), we obtain the L,-L, maximal
regularity result for (1.1) with ¢ = § = h = 0. By using the solution
to the Laplace equation with the zero Dirichlet boundary condition, we
reduce the non-zero divergence condition to the divergence free case. Fi-
nally, non-homogeneous Neumann condition case is treated by using the
solution to the dual problem with the homogeneous Neumann condition.

In this section, we show an idea of our proof of the L,-L; maximal
regularity of solutions to the whole space and the half-space model prob-
lems, which is one of the essential parts of our argument. In this paper,
let us consider the heat equation instead of the Stokes equation for the
sake of simplicity. The detail of the proof of Theorems 1.2 and 1.4 will
be given in the forthcoming paper [6].

Let X and Y be Banach spaces with norms || -||, and || - ||, , respec-
tively. B(X,Y) denotes the set of all bounded linear operators from X
into Y and B(X) = B(X, X).

Definition 2.1. A family of operators 7 C B(X,Y) is called R-
bounded, if there exists a constant C > 0 and p € [1, 00) such that for
each m € N, N being the set of all natural numbers, T; € 7, z; € X
and for all sequences {r;(u)} of independent, symmetric, {—1, 1}-valued
random variables on [0, 1] there holds the inequality: ’

1 m ’ 1 m
2.1) / IS s ()T () 2 du < © / 1S ry(w); 2, du.
j=1 j=1

The smallest such C is called R-bound of 7, which is denoted by R(7).

We shall give an operator-valued Fourier multiplier theorem due to
Weis [11]. We denote by D(R, X) the space of X-valued C*°-functions
with compact support and by D'(R,X) = B(D(R),X) the space of
X-valued distributions. The X-valued Schwartz spaces S(R,X) and
S'(R, X) are defined similarly. Given M € L 10c(R, B(X,Y)), we may
define an operator Ty : F~!D(R, X) — S’(R,Y) by means of

(2.2) Tyo =F *MFo

for ¢ € S(R, X) such that F¢ € D(R, X). Since F~!D(R, X) is dense
in L,(R,X), we see that Ty is a well-defined linear operator from a
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dense subset of L,(R, X) to S'(R,Y’). Concerning the boundedness of
the operator Ty, the following theorem was proved by Weis [11].

Theorem 2.2. Suppose that X andY are UMD Banach spaces and
let 1 < p < oo. Let M be a function in C*(R\ {0}, B(X,Y)) such that
the following conditions are satisfied:

RH{M(r) | 7€ R\ {0}}) = ao < o0,
R{rM'(7) |7 € R\ {0}}) = a1 < o0.

Then, the operator Ty defined by (2.2) is extended to a bounded linear
operator from Ly(R, X) into Lp(R,Y’) with norm

IITM“B(LP(]KX)ALP(R.Y)) = C(ao + a1),

where C' > 0 depends only onp, X and Y.

First we consider a model problem in the whole space. Let us con-
sider the heat equation:

(2.3) ur—Au=f inR" xR
Let 1 < p,q < 0o. Suppose that
fe Lpﬁo(R%Lq(Rn))-

We would like to show that the solution u of (2.3) satisfies the Ly-L,
maximal regularity estimate:
(2.4)
—t —yigr2 —t
”e v utHLp(R.Lq(R")) + ||e % uHLp(R,Lq(]R")) § CH€ 7 fHLp(]R,Lq(R"))

for any v 2 0. We may assume that f € C§°(R"xRy), because C§°(R™x
R4 ) is dense in L, o(Ry, Ly(R™)). We have the solution formula:

w(z,t) = £ [%](m,t),

where £ and £7! denote the Fourier-Laplace transform and its inverse
defined by

£AeN = [[ e oty dodt = Fle e ),

(L7 Yg)(x,t) = ﬁl— //Rn+1 ML ge N dedr

=e"F g6,y +in)|(z,t), A=ry+iT,
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respectively. In particular, u; is given by the formula:

AL[F1(E )

ut(xat) = [’_1[ X+ |€|2

| (z, ).

Set
ky(r,z) = F' MM+ €)Y (@), A=7y+ir,

1K (7)) () = / by (r,z — y)a(y) dy.

Then we have

(2.5) ey = FU K (1) F[e M f(0)(0).

If we can apply Theorem 2.2 to (2.5), we obtain

(2.6) le™ " uell,n gy S Cle™ " fllomiy@ny, Y7 20

What we have to do to obtain (2.6) is that the R-boundedness of the fam-
ilies {K(7) | 7 € R\ {0}} and {70, K,(7) | 7 € R\ {0}} on B(L,(R™))
for 1 < g < oo. To do this, we shall use the following proposition.

Proposition 2.3. Let 1 < ¢ < 0o and {ks(z) | s € R\ {0}} be a
family of L1 10c(R™) functions. Set

K@) = [ ke y)gv)dv, s <R\ (0}

Suppose that there exists a constant C > 0 independent of s € R\ {0}
such that

||ng||L2(R") g CHglng(Rn)v Vg e LZ(Rn)v

(27) D (0ks(@)| £ Clr|” Y, v e R™\ {0}
18l=1

for all s € R\{0}. Then, {K,|s € R\{0}} is R-bounded on B(L4(R™))
and its R-bound is less than or equal to C, (C with some constant C, 4.

Proposition 2.3 follows from the Benedek, Calderén and Panzone
theorem [1].
Using the inequality:

A+ 117 2 c(|Al+ (€]%), ReA20, £€R™
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with some positive constant ¢ and Plancherel’s formula, we have
“K'Y(T)g“Lz(R") S C“g”Lz(R")’ Vyzo.

To check the condition (2.7), we use the following lemma ([4, Theorem
2.3]).

Lemma 2.4. Let X be a Banach space and || - || x its norm. Let a
be a number > —n and set a = N + o — n, where N 2 0 is an integer
and 0 < o = 1. Let f(&) be a function in C°(R™ \ {0}, X) such that

agf(g)ELl(RnaX)v \/;al §N,
102 £ (€)l|x < Calgl*™™, VE#0, VaeNG.

Then we have

||‘7:_1[f]('r)||X § Cn,a( max Ca)|‘r|-(n+a)7 Yz 7é0
la|SN+2

Since

BEMA + [€11) 71 (i6)°) < Ol
for any 8 € N§ with || =1 and o € Njj, by Lemma 2.4 we have

Y 102k, (r,2)| S Cla|~ "D, Yz e R™\ {0},
|81=1

where C is a constant independent of 7, v and . Therefore, by Proposi-
tion 2.3 we see that {K,(7) | 7 € R\{0}} is R-bounded, whose R-bound
is independent of v = 0. We also see that {70, K,(7) | 7 € R\ {0}} is
R-bounded, whose R-bound is independent of v = 0. Therefore we can
apply Theorem 2.2 to (2.5), and we have (2.6).

Employing the same arguments as above, we can also show that

(2‘8) ||e_’\/tv2ul|Lp(R.[,q(R")) § C||e~7tf'|Lp(]R,Lq(]R"))7 V’)/ 2 0.

Combining (2.6) with (2.8), we obtain (2.4).
Next we consider a model problem in the half-space. Let us consider
the Neumann problem:

(2.9) us—Au=0 inR} xR, Opulz,—0=nh

Z,=0

where R} = {z = (z1,...,2Zn) | zn > 0}. Let 1 < p,gq < co. Suppose
that

he H/2

4,00 (R:"_ X R+)
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We would like to show that the solution u of (2.9) satisfies the L,-L,,
maximal regularity estimate:
(2.10)

- — 2 —

1™l + 17 T2y S Ol By

for any v 2 0. We may assume that h € C§°(R} x R;), because
Ce° (R} x R, ) is dense in H;;/OZ(R” x Ry).

Set ' = (z1,...,Zn—1). We shall use the partial Laplace-Fourier
transform with respect to («',t) and its inverse defined by

Ly [ gvmn1 //" ~At—iz'-g! f (@' zn, )dxdt
= Jx te ’th](ﬁ xan)a A= ’Y+17'

1 At+ix' ¢’
oalgl(@’ zn, t) = G //ﬂ g€,z N) dE'dr
= e”t]-' ; T[ (& xpn,y +im)(2 1),

where F, ; and f . denote the Fourler transform and its inverse with
respect to (z’,t) and (&', ), respectively.

Setting B = /A +|¢’|? with Re B > 0, we have the solution for-
mula:

u(z,t) = =L L [B™le PP Ly ([h](€,0,N)](2', 1)
/ OynLs, g/ 1€_B(I"+y" )Ez’,t[h] (5/7 Yn, )‘)] (xl’ t) dyn
= / Eg_,yl/\[B_le_B(x"-l_y")(*Bﬁz’,t[h}(é./aynv)‘)
0
+ »CI’,t[anh] (6/1 Yn,s )\))](ZL‘/, t) dyn
In particular, u; is given by the formula:
ug(x,t) :/ eWthT,lr[)‘B_le_B(xn+yrl)(“Bﬁx’,t[h](f,7ym/\)
0
+ Ea:’,t[anh](gla Yn, )‘))](1",7 t) dyn

If we set
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then we have

(2.11) e "uy = Fr KL (1) F[R)(7)](8), _
W (2,8) = Fo [~ BLar o [W)(E, T, A) + Lo a[0uh)(€, 2a, NI, ).

To show the R-boundedness of {K,(7) | 7 € R\ {0}}, we use the
following proposition.

Proposition 2.5. Let 1 < ¢ < oco. Let G be a domain in R™ and
T ={T, | ne€ M} CB(L4(G)) be a family of the kernel operators:

Tf(e) = | hule)f ) dy
for z € G and f € Ly(G). Suppose that there exists a ko(z,y) such that

|ku(, y)| < Ko(z,y)

for almost all x, y € G and any u € M. Set
Tof@) = [ bo(e.s)(w)dy

If Ty € B(Ly(G)), then T is R-bounded on B(L4(G)), whose R-bound

is less than or equal to Cp g6l Toll 5., q)) -

Proposition 2.5 can be proved following ideas due to Denk, Hieber
and Priiss [2].
Since we can show that

198/ AB™1e B0 ]| < Cor |N|(IA|E +[¢[) 7171 e dN 2 HIEDan yg! ¢ Np—t

with some positive constant d > 0, by Lemma 2.4 and the change of
variable: z,£" = n’, we have

by (7, 2)| = Clac| 7™,

and therefore if we set

Kog(z) = /R

then we have

Cy(y)
(|x’ _ y/|2 + (:Cn + yn)Z)n/2

dy,

n
+

||K09||Lq<mi) g CquIILq(R1)7 1< q < 00.
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Therefore, applying Proposition 2.5, we see that {K,(7) | 7 € R\ {0}}
is R-bounded on B(L4(R% )), whose R-bound is independent of v 2 0.
In the same manner, we also see that {70,K,(7) | 7 € R\ {0}} is
R-bounded on B(L4(R%)), whose R-bound is independent of v 2 0
Applying Theorem 2.2 to (2.11), we have

(2.12) et Yy 2 0.

utHLp(lR Lq(R

oy SCIRY

Lp(JR,Lq(Ri)) g
Since

W (z,t) = Fo (= VA + €12 Far tle B, Tn, 7)
+ Fur tle” " 0, h)(E, zn, T)|(2, 1),

we obtain
(2.13)
—t —t
Hh ”LP(]R L) = C{He v h” 1Y, Lot ) + e h“LP(Rqu(Ri))}

< Clle h| ERVEIR.

Combining (2.12) with (2.13) we obtain

(214)  fe < Clle™ ™Rl vy 20,

utHLP(R Lq (R @ xE)

) =
Employing the same argument as above, we can also show that

(215) eV ul, 0y, S Clle R, vy 2 0.

p (& Lq (BT 2wz

Combining (2.14) with (2.15) we obtain (2.10).

References

[1] A. Benedek, A. P. Calderén and R. Panzone, Convolution operators on
Banach space valued functions, Proc. Nat. Acad. Sci. U. S. A., 48 (1962),
356-365.

[2] R. Denk, M. Hieber and J. Priiss, R-boundedness, Fourier multipliers and
problems of elliptic and parabolic type, Mem. Amer. Math. Soc., 166
(2003).

[3] G. Grubb and V. A. Solonnikov, Boundary value problems for the nonsta-
tionary Navier-Stokes equations treated by pseudo-differential method,
Math. Scand., 69 (1991), 217-290.

[4] Y. Shibata and S. Shimizu, A decay property of the Fourier transform and
its application to the Stokes problem, J. Math. Fluid Mech., 3 (2001),
213-230.



362 Y. Shibata and S. Shimizu

[5] Y. Shibata and S. Shimizu, On a resolvent estimate for the Stokes system
with Neumann boundary condition, Differential Integral Equations, 16
(2003), 385-426.

[6] Y. Shibata and S. Shimizu, On the L,~L, maximal regularity of the Neu-
mann problem for the Stokes equations in a bounded domain, J. Reine
Angew. Math., in press.

[7] Y. Shibata and S. Shimizu, On some free boundary problem for the Navier-
Stokes equations, Differential Integral Equations, 20 (2007), 241-276.

[8] V. A. Solonnikov, On the transient motion of an isolated volume of viscous
incompressible fluid, Math. USSR-Izv., 31 (1988), 381-405.

[9] O. Steiger, On Navier-Stokes equations with first order boundary condi-
tions, Ph. D. thesis, Universitat Ziirich, 2004.

[10] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators,
2nd edition, Johann Ambrosius Barth, Heidelberg, 1995.

[11] L. Weis, Operator-valued Fourier multiplier theorems and maximal L,-
regularity, Math. Ann., 319 (2001), 735-758.

Yoshihiro Shibata

Department of Mathematical Sciences, School of Science and Engineering
Waseda University

Ohkubo 3-4-1, Shinjuku-ku, Tokyo 169-8555

Japan

Senjo Shimizu

Faculty of Engineering
Shizuoka University
Hamamatsu, Shizuoka 432-8561
Japan



