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A Stokes approximation of two dimensional exterior
Oseen flow near the boundary

Mitsuhiro Okamura, Yoshihiro Shibatal!
and Norikazu Yamaguchi?

Abstract.

In this paper, we are concerned with the linearized problems of
the stationary Navier-Stokes equations for viscous incompressible fluids
in two dimensional exterior domain. Obtained is an error estimate
between solutions of the Oseen equations and the Stokes equations near
the boundary. Our main theorem implies that Stokes’s linearization
still works well even in a two dimensional exterior domain if we consider
the neighbourhoods of the boundary. In order to prove such estimate,
we mainly use classical hydrodynamic potential theory.

§1. Introduction

Let B C R? be a bounded and open set whose boundary is C?
hypersurface and let Q be the exterior domain to B, namely, Q = R?\ B.
Here and hereafter we choose an Ry > 0 such that Bg,(0) D B and fix
it. Here B is an obstacle and €2 is a region which is filled by viscous
incompressible Newtonian fluids.

In this paper, we are concerned with the the following boundary
value problem of the Oseen equations ([5]) in Q:

—Au+2,ua +Vp=0 in Q,

(1.1) divu=0 in Q,
u=¢ on 0N
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Here u = (uj(x),us(x)) is the velocity and p = p(z) is the pressure;
& = (&, D,y) € C(00Q)? is a given boundary data. u > 0 is a parameter
corresponding to the dimensionless Reynolds number; A is the Laplace
operator in R?, V = (81, 82) with 8; = 9/0z; is the gradient and divu =
V -u = d1u; + Osus is the divergence of u.

If we put u = 0 formally in (1.1), we get the boundary value problem
for the Stokes equations.

—Au+Vp=0 in £,
(1.2) divu=0 in £,
u=¢ on OQ.

In two space dimension case, the fundamental solution of the Stokes
equations has logarithmic singularity at infinity (see (2.18) below), there-
fore the strength of viscosity (diffusion) term Aw is weaker than that of
convective term (u - V)u. So Stokes’s linearization does not work well
in two dimensional exterior and some unbounded domains (the Stokes
paradoz). To get around this problem, in 1910 C. W. Oseen intro-
duced another linearization of the Navier-Stokes equations (see [5]). Os-
een linearized the Navier-Stokes equations at non-zero constant solution
(u,p) = (Up, Py). Without loss of generality, we may set Uy = |Ugle; =
2ues, so we obtain our problem (1.1). The details are given in Galdi [2,
Chapter VII]. ,

The main purpose of this paper is to get some error estimate between
solutions of Oseen equations (1.1) and Stokes equations (1.2) for small
parameter u. Especially, we show that the Stokes’s linearization still
works well even in the case of exterior problem if the neighbourhoods of
the boundary is considered. We believe that this fact has big significance
in terms of the numerical analysis. Our main result is connected with
the boundary element method in theory of numerical analysis.

The following theorem is our main result of the present paper.

Theorem 1.1. Let u, be a solution to the Oseen equations (1.1)
with parameter p > 0 and ug be a solution to the Stokes equations (1.2).
For any R > Ry, there ezists an 0 < € < 1 such that if 0 < |u| < € then
the following estimate holds.

C
(1.3) sup  |u, —ug| < —2_ sup |®].
<€QNBR(0) | log 1| zeon

Here Cr > 0 is a positive constant independent of u.

Here, we shall state our method to prove Theorem 1.1. In 1993,
Borchers and Varnhorn [1] have shown the boundedness of the Stokes
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semigroup which is generated by the Stokes operator in two dimensional
exterior domain. They have applied classical hydrodynamic potential
theory to the Stokes resolvent problem and investigated the asymptotic
behavior of the resolvent near the origin (see also Varnhorn [6]). Our
study here is inspired by their work. Similar argument works well for
the stationary Oseen equations (1.1). So, we are also due to the classical
hydrodynamic potential theory to show our main theorem.

This paper is organized as follows. In Section 2, we prepare some
notations and preliminaries. In order to consider (1.1) and (1.2) by
hydrodynamic potential theory, we require the singular fundamental so-
lutions to formal Oseen and Stokes derivative operators. Especially,
we mainly consider their asymptotic behavior. In Section 3, we give a
sketch of the proof of Theorem 1.1 by hydrodynamic potential theory.
First we introduce potential ansatz for (1.1) and (1.2) and prove unique
existence theorem for corresponding boundary integral equations. After
presenting the solutions, we will estimate the difference of the solutions.

§2. Preliminaries

To prove Theorem 1.1, we are due to the classical hydrodynamic
potential method. In order to do, in this section, we shall introduce
some notations and preliminaries.

First we shall introduce the stress tensor related to the flow and
formal Stokes derivative operator.

Definition 2.1 (Stress tensor). For smooth vector valued function
u, let D(u) = (0ju; + 0yu;)/2 denote the deformation tensor. Let I be
2 x 2 identity matrix and let p be a smooth scalar function. Then we
define the stress tensor corresponding to the flow by

(2.1) T(u,p) = —2D(u) + pl>.
Analogously, we shall define the formally adjoint stress tensor by
(2.2) T (u,p) = —2D(u) — pls.

Definition 2.2 (Formal Stokes operator). For smooth vector field
u and scalar function p, define the formal Stokes operator S by

fu _ [(—Au+Vp
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and the adjoint operator S’ by
, (v , _ [(—Au-—-Vp
S <p> — 8'(u,p) = < _diva )
The following Green’s first and second identities for S and S’ are
well known (see e.g., [1, 3, 6]).

Lemma 2.3. Let D C R? be a bounded open set with smooth bound-
ary. For smooth and solenoidal vector fields u,v and scalar functions
p,q in D, the following Green’s identities hold.

fen ()

:/ T(u,p)n-vd0+2/ D(u) : D(v) da,
oD D

fiwn ()-0) s}

= T(u,p)n-v —u- T (v,q)ndo.
8D

(2.3)

(2.4)

Here n € R? denotes the unit outer normal vector on Of).

Let us extend the previous formulae to the case of the Oseen equa-
tions. First we shall define the modified stress tensor and the formal
Oseen operator.

Definition 2.4 (Modified Stress tensor). For a smooth vector field
u and a scalar function p, define the modified stress tensor by

23 Tus () = Tulwp) = -2D(w) + u(u 0) + ol

and the formally adjoint modified stress tensor by

T, (’;) — T}, (u,p) = —2D(u) ~ u(u 0) — pl>.

Here (u 0) stands for the following 2 x 2 matrix:

wo= (i o)
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Definition 2.5 (Formal Oseen operator). For x> 0, we define the
formal Oseen operator

fu _ (—Au+2pdiu + Vp
Ou (p) — Oulwp) = ( divu )’

and the adjoint operator

, [(u , _ (—Au —2pbiu - Vp
0 (%) — o = (2 )

From Lemma 2.3 and Gauss divergence formula, we have the follow-
ing Green'’s identities for O, and O,,.

Lemma 2.6. Let D, u,v,p,q be the same as in Lemma 2.3. Then
the following formulae hold.

| /Dou(uﬁp)- (Z) :/BDTM(u,p)n-vdU

+2/D(u):D(v)dw+u/ —a—lfuvdx,
D p 071

[oun () () e

:/ {Tyu(u,p)n-v —u-T,(v,q)n}do.
aD

(2.6)

(2.7)

In order to represent the solutions of (1.1) and (1.2) by layer poten-
tials, we require the fundamental solution E, = (E%)jk=123, # > 0.
The fundamental tensor E, = (E;Lk)j,k:m)g is a 3 X 3 matrix which
satisfies the following identity.

O,E, =4I in . (R%).

Here .’ denotes the class of tempered distribution, § stands for Dirac’s
distribution in R? and I3 denotes the 3 x 3 identity matrix.

In order to get explicit representation formula of E;.‘k, we are due to
Fourier transform and its inverse transform. For every k = 1, 2,3, we
have the following vector identity

(IE2E" + 2ui& Y + i€ EY )ic1,0
(2.8) "o 7T s T = (05k)j=1,2,3-
i1 (& EL) 7807
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Here 0, denotes the Kronecker symbol. From (2.8), for j,k = 1,2, we
have

I S
B0 =t g (e 16
(2.9) B(6) = Biy(e) =~

E:l;?,(f) = (1 + %) .

By using inverse Fourier transform, for j, & = 1,2 we have

1
E2 (€17 + 2pi&1)

(2.10) El (@) = (<0 + 0;00) F; ! [ (z).

Here ﬁgl[-] denotes the inverse Fourier transform with respect to §-
variable. Since

i€1 _Lrr o 1
(2.11) IE2(1E2 + 2ui&1)  2u <]§|2 |€]2 +2,uifl) ’

in order to get the explicit representation formula for E;.‘k(x), ik =
1,2, it suffices to compute F,(z) = ﬁgl[(lflz + 2ui&1)~1](z), because
ﬁgl[]ﬂ‘z] = —log |z|/27. Setting F,(z) = e**1G,(z), G, must satisfy
the Helmholtz equation (reduced wave equation) (u? — A)G, = § in
' (R?). It is well known that G, (z) = Ko(u|z|)/27. Thus, we have

(2.12) F,(z) = e Ko(p|z) /2.

Here and in the followings, K,, n € NU {0} denotes the modified Bessel
function of order n.
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From (2.9), (2.10), (2.11), (2.12) the explicit representation formula
of E;‘k (u > 0) is given by

(2.13) Efi(z) = —Eb(x) + Fu(z)

1
= i | e Kol e T )|
1 T2 T2
9.14) EM(z) = B™ (z) = —— |- 22 4 penm P2 g
214) Bly(o) = B (&) = g |- o5 + et 2 Ko e

215) Bly(o) = g | 2 + ue™ Kolula) — et 2K o).

1 Tk

(2.17) E(z) = 5(z) — g;—%

Here we have used the fact that K|(z) = —K(z).

On the Stokes equations (4 = 0 case), the explicit representation
formula of the fundamental tensor E;’k are well known (see e.g., [2, 6]
and cited therein).

1
0 .

E]k:(x):4_ﬂ__{ Jklog|$l+ 1 |2 }7 Jvk#'ga
(2.18) EY(x) = Ely(2) = =5, k#3,

o |22’
Egs(x) = 6(x).

It is important to know asymptotic behavior of the fundamental
solutions E;‘k (1 > 0) when p|z} — 0. In order to investigate such be-
havior, the following lemma concerning the asymptotics of the modified
Bessel function plays crucial role.

Lemma 2.7. The modified Bessel functions of second kind have the
following asymptotic behavior when z — 0,

Ko(z) = —logz +1log2 — v+ O(2%) log z,

1
Ki(z) = l + = (logz —log2+4~v— —2—) +0(2%) log 2.

Here v = 0.57721 ... denotes Euler’s constant.
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From (2.13), (2.14), (2.15), Taylor expansion and Lemma 2.7, we
have

E“(z)—-}— —lo |z|—|——{i -I—i(—lo +log2 — )
1) = g gu+log2 —y

(2.19) z2) " 4n
+ Ru1(p, )plog p,
220)  Bfya) = (@) = - ik + Rual a)ulogp,
Eby(z) = x <—log|x{ + :c_%) + i(~logy +log2 —v—-1)
(2.21) 4mr lz2) " 4r

+ Roz(u, z)plog u,

where R, (1, z) (4, k = 1,2) stand for continuous kernel with respect to
u and z.

Remark 2.8. Since Rji(u,x) is continuous with respect to p and z,
(2.19)—(2.21) show the fundamental tensor of the Oseen equations has
the same singularity as that of the Stokes equations.

With help of the singular fundamental tensor Ej, we shall define
the layer potentials. For u > 0, the single layer potential is defined by

(2 ES@ - [ EOe-yeu)dol),  a¢om
Ele)
and the double layer potential is defined by

(228) D) = | Du@y)¥)doly) z ¢ 0.

Here 3 x 2 matrix Eff) is determined from the fundamental tensor E,,
by eliminating the last column and the double layer tensor D,(z,y) is
given by the following formula

DM(I, y) = T(_Tu,a:Eu($ - y)n(y))

(2.24)
= ((~Tu B (= — )15 (v)) -
Here n(y) denotes the unit outer normal on 9.

Setting z = z — y and n = n(y), here we consider the asymptotic
behavior of the double layer kernel D, (x, y), & > 0 when p|z| — 0. From
Lemma 2.7, (2.13)-(2.17) and (2.24), we obtain the following asymptotic
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expansion when plz| — 0.

122z-n(y) w () W 2122

2.25 K = — —_—— .0.t.

(2.25) DY (z,v) T . P na(y) + h.o.t.,
1 z1z02z -m(y) w 2122

2.26) D" ___hmE Y By B az

( 6) D12(x7y) T ‘Z|4 dn 0og |z|n2(y) + o izP ')’Ll( )
— 2 (log 41 — log 2 + 7)na(y)

(227) Déy(a,y) = -

ar
u
- _8?(52% — 23)na(y) + h.o.t.,

1ziz9z-n

T |z|* dr

+ ﬁ (logu ~log2+~v - %) na(y)

N ﬁzz(zlgg(y)) N ﬁ?j;m(y) + ho.t.,
(229) Dhyay) = -+ 2R Lg o,y

- f;(logu —log2 +v)n1(y) - %iz—i%z—%m(y)

(2.29)

(2.30)

w 3z129 + z%
- E——Tz-|2—_n2(y)

+ Z'L;—r(wlog,u +log2 — v — 1)na(y) + h.o.t.,

- %logIZlnz(y)

Dy (e = -+ (2 L)) - oCaim o)
Diyto) =~ (ZEM L)) - £ 2 an)
+ g ) — 8.

Here we have used the relation 27 = |z|? — 22 to get (2.27) and (2.28).
In the case u = 0, we have (see [1, 6])

(2.31)

(2.32)

1 zkziz - n(y)
DY (ay) = — 2

(k,i=1,2),
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Remark 2.9. The double layer kernel matrix D,(z,y) (¢ > 0) has
the same singularity as Dg(x,y). This property is important to analyze
jump relation of the potentials (see Proposition 2.10).

Here and hereafter, let
(2.33) (E3D)(z) = /6 BO(@ — p) () da(y)
(2.34) (D)) = [ D)) dotw),

denote the single layer and double layer potentials corresponding to the
velocity part of the potentials, respectively. Here the 2 x 2 matrix E,(f’c)
is obtained from E, by eliminating the last row and last column and
fo) is also obtained from D, by eliminating the last row.

In order to prove the existence theorem of solution to (1.1) and (1.2),
we need the normal stress of the single layer potential.

() (z) = /6 T (B @ = )W )n(ao) do(y)

(2.35)

= [ HenP)do(), o700,
519]

Here zy € 99 is a uniquely determined projection of x € U onto 012,
where U is a tubular neighbourhood of 9f). From definition of H}, we
can easily see that H} = (Dy)*.

From Remarks 2.8 and 2.9, we have the following jump and continu-
ity relations for the surface potentials corresponding to velocity parts.

Proposition 2.10. Let ¥ € C(0%) and let E,, D}, and H}; be the
boundary layer potentials define by (2.33), (2.34) and (2.35). Then the
following relations hold.

(2.36) (E20) = (B20) = (ESD),
(2.37) (Dyw)' — Do = +%w = D)W — (DW)°,
(2.38) (HW) — HoW = %w = HW — (HW)",

Here w' and w® denote the interior and exterior limits, respectively.
Namely,

w'(z) = chaiin_)zw(:r), we(z) = nglz w(z).
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§3. A Sketch of the proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. First we shall
consider the solvability of the boundary value problems for the Oseen
and Stokes equations. We choose the following ansatz (see [1, p. 285]).

u dra
3.1 ">x — DWW —gE,M¥ + 2 EW, >0,
sy (M) =D B+ T B0,

v
(3.2) (“O) (z) = DoW — nEoM® — / ( ) do.
Po an \0
Here M : ¥ — MW =¥ — ¥, and

1
Uy = ——
169 Jaq

From (1.1), (1.2), (3.1), (3.2) and Proposition 2.10, we obtain the
following two systems of boundary integral equations.

v do.

\ 1 Ay
3.3 =KW= (--I,+D°* —npE°M+ ——FE*|W¥ 0
( ) 2 ( 9 2+ m n m +logu ;L> , H>0,

1
(34) & =Ko¥ = <a512 + DY — nESM — a|0Q|(I, — M)) o

For unique solvability of the above integral equations (3.3) and (3.4),
we have the following theorem.

Theorem 3.1. Let & € C(0Q)?. Then

(i) For anyn > 0, a > 0, there exists po > 0 such that if p < po
then there exists exactly one solution ¥ € C(9Q)? of the system
of the boundary integral equations (3.3).

(ii)) For any n > 0, a # 0 there exists exactly one solution ¥ &
C(09)? of the system of the boundary integral equations (3.4).

Proof. The second assertion (ii) was already proven by Borchers
and Varnhorn [1] (see also Varnhorn [6]), so here we only show (i).

Since the boundary integral operator K,, (1 > 0) is a compact op-
erator on C(92)?, in view of Fredholm alternative theorem, solvability
of K, = & follows from the uniqueness result for the following homo-
geneous adjoint system with respect to usual inner product in R?,

* 1 0\ * @\ k 47ra LAY
(35) 0= KMW = (—512 + (D#) — nM(EH) + l—o_g—,u(E“> ) v,

Here we have used the fact that (D})* = H}.
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Assume now ¥ is a non-trivial solution of (3.5). We shall show
¥ = 0. Since (D})* = H}, by virtue of (2.36) and (2.38), we have

* 1 ° o\ % dra ®\ %
O:KuW:(~§Iz+H”‘77M(E#) lO (E ) )
o\1 ° dra ®\ %
N CARYE g(E))w
Therefore, we obtain

4o
log 1

(3.6) (H;W)z =nM(E})'¥ — (ER)w

Set T(v,q) = (E,)*W¥. We can easily see that the pair of functions (v, q)
solves the following Oseen equations in a bounded domain Q; = B:

Av~2,u38 ~Vg=0 in Q,,
—dive =0 in QZ

Therefore, by using Green’s first identity in ; and (3.6), we see that

ov
0—/Q (—Av—Vq~2,ua—xl) ‘vdr

i

= T'zv,qn-vda+2/ D(v v)dr — /—— vdx
. 1,z (0:4) o, (v):D Er

:/ (H;Q)i~vda+2/ D(v):D(’v)dx——/ nilv|* do
8% o) 2 Joq,
V¥ 06" m
= M0l o0y — om0 Esom) + 2D} Eray — § [ milol?da

8ma 9 )
N kY + 2{|D(v .
fog(1/1) )” I22(0) + 21D ()| 72(0)

If we choose p € (0, 1) sufficiently small so that

1
> 7l| Mol[[F2 a0, + 5 <

8ra
log(1/p)

then we see that v = 0 in ;. Hence we have

-,U,>O,

Yo"

v =
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On the other hand E;¥ solves the following exterior boundary value
problem in Q. = €,

0
AAv—Q,uéxil—VqZO in €,

divv=0 in €,

v=0 on 09,

Therefore from the uniqueness result due to Galdi [2], we obtain (v, q) =
(0,0) in §2e. This implies (Hy¥)¢ = 0.

Combining the above facts, by (2.38), we have ¥ = (Hj¥)® —
(H ;!P)’ =0 . This completes the proof of the lemma. Q.E.D.

Next we shall prepare some key lemmas to prove our main results.

Lemma 3.2. For K, and Ky defined in (3.3) and (3.4), there exists
0 < po < 1 such that if || < po the following estimate holds.

C
3.7 IK, — Ko|| < —.
Here and hereafter || - || denotes the operator norm || - || #(c(a0),c(59))-

Proof. Let ¥ € C(09)2. Then from (3.3) and (3.4), we see that

| Ku¥ — Ko¥|lca0)
< (D}, = Dg)¥llcan) + Inlll(E; — E5)M¥|lcan)

+ e

47
—E'W +109Q|(Is — MW
o R +(00) (1 — M)

C(89)
= Ji(p) + |nJa(p) + |a|J3(u)

We shall estimate Ji (1) (k = 1,2, 3) separately. First we consider Jq(p).

Ji(p) = max

< 1#hoqan max [ 1D{ (@) = DY (o) doto)

[ 0@ - DY) da<y>|
o

From (2.25), (2.26), (2.27), (2.28) and (2.31), we see that

(3.8) Ji(p) < Cl|¥||ca0)ul log pl-
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Next we consider Jo(u). From (2.18), (2.19) and the fact that
fafz MW do = 0, we have

[ (Bt =)~ By - ) m) doty)

< '/an Ryi(p, z — y)ulog uMw (y) do(y)l .

Therefore we have

H [ ®t =) - B - ) M) doy)

< Cullog p|||¥]lc(a0)-

Cc(69)

By similar calculation, we get the estimates of the same type for the
other components. Therefore, we obtain the estimate

(3.9) Ta() < ClI® o omyullog 4.

Finally, we consider Js(u).

J3(p) = max

max | ER + [09(12 - )wk

/ (loguE(”(x~ )+12) do].

4ar
log

< ||¥
1Zlcon) max

Set
A(z,y) = = T pu G Gk =
(2,y) = aij(z,y) = log 1 (@ —y) + 0k, J k=12
From (2.19), we have

a1i(z) = Efl T)+1

log %

2
~ o (toglel + 2 log2 = )+ R 2)
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Therefore we see that

/ au(x,y) do
on

max
€N

1
< log |z — +14+log2 + do
o [, (1ol =yl 41+ log2+ )
+u/ Rus(uyz — y)| do
o0

G
1 < —
A0 = Tiogyy + O

By (2.21) and similar manner of the proof of (3.10), we get the estimate
of the same type for ass(z,y),
G

agze(x,y)do
/an 2(:9) | log |

Next we consider ai2(z, y)(= a21(x,y)). From (2.20), we see that

4
ap(z,y) = an(z,y) = @E{E(:p -y)

(3.11) max
€N

< + Capu.

1 (21 —y1)(z2 — y2)

= lOg,u lm“y|2 +47T/LR12(LL,.I’—y).

Therefore, we obtain

C
/ arz(z,y) do| < —2— 4 Cop.
a0 | log p

Summing up (3.10), (3.11) and (3.12), we have desired estimate for small
w>0. Q.E.D.

Lemma 3.3. If u > 0 is sufficiently small. Then we have

(3.12) max
€N

(3.13) KM < 201K -

Proof. From Theorem 3.1 (ii), the boundary integral operator K
has bounded inverse. By virtue of (3.7) we may choose p sufficiently
small so that

1
(3.14) 1Ky — Koll € -7
g 2| K5 |
Then the Neumann series
(Ip— A =Y AL, Ay =K5'(Ko— K,)
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absolutely converges in £ (C(9Q), C(9Q)) with

I(Z2 = Au) M < (1= 1407

<
< (1~ I Kol ™ I Ko — Kpull™') <2

Since A, = I, — K; 'K, is equivalent to K;1 = (I — A,) 'K ', we

obtain

(3.15) 5 < 20156

This completes the proof. Q.E.D.
Now we are ready to prove our main theorem.

Proof of Theorem 1.1. Let u,(z) and uo(z) be solutions to the
Oseen equations and Stokes equations, respectively,

u,(z) = LY = (D; —-nE M + %Eﬁ) v,
wo(z) = Lo¥W = (D —nEJM — a|0Q)(I — M))¥&.
From the above two relations, we have
() — ()| = LK, ' P — LoKy ' @)
<|(Ly — Lo)K;;'®| + [Lo(K,; ' — Ky 1)®| = Gy + Ga.

We shall estimate G; and G5, separately. First we consider G;. From
Lemma 3.2 and Lemma 3.3, we have

sup [(L, — Lo)K,'®| < ——|K,'®||c(o0)
z€QR “ |
C
< K7 Y ||®
< og 1Ko Hlon)
' C
3.16 < ——||P .
( ) = Tlog 4] [ lcan)

Next we consider Gs. Since K, = Ko(Ky (K, — Ko) + I), we see
that
K '=(I-K;'(Ko—K ))-1K0—1.

Setting A, = K; '(Ko — K,), then K;' = (I — A,)K; ' and we have

o0
K'=Ki'+> Al -K;'
j=1
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Hence, by virtue of Lemmas 3.2 and 3.3, we have

oo
1K = Ko< DA% 1K
j=1
oo
<JAL DA IS
=0

C
< C"'KH - KO||| < HTE;II

Therefore, we obtain

sup |Lo(K,' — Ko ")®| < Crl(K;' — Ki " )®llcean)

z€EQR
Cr
3.17 < P .
(3.17) < ol i@lcn
Combining (3.16) and (3.17), we have Theorem 1.1. Q.E.D.
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