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On the Navier-Stokes equations with initial data
nondecaying at space infinity

Yasunori Maekawa and Yutaka Terasawa

Abstract.

We will consider the Cauchy problem for the incompressible homo-
geneous Navier-Stokes equations in the d-dimensional Eucledian space
with initial data in uniformly local L? (L?, ) spaces where p is larger
than or equal to d. For the construction of the local mild solution of
this, LY, . — L1, _estimates for some convolution operators are impor-
tant. So we explain these estimates here.

§1. Introduction

In this paper, we consider the Cauchy problem for the incompressible
homogeneous Navier-Stokes equations with viscosity 1 in R* where d >
2. The system of the equations is of the form

ug —Au+ (u, VYu+Vp = 0, t>0, zeR4
(NS) V-u = 0, r € RY,
u(0,z) = wug(x), T € RY,
where u = (u!,u?,--- ,u?) is the unknown velocity vector field, p is
the unknown pressure scalar field and ug = (ud,u3,- - - ,ud) is the given

initial velocity satisfying V - ug = 0.

Our main purpose here is to solve (NS) for initial data which may not
decay at space infinity but not necessarily be locally bounded. There are
many works which construct mild solutions of the Navier-Stokes equa-
tions on various function spaces (e.g. [15], [2], [7], [14], [10], [11], [17], [5],
[4], [6], [8], [16], [23], [3])- E. B. Fabes, B. F. Jones and N. M. Riviere [7],
T. Kato [14], Y. Giga and T. Miyakawa [10] constructed mild solutions
of (NS) with initial data in LP space where p is larger than the space
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dimension d. Moreover in [14] and [10], the case p = d is discussed. How-
ever, all functions in LP spaces decay at space infinity when p is finite.
When one considers nondecaying flows at space infinity as we would like
to do, the function space for initial data should be a space of functions
which do not decay at space infinity. The L° space, considered by J. R.
Cannon and G. H. Knightly [2], M. Cannone [4], Y. Giga, K. Inui and
S. Matsui [8] is of course such a kind of function spaces, and both the
Besov spaces with negative regularity considered by M. Cannone and Y.
Meyer [5], M. Cannone [4], H. Kozono and M. Yamazaki [17], etc. and
the function space considered by H. Koch and D. Tataru [16] are such
kinds of function spaces too. However there is no work constructing mild
solutions with initial data in uniformly local type spaces, which natu-
rally contain functions which may not decay at space infinity. (For the
definition of uniformly local Triebel-Lizorkin spaces and Besov Spaces,
see, e.g., [27]). In this paper, we shall construct the mild solutions of
(NS) with initial data in uniformly local LP spaces where p is grater than
or equal to the space dimension d. The method is quite similar to that of
E. B. Fabes, B. F. Jones and N. M. Riviere [7], T. Kato [14], Y. Giga and
T. Miyakawa [10] except that we use the convolution type estimate we
newly obtain instead of Young’s inequality for convolutions. Uniformly
local L? spaces consist of functions which are locally in LP and its LP
norm in any Eucledian ball with radius 1 are uniformly bounded. When
p is finite, they obviously contain functions which do not decay at space
infinity but are not necessarily locally bounded.

Uniformly local LP spaces were used by J. Ginibre and G. Velo [12]
for complex Ginzburg-Landau equations and used by P. G. Lemarié-
Rieusset [18], [19] and Y. Taniuchi [25] for equations of the fluid me-
chanics. In his work [18] and [19], Lemarié-Rieusset constructed in the
three dimensional Euclidean space a suitable weak solution which is local
in time with arbitrary initial data in uniformly local L? space. Further-
more he constructed a suitable weak solution which is global in time with
arbitrary initial data in the closure of compactly supported smooth func-
tions in uniformly local L? space. Y. Taniuchi [25] obtained uniformly
local LP estimates of vorticity equations. However he only considers

L?,..-L?, . type estimates of convolution type operators, while we also
treat LY, — L1, type estimates of convolution type operators in which

the indices p and ¢ may be different. Let us be more precise. We con-

sider the equations (NS) with initial data in L? c,p SPace for any positive

number p and any p € [d, 0o]. When p is finite, the space L, p(]Rd) is
defined as follows.
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(1) Loe,,(RY) = {f € Lioo(RY);

uloc,p
£z, = sup ( / F@)IPdy)? < oo},
lz—y|<p

zERY

Liioe,s
For simplicity of notations we set L33, p(Rd) := L>®°(R%). When p is
finite, the space LZ[OC, 0 naturally contains both the space LP and the

space L*. The space L

. P s . .
wloc,p also contains all LP-periodic functions, i.e.,

periodic functions which are locally p-th integrable in R%. We include the
parameter p here, since the existence time estimate of the mild solutions
can be different if p is different. Moreover varying p, we can reproduce
T. Kato’s global existence result for small initial data; more precisely,
one can construct a unique mild solution globally in time if L? norm of
the initial data are sufficiently small.

To solve (NS) we convert the equations to the integral equation of
the form

t
(2) u(t) = e®ug — / APV . (4 ® u)ds.

0
Here et® is the heat semigroup, P is the Helmholtz projection, and

[ ® g := (fig;)i<ij<d is a tensor product of f = (fi, f2,---, fa) and
g = (91,92, ,94).- The solution of the integral equation (2) is called
the mild solution of (NS) with initial data ug. The precise meaning

and well-definedness of each term follows from the L?, ~— LI, type

estimates of convolution type operators which we shall obtain. Now we
would like to state our main results.

Theorem 1.1. (Existence and uniqueness)

(i) Let p € (d,00] and p > 0. Then, for all ug € (L%, (R%))* so

that V - ug = 0, there exist a positive T and a unique mild solution
u € L*((0,T); (Lﬁloc,p)d)ﬂC((O, T); (Lﬁloc"p)d) of (NS) with initial data
ug on (0,T) x RY. The existence time T can be taken as it satisfies

1,d _2d 1_d y
T2+2'pp » + T2 2p2____
luollrz

uloc.p

K

where v is a positive constant depending only on d and p.
(ii) Let p > 0. For all ug € (Up>qL® (Rd)“.”"z‘""vﬂ)d so that

uloc,p
V - ug = 0, there exist a positive T and a mild solution v € L*((0,T);
(L, YN C((0,T); (LE,,. ) of (NS) with initial data ug on (0,T) x

uloc,p uloc,p

R®. This solution may be chosen so that for all T’ € (0,T) we have
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sup t2||u( ML= < 0o, and limt%Hu(t,~)||Lx =0.
o<t<T t-—0
With thzs extra condition on the L™ norm, such a solution is unique.

The existence time T can be taken as it satisfies

T > min{p?, a},
where o is a positive number satisfying

<7

1
sup t4]leuolluzg,, ,

where 7 is a positive constant depending only on d.

(iii) Let p > 0. There exists € > 0 such that for all ug € (L3, p)d
with |[uol|L4, <€, there exist a positive T and a unique mild solution
u € L*((0, T) (Luloc p) )NC((0,T); (LY, p) ) of (NS) with initial data
ug on (0,T) xR? so that u(0,-) = ug. The existence time T can be taken

as it satisfies
y

llwoll L

N|—

T%p_ +12>

)

uloc,p

where 7y 1s a positive constant depending only on d.

H. Koch and D. Tataru [16] showed that for any given T' > 0, one can
construct a local mild solution of (NS) which exists at least until time
T if the bmo~! norm of the initial data is sufficiently small. Especially,
they constructed local mild solutions for any initial data in vmo~!. They
also showed that one can construct global mild solutions for small initial
data in BMO~1. The definitions of bmo~!, vmo~! and BMO~! are the
following.

For f € 8'(R") (i.e., f is a tempered distribution), we set

flomon i=  sup < i) / €211 2dtdy) ’
£l Baros sern oo rz<r \|B(z, R)| B(z,R) )

where B(x, R) is a ball centered at x with radius R and |B(z, R)| is the
Lebesgue measure of the ball B(z, R). Then

I

BMO™ = {feS'®);|Ifllsamo-+ = Ifllpaoz <},
o= {f e SR | fllomo-r = Ifllparosr < 0},

-1 . —1.y; —
vmo™" = {f€bmo ,%Lnlollf]lBMO;l—O}.

)
)
I

i
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The inclusion relations of LP
as follows.

bmo~!, ymo~! and BMO~! are

uloc,p?

tlocp, C wmo lif p>d,
L, C bmo lifp>d,

LY c BMO™'.

These relations can be proved using the result of M. E. Taylor [26],
but we will reproduce them in a different way in Section 2. Related to
mild solutions constructed by H. Koch and D. Tataru [16], H. Miura [21]
showed some uniqueness theorems of mild solutions of (NS).

Although our function spaces Luloc » when d < p < 400 are con-
tained in bmo~1, our results are not included in H. Koch and D. Tataru
[16], since they impose the condition such as

sup 7 ||u(t,-)||L= < oo
o<t<T

for solutions. We shall show that the uniqueness of the solution holds
without this condition, if the initial data belongs to L?, _(R™) for some
p € (n,00]. Another advantage is that the definition of L?, p Is very
simple and it obviously contains some functions which may have singu-
larities and may not decay at space infinity. Moreover, the convergence
of mild solutions to initial data when time goes to zero are relatively
simple in our case. For describing the convergence of mild solutions to

initial data, we define the subspace L?, p as the closure of the space of

bounded uniformly continuous functions BUC(R?) in the space LF
ie.,

uloc,p?

-1,

(3) L, :=BUC(RY) ‘uecs,

uloc,p

Remark that the subspace £29
£P

e p(]Rd) is the space BUC(R?). The space
uloc,p 18 useful since we can show that the solutions converge to the
initial data in Luloc norm if the initial data belong to £?, o In fact,
we have the followmg theorem whose proof we do not state here.

Theorem 1.2. (Convergence to initial data)
(i) Let p € (d,00] and p > 0. Let uw € L°°((0,T); (L?

wloc p) ) be a unique
mild solution with indtial data uy € LP Then, for any compact set
K c RY we have

uloc,p’
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(4) lim |[u(t) = uol| Lo (k) = 0
holds. Moreover,

() lim ||u(?) - wollzz,,. , =0

uloe,p

holds if and only if uo € LY, ,-
(it) Let p > 0. Let u be a unique mild solution in L>((0,T); (L%, ,)%)

which satisfies t7u(t) € L°°((0,T); (L)), lim;_ot?||u(t)||r= = O.
Then,

(6) lim [fu(t) — uo||La(xy =0

holds. Moreover, under the above condition,

rd -—':0

uloe,p

(7) lim [u()  uo|

holds if and only if ug € L2

uloc,p”

Lq

uloc,p €Stimates we newly

One of the keys to our results is L?
obtain, which are the followings.

uloc,p

Let 1 < ¢ < p < co. Then for any f € L?, p» We have
Ci Co
(8) || tAfllelocp < (pd(%_%) + 4 l 1))HfHLulwp
C Cy
tA 3
© 19l < (g * s Wt
For F e (LY, . p)dXd,
C Cs
tA 5
(10) 1PV Fllay,,,, < (gt + o) 1Pt

holds. Here et® is the heat semigroup, P is the Helmholtz projec-
tion, and C;, C5 ,C5 are positive constants depending only on d, and
Cy, C4, Cg are positive constants depending only on d, p and gq.
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Let us state the outline of the proof. By rescaling, we may assume
that p = 1. To obtain this estimate, we decompose R? into countable
cubes whose centers are lattice points, i.e.,

1

R? = UpezaS(k, 3):

where S(x,0) := {y ; maxj<i<q|y: — z;] < 0}. We can decompose any
measurable function f in R? into

flz) = Z Xsk,1)(@)f(2), a.e. z € R?,

kezd

where x 4(z) is the characteristic function of a subset A in R%. We de-
compose both a convolution kernel and a convoluted function in this way.
Using Young’s inequality for convolutions and the relation supp fi* fa C
suppf; + suppfs when f; * fy is well-defined, we can obtain the de-
sired estimates. In the proof, we also use the technique of estimating
certain sums by certain integrals. After our work was completed, we
were informed of the work by J. M. Arriera, A. Rodriguez-Bernal, J.
W. Cholewa and T. Dlotko [1]. They treated linear parabolic equa-
tions in uniformly local LP spaces. In particular, they also established

L?, .— Ll . estimates for the heat semigroup and their proof is similar
to ours. However, we shall obtain L%, = — LI, = estimates for more gen-

eral convolution kernels including e*®, Ve!® and e!2PV.-. For details,
see section 3.2.

This paper is organized as follows. In section 2, we will state some
properties of L? spaces and LP spaces. In section 3, we will

uloc,p uloc,p
p q . . .
prove our key Ly, o Ly, , estimates of convolution operators with

integrable functions satisfying some conditions. Using these estimates,
we can construct the local mild solutions which are smooth in time and
space and can show Theorem 1.2. For this part, see [20].

p
uloc,p

§2. LP

uloc,p SPace and L

space

In this section, we state several properties of the function spaces
r? and £? When p = 1, we write LY, , £P, instead of L?

uloc,p uloc,p* uloc? uloc,1?

Ly, oc1» Tespectively. We will often use the estimates for the operator

et® in section 3.2 (Remark that the estimates obtained in section 3.2
are independent of the results in this section). The inclusion relations

for L?, . , are as follows.

14
uloc
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Proposition 2.1.
(i) For any p1, p2 > 0, we have
Luloc ,P1 = L'ﬁloc,pz

with equivalent norms.
(ii) For 1 < p; < p2 < o0 and p > 0, we have

v CLP

uloc,p uloc,p”

iii) For an >0 and1 <p < oo, we have
yp p

LPcCI?

uloc,p?

L>*cIL?

uloc,p’

(iv) Let p > 0 and p > d. Then, we have

L? C vmo~ ! C bmo~!

uloc,p

(v) Let p > 0. Then, we have

L‘(Litloc,p C bmo_l
Proof. The proofs of (i), (ii) and (iii) are easy, so we omit them.

We use LY, " - Ll . , estimates for e!® in section 3.2 to prove the

assertions (iv) and (v). By Holder’s inequality,

1-2 sA p(2
SR < ([ a) et
/lz—a:0|§\/§ ( |lz—z0|< V3 ) Lulocﬁ\/;

d1_2
Cst DR,

IA

(A

where C is a positive constant depending only on d and p. So we have

A% 0=t < sup  sup —// le°2 f|2dzds
BMOg 0<t<R zocR? t2 I.’E IEO|<\/_
1

< C sup sup — s%(l_%)”ﬂ]%p ds

0<t<RzoeRd 12 Jo uloc, /5
_d _d

< C swp 7H|fIE, < CRHIAIR,

0<t<R uloc
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This implies that Luloc C bmo~lifp >dand L? Cc vmo~tifp > d.

So (iv) and (v) hold.

uloc,p

Remark 2.1. The space L™ is not dense in L hence not in

uloc’

Lﬁlocp More strongly, we have that the subset UgspL?, s not dense
m Luloc For example, let ¢ € C§°(R?) be a function such that supp ¢ C

B(0,1), [|¢|P =1 and ¢ > 0 where B(0,1) is a unit ball whose center
18 the orz'gin. Choose any countable points {z,}n>1 such that B(x,,1)0
d
B(xm,1) = 0. Set ¢n(x) = nr d(n(z — ). Then supp ¢p C B(zn, ).
So if we set
¢ 0, otherwise

(z) = { On(x), for x € B(x,,1)

then we have

1liz,,. = suplléallLe(Bza,) = 1-
n

uloc

Let ¢ >p. Foranyge L 4y, we have ||¢ — gllze,. > 1. Indeed,

uloc(

16— gl| Lo

uloe

> |lon — gllLr(B(zn,1))

2 én — 9llr(B(2n, 1))
(1|¢n!|LP(B(I,, ;1)) - ||9HLP(B(1L,;))

21— |B(zn, 1)[7"7 D) Ig|| o

21- —(—r—r||g||L

uloc

uloc

—1 asn— 0.

This implies that é does not belong to Uq>1JLZlocH HL"’“.

We have the following characterizations of Eul oc,p*

Proposition 2.2.
For any p > 0, the following three statements are equivalent.

( ) f € ‘Culoc 0"
(i) limyy o |IF (- +5) = FO)llre,,.  =0.

wloc,p

(iii) my_oy |["2f — fllze,  =0.

uloc,p

Proof. Without loss of generality, we may assume that p = 1. For
p = oo, the above assertion is well-known so we omit it.
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Let p € [1,00). From the estimates (25) and (26) in section 3.2,
etA f is well-defined and belongs to BUC when t > 0 for any f € LY .
This implies (i4i) = (3).
If f e LP, .. there exists a sequence {fn}n>1 C BUC such that
fn— fin L2, . So we have

WfC+y) = fOllee,, < IFC+y) = ful +9)llee,,.
HIfn(+y) = fa()llee L?, .

() = FOllee,,.

< 2fC) = faOllze,,,

HBIF | fal- +9) = fa ()l

where |B| is a Lebesgue measure of the unit ball in RY. The above
inequality shows that (i) = (i¢) holds. Let us show (i¢) = (4i1). Since

e f—f= [ e (o - VEz) - f(2))dz
R4 (47r)2
we have
A 1
162 = Fllzz,. —/Rd @mE’ SIS = V) = FOlag, =

So (iii) follows from (ii) and Lebesgue’s convergence theorem.

Remark 2.2. This characterization was also obtained in [1].

Remark 2.3. The characterization (ii) in the above proposition is
convenient to check whether a function f belongs to LP, p or not. The
equivalence between (i) and (iii) is useful when we consider the conver-
gence of a mild solution to the initial data.

and [P

uloc,p

§3. Mild solutions in L?

uloc,p

We will state main results of this paper in this section. In section
3.1, we will define mild solutions, i.e., solutions of the integral equations
for the Navier-Stokes equations.
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3.1. Definition of mild solutions

First, we define the convolution operator e!*PV- which appears in
the nonlinear term of the integral equations of the Navier-Stokes equa-
tions. Notice that we regard e!*PV. as one operator. So we do not
treat the operators e V- and P separately.

Definition 3.1. We define the operator e!*PV. (where P is the
Helmholtz projection) as follows.
For any F € (LP,, (R9))4*4 1 < p < o0, we define

uloc

(11) (e"*PV)F := Z(etAP 0

oz, )Fe,,
=1

where {e;}_, is the standard bases in R? and the matriz-valued convo-
lution kernel of the operator (e!AP 2.) is defined as

(i% 8i( Jk(\/- ) +aiGt($)5'vk)1gj,k§d’

where Gi(x) is the Gauss kernel

Cila) = — 1 exp(~ 20
(4mt)2 4t
and
K= —F (fgf;‘ exp(—[€1%)).

Here F~1 is the inverse Fourier transform

“lg(z) := (2m)" % e Ede.
Frlg(e) = (2m)¢ [ gle)eas

The following lemma is the pointwise estimate of the function Kj i ().
This pointwise estimate was originally obtained by C. W. Oseen [22] (see
also P. G. Lemarié-Rieusset [19], and Y. Shibata and S. Shimizu [24]).
But we shall give the proof of this estimate for the sake of completeness.

Lemma 3.1. Let K i(x) be the function defined as above. Then,
for any non-negative multi-index o € N?, there exists Co, > 0 such that
Ca

(12) |07 K k(2)] < A+ el
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where Cy, depends only on d and .

Next we define the mild solutions of (NS) as the solutions of the
integral equations associated with (NS).

Definition 3.2. Let p > d. The function u € L*®((0,T); (L%, ,)%)
is called a mild solution of the Navier-Stokes equations on (0,T) x R if

there exists ug € Lzloc’p with div ug = 0 such that
t
(13) u(t) = e®ug — / etIAPY . (u ® u)ds
0
holds.
Remark 3.1. By the L},  — L, estimates in the following

section, the term et®uqy and e*"9APV - (u®u) can be defined pointwise

if uo € (LY, )% and w € (LE,,. )* where p > 1.
3.2. LY., L, estimates

In this section, we shall prove the key estimates for the convolution
operators, e*®, Ve'®, and e**PV-. Using these, we can construct the
local mild solutions of the Navier-Stokes equations in a similar method to
T.Kato [14] and can get Theorem 1.1. (See also P. G. Lemarié-Rieusset
[19]. ) We shall omit the details. Here we shall give the proof of the
estimates for a certain class of convolution operators, which includes
the three operators mentioned above. We say that a function is radial
decreasing if it is radial symmetric and nonincreasing.

Theorem 3.1.
Let1 < q<p<oo. Let F(z), H(z) be two real-valued functions in R?
and let |F(x)| < H(z) hold. Furthermore, assume that H is a bounded,
integrable and radial decreasing function in R%.

We set Fy(z) = t~8~™F(z/t?) fort >0, m > 0.

Then, for any function g € LY, (RY), we can define pointwise

uloc,p

Fym xg(z) = /Rd Fym(z —y)g(y)dy.
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Furthermore we have the estimate

GrllH]lLr | Cof|HllLr

(14) ||F|tm*g|| tmpd(l_l .tm+%(%_%))“ ||Lulocp

ulocp _( p 7

where r is the number satisfying zl) = % + % —1, and Cq, Cs are positive
constants depending only on d.

Proof. It suffices to prove that

CillH|lyr | Cof|H||Lr
a8) M= dllaz.., < Camn + Jga-p ollet.,

Moreover, by rescaling we may assume that p = 1. Indeed, if we set
folx) = pf(px), then we easily see the relations

_d
(16) Wolle = P71 flILe,
d
an  Nfallze,,, = P77l s
(A8)I[f * gllz = PP I *9ollr,,. = PP TN fo * 0ol

uloe,p

So if we have the estimate (15) for p = 1, then

did-2
[|Heo * gllre = Pt [[(Ht,0)p * gpllLr

uloc,p uloc

C2||Hp”L*

dyd—
< P"+d Z(CIHHPHL1+ t%(;_l) Mg pHL
q r

uloc

d — -
= pr 3 (Crp Y H |
_a Col|Hl|pr 12
it ) =ty
t2\a  »

uloc,p
Cil|H|[r | CollH|Lr
- (pd(%—%) + 43-D )|| ”Lulocp

First we decompose R? into countable cubes whose centers are lattice
points, sides are of length one and parallel to the axes, i.e.,

1

kv_)v

R = UrezeS( 2

where S(z,6) := {y ; maxi<i<a|y; — z:| < 6}. Remark that |S(k, 1) N
S(1,2)| = 0if k # I, where |A| is a Lebesgue measure of any Euclidean
subset A.
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210
One can easily check that there exist positive constants C' and C’

depending only on d such that
C sup {|fllLr(B(z,1)) < SUP I FlLe(seay) <€ SUP I1flle(B(21)),

(19)
z€R4
where B(xz,0) = {y ; |y — z| < 6}. We now decompose the function

H,o(x) as
Hyo(z Z Xs(k, 1)(x)Ht0( x), a.e. T,
keze

T) = Z XS(k,%)(x

and
g(
kezd
L.

), a.e. .

Let the number r satisfy 11—) =14
Note that supp f * g C supp f-+supp g when f x g is well-defined

For any k € Z%, we have

[[Heo0 * gl Lr(s(k. 1))

D xsw, 1)Hzo) * Z Xskr, 19 |l Le (s, 1))
k'ezd k"eZd

I Z (Xsr, 1) Heo) * (Xser,1)9) lLr(sr, 1))

(20)
k' k€2

Since (X g, 1 Ht0) (xs(k,,,%)g) is well-defined and

+ k/,, 1)

La

SUPP(Xs(k/,%)Ht,o) * (Xs(k//,1)g) c Sk

holds, we have, by Young’s inequality,
X5, 1) Heollzr X sk, 191

D>

(

(R.H.S.) of (20)
K K ezd
max|k;+k,’i/*kilfl
(21) < 2 3w pHeoller sup 1lgllzcser 3)-
k' ez bren
So we have to estimate the quantity Zk’EZd ||Xs(k’ 1y Hy ol
1 1
)HLr = / _i )le‘) T
pcze Jswp tr VR
1 rad 1
—H(y))"t2dy)"

Z HXS(k b dH(\/—

kezd
kezd

(22)

Il
~
o
e
o
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We set yi. . € R? as the closest point to the origin in S(-£ 0 2\/_) In
the right-hand side of (22), since H(y) is radial decreasing, if k satisfies
maxXi<;<q |k;| > 2, we can estimate as

( HyYdy)* < ()*
TVt

k1
S(J757)

H(ykt)-

The sum of the other terms (that is, k satisfles maxi<i<q|ki| < 1)
can be bounded from above 3d||7H( =)||L-- So the right-hand side of

(22) can be estimated as

(RHS)of (22) < ——r 3 (@%H(yk,twsduti%ff%)u

d_d
t2 " 2r rezd
max |k;|>2
1 34
(23) < Y (=) H(ykd) + 7| Hl L
y a 1__

kIEde \/E t2( ‘r)

max [k;|>2

We now consider the estimate of the term

S <%>dH<yk,t>.

kezd
max |k;|>2

We draw a line from the origin to fche point yx ¢. This line intersects
several cubes of the form (S(\/LZ, —2—1\/-—t))l (inside of the cube) where [ € Z¢.
We order these cubes as follows. The first cube is the cube S(0, 2—1\[—t)
The second cube is the cube which the line meets when it goes out of
the first cube, and so on. We correspond the cube S(%, 51\/—{) to the
second last cube in this order. We denote this correspondence I, i.e.,
L(S(£ 70 2\/-)) is the second last cube in this order.

Then all points in the cube It(S(\/-, 2\/-)) are closer to the origin

than the point yx :. Hence
LRV
—=) " H (k) < H(y)dy,
vt 1(S(2,542)

since H is radial decreasing. It is easy to see that

| Sk 1

' . R S S~ PO d
#{k EZda It(S(\/E,Z\/Z))_ (\/1272\/1?))}35



212 Y. Maekawa and Y. Terasawa

for any k € Z¢ with maxi<i<q |ki| > 2. So

3d
(RHS)of (23) < Y / (v)dy + g1 o
kezd It S(T 7
max |k;|>2
d 3d
< 5% HWdy+ oy [1H]lr
Rd

(24)

IN

d 3d
5 ||HHL1+ i(l__l_)HHHLr'
t2's T p

This completes the proof.

Proposition 3.1. For Fi(z) := exp(—|z|?/4), Fa(z) := |z| exp(—|z|?
/4), and F3(x) := (H_—h:')dﬁ, there exist positive, bounded, integrable and
radial decreasing functions Hy, Ha, Hs satisfying F; < H; (i =1,2,3).

Proof. Clearly, we can take H; = F; and Hy = F3. For F3, if we
compute the derivative of |z| exp(—|z|?/4), we can see that it suffices to

set Ha(z) = /2 if || < V2, Ha(z) = |z|exp(~|al?/4) if |2 > V3.

From Theorem 3.1 and the proposition above, we can establish
LZloc, o~ LZZ oc,p €stimates for the linear term and the nonlinear term

in the integral equations (13).

Corollary 3.1.
Let1 < g <p<oo. Then for any f € Lﬁloc’p, we have

c
tA 1
(25) e f||Lulocps(pd(%_%)+ d(l ) 1.,
c Cy
tA 3
(26) [|Ve fliee,,. < (t%pd(%'%) +t%(% 7 %)HfHLZ,OCp
For F € (LY, p)dXd,
C Cs
tA 5
27)  [|e*PV - F||L5mp<( e +t%(%_% IFlzg,,.

holds. Here, C1, C3 ,Cs are positive constants depending only on d, and
Csy, C4, Cg are positive constants depending only on d, p and q.
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Proof. Combining Theorem 3.1, Proposition 3.1, and Lemma 3.1,
we can easily get the estimates above. We omit the details.

Remark 3.2. From Lemma 3.1 and pointwise estimates for deriva-

. S q )
tives of the Gauss kernel, we also obtain Luloqp — Luloc,p estimates for

derivatives of the convolution operators, that is, it follows that

C 1 1
aqf tA o < a
@) 19000 ., < oo gy + g ot
(29)
c’ 1 1
aaf tA .
0F0 TRV Fllas..,, < oy e + e )l

where C, C' are positive constants depending only on d, p, q, o and (.
Here a € N and 8 € N® is any multi-index.

Remark 3.3. The L?, ~— LI, = estimates for the heat semigroup
(28) are obtained in [1]. When p = q = oo, the estimate (29) are

obtained in [8].
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