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Uniform decay estimates for the wave equation
in an exterior domain '

Hideo Kubo

Abstract.

The aim of this article is to establish a uniform pointwise decay
estimate for the solution of the mixed problem for the linear wave
equation in three space dimensions. We prove such an estimate by
using the “cut—off method” as in the work of Shibata and Tsutsumi
[23]. As an application, we treat the mixed problem for quadratically
quasilinear wave equations exterior to a non—trapping obstacle.

§1. Introduction

Let O be a bounded domain with smooth boundary in R™ with
n > 3 and put  := R™\ O. We consider the mixed problem :

(1.1) (02 — Ayu = f, (t,z) € (0,T) x Q,
1.2) u(t,z) =0, (t,x) € (0,T) x 09,
(1.3) w(0,z) = uo(z), (u)(0,z) = ui(z), x€Q,

where A = Z?:I 92 and 9, = 8y = 8/0t, 9; = 9/0x; (j = 1,--- ).
The aim of this article is to establish a uniform pointwise decay estimate
for the solution of the above problem. Following Shibata and Tsutsumi
[23], we shall use the so—called “cut—off method” based on the local en-
ergy decay estimate. In order to guarantee the local energy decay, we
need to restrict the shape of the obstacle O. Specifically, we assume that
the obstacle is non-trapping. Once we obtain a pointwise decay esti-
mate of type (2.8) below, then we are able to handle the mixed problem
for quadratically nonlinear wave equations in three space dimensions.
In fact, (2.8) gives us the standard O(t~!) decay with an additional
O(|z|~1) decay or O((t — |z|)~!) decay according to the region.
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In [23] LP-LY time decay estimates for the mixed problem (1.1)—(1.3)
was derived from that for the Cauchy problem via the cut—off method
developed by Shibata [22]. Moreover, global solvability in time of the
following nonlinear problem for small initial data was studied in [23]:
(1.4) (8} — A)u = F(0u, V,0u), (t,z) € (0,00) x £,

(1.5)  u(t,z) =0, (t,x) € (0,00) x 99,

(1.6)  w(0,z) =cf(z), Owu(0,z) =cg(z), z€l,

where € > 0, f, g € C5°(Q), & = (6, V), Vi = (01, ,8,) and
F(0u, V,0u) = Q(0u, Vi0u) + O(|0ul® + |V.0ul?)

near (Ou, V,0u) = 0. Here Q(0u, V,0u) is the quadratic part, that is,

Q(Ou, V0u)
= Y Aube(0au)(0p0ct) + Y Bap(Bau)(Osu)
a,b,c=0 a,b=0

with real constants A, . and B, s satisfying Ag o0 = 0 and Agpe =
Agcp for all a, b and c. It was shown in [23] that the problem admits
a unique global small amplitude solution, provided either n > 6 or the
quadratic part vanishes. Since the dispersive property becomes weaker
in the lower space dimensions, it seems difficult to handle the problem by
LP-L9 time decay estimates when 3 < n < 5 and the quadratic part does
not vanish. In spite of the fact, there are already many contributions
to that case (see e.g. [3, 4], [5], [12, 13, 14], [19], [20], [21] and the
references cited therein). Here we focus on the work of Keel, Smith
and Sogge [13, 14] in which an almost global ezistence theorem for the
problem (1.4)-(1.6) with n = 3 was shown, provided either the constants
Agap,c = 0 for all a, b and ¢, or the obstacle is star—shaped. Here “almost
global existence theorem” means that the lifespan 7. of the solution
satisfies T, > exp(C/¢) for some positive constant C.

However, it is not clear from their proof of the almost global exis-
tence theorem if the leading part of the solution is localized near the
light cone t = |z|, because their proof relies on the weighted space—time
L? estimate. On the one hand, it is well-known that the solution of the
corresponding Cauchy problem does concentrate close to the light cone
in the sense that there is a positive constant C such that

(L.7) [Du(t, )| < C(L+ [a) 7 (1 + |t —|al]) ™"

for (t,z) € [0,T.) x R? and suitably chosen x > 0. We remark that such
estimates with hyperbolic weight as (1.7) play an important role in the
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Cauchy problem, since it compensates the deficiency of the dispersive
property. This idea goes back to the pioneering work of John [7]. There-
fore, it seems to be worth while posing the question whether a similar
estimate for the solution of the mixed problem can be established or not.

In the Cauchy problem we can make use of the invariance of the
wave operator 92 — A under the translations, spatial rotations, scaling
and Lorentz boosts. In fact, by introducing the vector fields Z associated
with the invariance, that is,

Z = {8t, Vz, ;1:,»6]- - .’L‘j&i, tc')t +x- Vx, t(?j + :rjé)t},

the generalized energy approach was developed by Klainerman [15, 16]
in combination with Klainerman’s inequality :

(1.8) o(t, 2)|(1 +t + |z[)" D21 4 |t — [x|)V/2
<C Y |IZ%(t):L*RY)
|| <[n/2]4+1

for (t,z) € [0,00) x R™. This estimate holds for any function v(¢,z) as
long as its right—hand side is finite.

On the contrary, if we pose the Dirichlet boundary condition (1.5),
then it seems difficult to use the Lorentz boost fields L; = t9; + x;0;
(j =1,---,n), because they have normal components to the boundary
of size t. Consequently, it would not be possible to have an analogue to
(1.8) for the mixed problem. We notice that similar difficulty appears
when we consider the system of wave equations with multiple speeds.
In that case one can overcome the difficulty by establishing uniform
pointwise decay estimates like (1.7) for solutions to the linear problem
(see e.g. [17, 1, 6, 18, 24, 9, 11]). Therefore, one possibility to study
the mixed problem in the case of quadratic nonlinearity is to derive the
corresponding estimate for the linear problem (1.1)—(1.3). This approach
is rather similar to that of [23]. The only difference is the fact that our
estimate (2.8) below involves the hyperbolic weight as in (1.7) at the
cost of the use of spatial rotation fields in addition to translation fields.

This paper is organized as follows. In the next section we state
our main results concerning uniform pointwise decay estimates. In the
section 3 we give some preliminaries needed for the proof of the main
results. The section 4 is devoted to the proof of Theorems 2.1 and 2.2.
Making use of the estimates (2.7) and (2.8), we shall give an alternative
proof of the almost global existence theorem given by [13, 14] in the
section 5.

We conclude this section by introducing the notion of the compati-
bility condition.
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Definition 1.1. Let m be a non-negative integer and let
(1.9) up € H™(Q), wi € H™1(Q),
1@ e, c(0,T): ™ 1-(x)
o ,T): .
For 2<j<m—1 we put
uj(z) = Auj_o(z) + (@721)(0,2) ae z e

We say that ug, uy and f satisfy the compatibility condition of order
(m — 1) for the d’Alembertian equation in 2, if

u; =0 on 0Q

holds for all j with 0 < 7 < m — 1. In addition, when ug, u; and f
satisfy the compatibility condition of order (m — 1) for all m, then we
say that ug, uy and f satisfy the compatibility condition to infinite order
for the d’Alembertian equation in Q.

§2. Main results

In order to state our results, we first prepare several notation. Let
us put g := (up,u;) and we denote by K|upl(t,z) the solution of the
mixed problem (1.1)-(1.3) with f = 0. Similarly, we denote by L[f](t, z)
the solution of the problem with #y = 0.

Next we introduce vector fields:

80:61«,, 8]- (j:].72,3), Qij:xiaj—xjai (1Sl<]§3)

and denote them by I'; ( = 0,1,--- ,6). Notice that
6
[F“FJ]:ZCZF]C (iv.j:0717."a6)7
k=0

where cf; is a suitable constant and [4, B] := AB — BA. In addition,

we have

(2.1) [[;,07 —A]=0 (i=0,1,---,6).
Denoting I'* = T'g°I'{* -+ -T'g® with a multi-index o = (ag, o1, - - , ag),
we set,

(D= 3 T0(t2)]

la]<m
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for a smooth function v(¢,x) and a non—negative integer m.
Next for v, K € R we define weight functions as follows:

(t+z))* if <o,
$ (t2) = d 1os! {t+ |z]) .
(2.2) ®,(t,z) = log <2+ <t—$x|>) f 0,
{t = la)” if v>0,
(2.3) B, (1) :{ log(2-+1) it :;

and

o (—lal) i (]2 e A,
24 W“’”C)‘{ (x) it (t.]a]) € [0,00)% \ A,

where A := {(t,r) € [0,00)%|7/2 < t < 2r} and {y) = /1 + [y]2 for
ye R .

Now we are in a position to state our main results concerning the
uniform pointwise decay estimates. Theorem 2.1 is the result for the ho-
mogeneous wave equation, while Theorem 2.2 is for the inhomogeneous
wave equation.

Theorem 2.1. Suppose that O is a non—trapping obstacle. Let
g € (C§°(R))? satisfy the compatibility condition to infinite order for
the d’Alembertian equation in Q and let k be a non-negative integer.
Then there exists a constant C > 0 such that

(2.5) |K[do](t, )k < C(t + |z) 71t — |z) ™
for all (t,z) € [0,00) x Q.

Theorem 2.2. Suppose that O is a non—trapping obstacle. Let
f e C>®([0,T) x Q) satisfy the compatibility condition to infinite order
for the d’Alembertian equation in Q. For v,k > 0 and a non-negative
integer k, we put

(2.6) [£(t): Ni(v, 5|l

= sup |zl(s+ |z} W(s,2)" [f(s,2)[k-
(s,z)E[O,t]xQ

(1) If0 < v <2 and k > 1, then there exists a constant C > 0 such
that

(2.7) {t + |2)®y 1 (t, 2) | LIf](t, )|k
S C(@k(t) 1f(8): Niws(v, &)1 + [1(0): N2 (v, 5)1])
for all (t,z) € [0,T) x Q.
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(it) If1 < v <2andk > 1, then there exists a constant C > 0 such
that

(2.8) () (t — [2])?10¢, LIf](t: 7) i
< C(@, (1) 11 (8): Nea(v, 6)[| + (1 (0): Neqa (v + L))

for all (t,x) € [0,T) x Q. Here we put p = min(v, k).

Remark 2.3. It is well-known that similar estimates to the above
hold for the solution to the Cauchy problem :
(2.9) (0F — A =g, (t,z) € (0,T) x R3,
(2.10) v(0,2) = vo(z), (Fw)(0,2) = vi(z), =€ R
We shall give concrete statements in Lemma 3.3, Lemma 3.4 and Corol-

lary 8.5 below, since our main results are deduced from these estimates
in combination with the local energy decay estimate.

§3. Preliminaries

For a > 1, let %, be a smooth radially symmetric function on R3
satisfying

Yalz) =0 (l2] a), tu(@) =1 (2 2 a+1).
We set
Q, = Qn B.(0),

where B, (z) stands for an open ball with radius r centered at x € R3.
Besides, putting v := (vo, v1), we denote by Ko|th](t,2) and Lo[g](¢, x)
the solution of the Cauchy problem (2.9)-(2.10) with g = 0 and ¥, =0,
respectively.

First we derive identities (3.1) and (3.2) below.

Lemma 3.1. Let a > 0 and let O be O C B,(0). Suppose that
g € (C*(N))% and f € C®([0,T) x Q) satisfy
suppu; C Qg (=0,1), suppf(t,-) CQuyq (¢ >0)
and the compatibility condition to infinite order for the d’Alembertian
equation in Q). Then we have

4
(3.1) K[@o](t, ) = v1(z) Koltoto](t,2) + 3 Kilido](t, @),

=1

4
(3.2) L{f](t,z) = ¥r(x) Lo fI(t, 2) + Y Li[ fI(t, )

i=1
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for all (t,z) € [0,T) x Q. Here we set

(3.3) Ki[do](t,z) = (1 — 2(x)) L[ [¥h1, —A] Ko[vh21o]] (t, ),
(3.4) Ko[do|(t,z) = —Lo[[th2, —A]L[ [¥1, —A] Ko[thato]]] (t, ),
(3.5) K3[to](t, x) = (1 — ¢3(x)) K[(1 — ¥2)to](t, x),

(3.6) Kyluo)(t,z) = —Lo[ [3, —A]K[(1 — v2)i0]](t, x)

and »

(3.7) Li[f](t,z) = (1 — ¥o(x)) L[ [¥1, —A]Lo[2f1] (¢, T),

(3:8) Ly[f](t,x) = —Lo[[2, —A]L[[¢1, —A]Lo[¢2 f1]] (¢, ),
(3.9) Ls[f](t,x) = (1 — ¥3(x)) L[(1 — 92) f](t, z),

(3.10) La[f](t,z) = —Lo[ [)3, —A]L[(1 — 42) f]](t, z).

Proof. We give a proof of (3.1) only, since (3.2) can be shown similarly.
First we show

(3.11) Kl[ ] + Kz[’U,()] L[[’(ﬂl, —A]Ko[’lbg’lfo]] in (O,T) x ),
(312) Kg[ ] + K4[U0] [(1 — 7,[)2)120] in (O,T) x Q.

Observe that [13, —~A] = [1p2, 07 — A]. Therefore, it is easy to see from
(3.3) and (3.4) that (3.11) follows from

(3.13) Y2 L[ [th1, —A] Ko[12 o))
= Lo[(87 — A)(2 L[ [1h1, —A] Ko[th2io]))]

n (0,T) x R®. In order to verify this identity, it suffices to observe
that the left—hand side satisfies the inhomogeneous wave equation in the
whole space and the zero initial data. Besides, (3.12) can be deduced
from the following identity which is shown similarly to (3.13):

3 K[(1 — ¥2)to] = Lo[(0; — A)(3 K[(1 — v2)to])]

n (0,7) x R3.
Now, (3.1) follows from (3.11) and (3.12), once we check

(3.14) %1 Ko[whatio] + L[ 11, — Al Ko[ttio]] = K[th21i0]

in (0,T) x Q. Since the left-hand side satisfies the homogeneous wave
equation in (0,T) x € together with the boundary condition (1.2) and
it has the initial data 19ty, we find from the uniqueness of the classical
solution that (3.14) holds good. Thus we have shown (3.1). Q.E.D.

Observe that the first terms on the right-hands side of (3.1), (3.2)
can be evaluated by applying the known estimates for the whole space
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case. While, in Kj[iy] and L;[f](j = 1,---,4), we always have some
localized factor in front of the operators K, L and behind of them as
well. Therefore the local energy decay estimate works well in estimat-
ing Kj;lug] and L;[f]. The following type of local energy decay was
established by [23, Lemmas 4.3 and Ap. 4].

_ Lemma 3.2. Let d > 0 and let O be a non-trapping obstacle such
that O C By(0). Suppose that g and f satisfy (1.9), the compatibility
condition of order (m — 1) for the d’Alembertian equation in Q, and

suppu; C Qg (5 =0,1), suppf(t,-) CQy (¢ >0).

If0O < v <2 a,b>d and m > 2, then there exists a positive
constant C = C(v, a,b,m,Q) such that the solution u(t) of the problem
(1.1)—(1.3) satisfies

(3.15))  [10¢ult,): L* ()| < C(L+18)" (IIﬁotH’"(Q) x H™ Q)]

laj<m

2 : o N-T2
* osglilg)t(l e la]<m—1 Hasmf(s’ sE (Q)“)
forte[0,T).

On the one hand, we also need to prepare the known estimates for
the Cauchy problem. The first one is the decay estimate for solutions of
the homogeneous wave equation due to Asakura [2, Proposition 1.1].

Lemma 3.3. Let EI;,,(t,:t) be the function defined by (2.2). Then
for vy € (C§°(R?))2 and v > 0, there is a positive constant C = C(v)
such that

(3.16)  (t + |z)®,_1(t, z)| Ko[v3)(t, z)|
< C( S ) 0% LX(R3)| + | |- I<->”v1:L°°(R3)II>
le]<1
for (t,z) € [0,T) x R3.

The second one is the decay estimates for solutions of the inho-
mogeneous wave equation due to Yokoyama [24, Proposition 3.1]. We
define

(3.17) lg(t): Mk (v, 5|

= sup z|(s+[z])" W(s,z)" |g(s,2)lk
(5,2)€[0,¢]xR3
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with W (¢, z) defined by (2.4), and

(3.18) lg(t): Mi(v, k5 )|
= sup [zl(s + |z])"(cs — [z[)" |g(s, T) |k,
(s,z)€[0,t]xR3

where v, k,c > 0 and k is a non—negative integer.

Lemma 3.4. Let ®.(t) be the function defined by (2.3).
(i) Ifc>0,v >0 and k > 1, then there exists a positive constant
C = C(e,v, k) such that

(3.19) (t + |2} ®uoi(t,2)| Lolg] (¢, 2) i
< C(x(t) lg(t): Mi (v, 55 c)|| + [19(0) : My—1(v, 05 ¢c)l])

for (t,z) € [0,T) x R3. Here the second term on the right-hand side
vanishes when k = 0.
(i) Letc=1. If v,k > 1, then we have

(@) (t = |21)?10s,2 Lolg](t, ) x
S C(@p(t) lg(t): M1 (v, 55 1) + [19(0): M (v + 1,05 1))

for (t,z) € [0,T) x R3. Here p = min(v, k) and the second term on the

right—-hand side vanishes when k = 0.
(iit) Letc# 1. Ifv >0, kK > 1, then we have

(3.20) (@)(t — |2)"10%,2 Lolg] (¢, )i
< C(2x(t) lg(t): Mia (v, k5 0)| + [19(0): My (v + 1,05 ¢)|[)

for (t,z) € [0,T) x R®. Here the second term on the right-hand side
vanishes when k = 0.

The following decay estimates for solutions of the inhomogeneous
wave equation are deduced from Lemma 3.4. They are useful in the
application for the nonlinear problem.

Corollary 3.5. (i) Ifv >0, k> 1, then we have

(3.21) (t + z))@u-1(t, 2)| Lolg(t, x)Ik
< C(2x(t) lg(t) : Mic(v, K)|| + 119(0): Mi—1(v, 0)]])

for (t,x) € [0,T) x R3. Here the second term on the right-hand side
vanishes when k = 0.
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(ie) Ifv,k > 1, then we have

(3.22) (z)(t = |21)|0r, Lo[g] (2, )%
< C(@p(8) l9(t): M1 (v, £)|| + 119(0): M (v + 1, 0)]])

for (t,x) € [0,T) x R®. Here we put p = min(v, k) and the second term
on the right-hand side vanishes when k = 0.

Proof. We prove (3.21) only. As for (3.22), we refer to [24] (see also [11]).
It follows from (2.1) that

[*Lolg] = Lo[T%g] + Ko[(¢a: Ya)l,
~ where we put
pa(x) = (*Lo[g])(0,2), va(z) = (8:T%Lo[g])(0, z).

From the equation (1.1) we get

dalz) = Y. Cs(l%)(0,2), valz)= D Ch(I79)(0,x)

16]1< ]| -2 [B]<]al-1
with suitable constants Cp, C’é. Therefore, it is enough to show
(3.23) (t + 1z)) @, —1(t, )| Lo[T*g(t, )|
S CP(t) llg(t): Mi(v, K)||

for (t,z) € [0,T) x R3, because of (3.16).
Recalling (3.17) and using the fact that

Lojw + w*] < Lg[w] + Lo{w"]

for any non-negative functions w and w*, we see from (3.19) with ¢ =1
and ¢ = 0 that (3.23) follows, hence (3.21) is valid. Q.E.D.

Finally, we introduce the following Sobolev type inequality.

Lemma 3.6. Let v € C3(Q). Then we have

(3.24) sug|x||v(x)y <C Y r*v: LA Q).
e o <2

Proof. It is well-known that for w € CZ(R3) we have

sup |z||lw(z)] < C ITw: L*(R7)
z€RS3 IQ’ZSQ
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(for the proof, see e.g. [15]). Now, if we rewrite v as v = v+ (1 —11)v,
then we see that the left-hand side on (3:24) is evaluated by

C > T (o) LAR3)|| + Clo(z)|

|| <2
<C YT LXQ)) +C Y o LA(Q)]],

laf<2 lal<2

hence we obtain (3.24). This completes the proof. Q.E.D.

84. Proof of the decay estimates

In this section we shall carry out the proof of Theorems 2.1 and 2.2.
Proof of Theorem 2.1. First, observe that for 7 € (C§°(R3))? we have

(4.1) Y PP Kolto](t,x)] < C(t + Jal)~H{t — Jzf) !

[8|<m

for (t,x) € [0,T) x R3. In fact, when m = 0, we get this estimate from
(3.16) with v = 2. Besides, we see from (2.1) that the general case
m > 1 can be reduced to the case m = 0. Therefore, the first term on
the right-hand side of (3.1) has the desired bound.

Next we consider K[#p]. For this end, we first show

(42) > 10°L[[r, ~ Al Kofniio])(£): L* ()] < C{t)~
[BI<m
for t € (0,T), where 9 = (8;, V). It is easy to check that
e, —Ault, ) = u(t, ) Ae(x) + 2V ult, x) - Viha(x)
for (t,z) € (0,T) x R?, and

T Wa, —Alu(t): LXQ) £ C Y [0%u(t): L*(Qas1)l

lal<m laf<m+1

for t € (0,T). Now, using (3.15) as Uy = 0, v = 2, the left—hand side of
(4.2) is evaluated by

C<t>‘208<up 1+ Y 0% [, —A]Ko[watio] (s): L* ()|
Sest la<m-—1

<C(t)72 sup (1+5)* Y [|0*Ko[hato](s): L*(2a)]].

ossst jal<m
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By (4.1) the last quantity is bounded by C(t)~2, hence (4.2) is valid.
We turn to the estimation of K[i@p]. Since supp(l — ) C 23, we
see from (3.3) that

|K[do](t, )|k < C Y (1—s(x))|0%L[ [¢1, —A] Ko[wiio]|(t, 7).

la|<k

By the Sobolev inequality and (4.2) we get

|K1[dol(t, )k < C D 1%L (11, — Al Ko[thatio]] (£) : L* ()]

la|<k+2
<o)
Noting that suppK[io](t,-) C Q3 again, we see that Kj[ip] has the
desired bound.

Next we evaluate Kz[tp]. Using (3.19) as ¢ =0, v =2 and sk > 1,
we have from (3.4)

(t + [])(t — |z])| K2t (¢, z)[k
< C| [v2, —AJL[[¥1, — A]Ko[2tio]](t) : Mk(2, £ 0)]]
+C| [z, —A]L[[¢1, — Al Ko[t2o]](0) : Mi—-1(2,0; ).
Recalling (3.18), the first term is estimated by

C  sup  (8)?|[sh2, —ALL[[t01, —A]Ko[t2tio])(s, )|

(s,z)€[0,t) xR3

<C sup () ) (0°L[ [, — A Ko[wzilo])(s): L* ()],

€0 51<kt3

which is bounded due to (4.2). Besides, we can evaluate the second term
in a similar fashion. Hence we see that Ks[up] has the desired bound.
Next we consider K3([@p]. Using (3.15) as f(t) =0, v = 2, we get

(4.3) > 19°K[(1 — g)do)(t): L*(Qu)| < C(1)~2

[Bl<m.

for t € [0,T). Therefore, recalling (3.5) and proceeding as in the esti-
mation of K[i], we find that Kj3[do] has the desired bound.

Finally, we evaluate K4[t@p]. Using (3.19) asc=0,v =2 and x > 1,
we have

(t + []){t — |])| K4[do](, )|
< Ol s, —AIK[(1 = ¢2)to])] () : M (2, 55 0)|
+C| [, —AJK[(1 = 2)i0])](0) : M—1(2,0; 0)].
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Therefore, recalling (3.6) and proceeding as in the estimation of K[uo],
we can conclude from (4.3) that K4[t] has the desired bound, as well.
This completes the proof. Q.E.D.

Proof of Theorem 2.2. Without loss of generality, we may assume that
0 € O by the translation. First we prove (2.7). It is easy to see from
(3.21) that the first term on the right-hand side of (3.2) has the desired
bound, if we observe that supp(¢2f)(t,) C Q.

Next we consider L;[f]. First we deduce

(4.4) (&) > 10°L [, —AlLo[w2f1)(8): L*()]

|18|1<m

< C(2x(t) £ (1) : Nin (v, &) || + 1£(0): Nep—1(, 0)1])

for ¢t € [0,T). Using (3.15) as @y = 0 v = v, the left-hand side of (4.4)
is evaluated by

C sup (1 + s)” Z 10 W1, — Al Lo 2 f](s) : L* ()]

0<s<t

ja|<m-—1
< C’Os<up (14 s) Z 0% Lo[y2f](s): L*(Q2)].
Ss<t la|<m

Noting the fact that ®,_;(s,z) is equivalent to (s)*~! when z € Q,, we
see from (3.21) and (2.6) that (4.4) holds.

Since suppLi[f](t,-) C O3, by the Sobolev inequality we get from
(3.7) and (4.4)

(4.5) ()1 Lalf1(t o)l
< C(@u(@®) 1F(): Nit2(vs )| + 1 £(0): Nigp1 (v, 0)1)-

Thus we find that L;[f] has the desired bound.
Next we evaluate Lo[f]. Using (3.19) asc=0,0<v <2 and & > 1,
we have from (3.8)

{t + |2]) u-1(t, 2) | LalF)(t 2) i
< Cl Y2, —AJL[[¥1, = Al Lo[th2 f]] (t) : M (v, 55 0)
+C|l [, —ALL[ [th1, —A]Lo[$2f1)(0) : My—1(v, 05 0).
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Recalling (3.18), we see that the first term is estimated by
C  sup  (8)"|[tha, —AIL{[b1, —A]Lo[2f1i(s, 7)1k

(s,z)€[0,t) xR3

<C sup (s)” Y |18°LI[r, —AlLo[w2f)(s): L*(s)l]

€0 igi<k+s
< C(@u(t) [1£(1): Nirs (v, 6)| + [ £(0): Ni2(v, 0)1),

thanks to (4.4). Since the second term can be handled similarly, we get
(4.6) (t + ) @1 (¢, 7) | L2 [f](t, @) i
< C(2u(t) 1 (8): News (v, 6)I| + 11£(0): Nicy2 (v, £))).-

Next we consider L3[f]. First we derive

(4.7) (&) > N0°LI(L = ) fI(8): L* Q)]

|B|<m

< CIft): Npn—1(v, 5)||.

Using (3.15) as @y = 0, v = v, the left-hand side is estimated by
C sup (L+5)" > [|9%((1 = v2)f)(s): L*(Q)]
Ossst ja|<m—1

< C sup (1+ )" sup |f(s,2)|m—1,
0<s<t €Ny

which implies (4.7), since |z| is strictly positive by the assumption 0 € O.
By the Sobolev inequality we get from (3.9) and (4.7)

(4.8) (&)1 La[f1(t, 2) |k < CF(E): Ngyr(v; 6)]]-

Hence L3[f] has the desired bound, since suppLs[f](t,-) C Q4.
Next we estimate L4[f]. Using (3.19) asc=0,0<v <2and s > 1,
we have from (3.10)

(t + |2))@u—1 (¢, @) | La[ ]t )k
< C|l [¥3, —~AJL[(1 = b2) fI(t) : Mk (v, 53 0)
+C [3, —AJL[(1 = 42) f1(0) : Mi—1(, 05 0}

Since the first term can be estimated by

C sup (s)” Y JI07LI(L —42)f)(5):L*(Q)]

€08 gi<kts
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and the second term is also estimated similarly, we get from (4.7)

(4.9) (¢ + J) &y (8 2)| La )2, 2)
< CUF@): Negz (v, &)1 + 1£(0): Niga (v, £)|1).-
Thus (2.7) follows from (4.5), (4.6), (4.8) and (4.9).

Secondly we prove (2.8). It is easy to see from (3.22) that the first
term on the right-hand side of (3.2) has the desired bound. Moreover,
it follows from (4:5), (4.8) that Ly[f] and L3[f] have the desired bound,
since suppL;[f](t,-) are bounded for j = 1,3 and ®,(t) < &,(t).

Next we consider La[f]. Using (3.20) as¢=0,0<v < 2and k > 1,
we get

{x)(t = |z))"10L2[f1(t, )|k
< C|l [$2, —ALL[ Y1, =A]Lo[y2 f1)(8): My41 (v, 55 )|
+C|l [v2, =AJL[[$1, —A]Lo[2 f1)(0): My (v + 1,0; 0) ).
Therefore, we see from (4.4) that Lo[f] has the desired bound, as before.

Finally, we estimate L4[f]. Using (3.20) as ¢ = 0, 0 < v < 2 and
k> 1, we get

(@)(t = [2])”|OL4[F1(E, )1k
< C|l [vhs, =ALL[(1 = 92) () : Mi41 (v, 55 0)||
+C|| [vhs, —AJL[(1 = 12) f1(0): Mk (v 41,05 0)].

By virtue of (4.7), we find that Ly[f] has the desired bound, as before.
Thus we have shown (2.8). This completes the proof. Q.E.D.

§5. Application

The aim of this section is to apply the uniform pointwise decay
estimates given by Theorems 2.1 and 2.2 for the mixed problem to the
quasilinear wave equation :

(5.1) (02 - Ayu = F(0u, V,0u), (t,z) € (0,00) x Q,
(5.2) u(t,z) = 0, (t,z) € (0,00) x 09,
(5.3) u(0,2) = ed(z), Owu(0,x) = eyp(x), z€Q,

where ¢ is a positive parameter, ¢, ¢ € C$°(2) and

(5.4) F(du, Vdu)
3

= Z Aa,b,c(aau)(abacu)+ Z Ba,b(aau)(abu)

a,b,c=0 a,b=0
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with real constants A, . and By satisfying Ag o0 = 0 and Agp . =
Agcp forall a, b and c.

When we consider the corresponding Cauchy problem, we can eval-
uate the generalized derivatives '*u in the energy norm without any
essential difficulty, thanks to the commutator relations (2.1). On the
contrary, it is not so simple to do that any more in the mixed problem,
because we have a boundary term in the integration by parts argument
which may cause some loss of the derivatives. For this reason, we es-
timate 0% and I'*u in the energy norm separately and improve the
estimate for I'*u step by step (recall that I' contains spatial rotation
fields €2;; which does not preserve the boundary condition (5.2)). More
precisely, we shall try to evaluate the quantity e(T") defined by (5.6)
below.

In this way, we obtain the following result.

Theorem 5.1. Let F(Ou,V 0u) take the form of (5.4) and let ¢,
Y € C°(Q) satisfy the compatibility condition to infinite order for the
d’Alembertian equation in Q. Then there exist positive constants gg,
C such that for all € € (0,g9) the mized problem (5.1)—(5.3) admits a

unique solution u € C*°([0,T,) x Q) and its lifespan T, satisfies
T. > exp(Ce™1).

Moreover, for (t,z) € [0,exp(Ce™1)) x Q we have

(5.5) |Ou(t, z)| < Celx) 1t — |z|) L.

Remark 5.2. As is already mentioned in the introduction, this
result was proved by [13] for the semilinear case and by [14] for the
star—shaped obstacles. We underline that our argument below gives a
unified proof for these results without using the scaling vector fields
S = t0 + x - V; and that the pointwise estimate (5.5) shows that the
derivatives of the solution have the O(t~!) decay with an additional
O((t — |z|)71) decay or O(|z|~1) decay according to the region. Be-
sides, our approach is also applicable to the system of wave equations
with multiple speeds as are the works of [13, 14], since both arguments
do not involve the Lorentz boost fields.

We remark that in order to get a global existence theorem, we need
algebraic condition on the nonlinearity called “null condition” in general,
due to John [8]. Assuming the “null condition”, Metcalfe, Nakamura
and Sogge [20] proved the existence result for multiple speed systems of
quadratic, quasilinear wave equations in exterior domains. Recently, we
find an alternative proof of their result based on the approach below with
suitable modification. This type of result will appear elsewhere (]10]).
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Proof of Theorem 5.1. Since the existence of the local solution for the
mixed problem (5.1)—(5.3) has been shown by [23], what we need to do
for showing the large time existence of the solution is to derive suitable
a—priori estimates. For simplicity, we consider only the semilinear case,
namely A, . = 0 for all a,b and cin (5.4), since the general case can be
treated analogously. Besides, without loss of generality, we may assume
that O C B;(0) by the scaling. We denote the generalized Sovolev norm
by [[v: HP Q)] = 3 41<m IT*v: L*(Q)]| and define

(5.6)e(T) = sup ()t — |z|) |Oult, z)|Nn
(t,x)€[0,T)x

|a|<2N

+ sup ( S 8°0u(t): LAQ)| + (6) "2 9u(t): B2V Q)|

Flog™2(2 + 1) [Bu(t): HZV -S| + 9u(t): H2Y12(@)]))
Our goal is to show that for N > 21,0 <e <1
(5.7) e(T) < Co(e + D(T)),
where Cj is a universal constant, independent of T, and we put
(5.8)  D(T) = (log(2 + T)e(T)*)/2 + log(2 + T)e(T)>.

1st Step. On the energy estimate for the derivatives in time.
First we set

E(u;t) /{Ifr‘tu t,x)|? + |Vou(t, z)|? }dz.

By the boundary condition (5.2) we have &/ u(t,z) =0 (j = 0,1,---) for
all (t,z) € (0,T) x 9. Therefore we find

SE@t) = [ BFEu() 0 ult,2)da.
Q

Now, using |0u(t,z)|n < C(t)~te(T), we get

%E(@f 0= Z/ Ok du(t, 7)) |99 u(t, z)|de
2N
C{t) 'e(T) Y l|0Fdu(t): L* ()|
k=0

Ct)te(T)?
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for all j with j =0,1,--- ,2N. Thus we obtain
2N

(5.9)  S118iau(t): LX(Q)] < Cle + (log(2 + T)e(T)?)/?)
j=0

for t € [0,T).

2nd Step. On the energy estimate for the space-time derivatives.
Since the spatial derivatives do not preserve the the boundary con-

dition (5.2), we make use of the following elliptic regularity: Let m be

an integer with m > 2 and v € H™(Q?) N Hy(€2). Then we have

(5.10) [|9gv:LAQ)]| < C([|Av: H™ Q)] + [[Vov: LAQ)])

for || = m. Here Hy () is the completion of C§°(Q) with respect to
the Dirichlet norm ||V v:L?(Q)].
Based on the above estimate, we shall show

(5.11) 1850 u(t): L* ()|

< Cle + (log(2 + T) e(T)*)'/? + e(T)?)
for all (j, @) such that 1 < j +|a| < 2N +1, by the inductive argument.
It is clear that (5.11) follows from (5.9) when j + |a| = 1.

Next we let { be an integer with [ < 2N and suppose that (5.11)
holds for 1 < j +|a| <. Let j + |a| =1+ 1. When (4, ]a]) = (I +1,0),
(1,1), (5.11) follows from (5.9). While, when j =1+ 1-m, Ja|=m (2 <
m <1+ 1), (5.10) yields

18507 u(t): L*(9)]
< CIAG]u(t): H™2(Q)I| + | Vo u(t) : L (Q)])-
Since 0 < j <[ —-1<2N — 1, we see from (5.9) that the second term

has the desired bound. On the other hand, using (5.1), the first term is
estimated by

C(1o, 2 u(t): H™2(Q)]| + 16,7~ F(8u)(t): H™2(Q))),
since § = [ + 1 — m. Moreover, the second term is evaluated by

Clout,z)ly Y [0*0u(t): L*(Q)| < Ce(T)?,
ja|<2N -1

since (m—2)+(l+1-m)=1—-1 < 2N —1. (Notice that we obtain the
same estimate even if F’ contains the second derivatives.) In conclusion,
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we have
185081 u(t): L2 (Q)]| < Cllo7T> ™ u(t): H™ Q)
+C(e + (log(2 + T) e(T)*)Y/? + ¢(T)?)
for |a] = m and 2 < m < [+ 1. Now, if we vary m from 2 to | + 1,
then we can evaluate the first term on the right—hand side by using the
assumption of the induction step by step. Indeed, for example, the case
m = 2 is reduced to the case (j,|a|) = (I + 1,0), the case m = 3 is
to (4, lal) = (1,0), (I,1), and the case m = 4 is to (j,|a|) = (I - 1,0),
(l-1,1), (I = 1,2). Therefore, (5.11) is valid for all (j,a) such that
1<j+|al <2N+1.
Thus we find from (5.11) that
(5.12) > l0*du(t): L*(Q)|| < C(e + D(T))
lel<2N
holds for t € [0,T"). Here D(T) is given by (5.8).

3rd Step. On the energy estimate for the generalized derivatives.
It follows from (2.1) that

d

dt E(T%u;t) = /QFQF(BU)(tax) 0 I %u(t, r)dx

+/ vV I%(t, z) 0, %u(t, z)dS,
N

where v = v(z) is the unit outer normal vector at = € 02 and dS is the
surface measure on 9. Since |du(t, x)|y < C(t)~te(T), the first term
on the right—hand side is estimated by
“e(T) Y I070u(t): LA(@))?
181<]al

when |a] < 2N — 1. On the other hand, since 9Q C B;(0), we have
Tou(t,z)| < C 3 5<|af |0Pu(t, z)| for all (t,x) € (0,T) x Q. Moreover,
by the trace theorem, we see that the second term is evaluated by

C > [10%0u(t): L3 ().

1Bl< || +1

Therefore we get
(13 TEMu) < O e(T) |ou): B (@)

+C > [0%0u(t): L3 ()2
18] <|af+1
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First we shall show
(5.14) ()2 Qu(t) : HN"H(Q)|| < C(e + D(T))

for t € [0,T). Since ||Qu(t): HZN-1(Q)|| < (t)*/2e(T), by using (5.13)
and (5.12), we get

4 Tty < Ol + Cfe + D))

for all & with |a| < 2N — 1. Hence

E(%u;t) < Ce 4+ C(t)(e(T)® + (e + D(T))?)
< C(t)(e® + D(T)?),

which implies (5.14).
Next we deduce

(5.15) log~Y2(2 + t) ||0u(t) : HN=8(Q)|| < C(e + D(T))
for t € [0, 7). To this end, we first prove

(5.16) S 8%0u(t): LA Q)| < C(t)~2 (e + D(T)).
|BI<2N -7

Observe that u(t, x) is decomposed as
(5.17) u=¢eK[p, ]+ L[F(du)] in (0,T) % Q

and that (3.15) yields

(5.18) > 10%0K (g, ¢)(1): L* ()] < C(t) ™

|Bl<m

for all ¥ > 0 and non—negative integer m. Therefore, in order to show
(5.16), it suffices to prove

(5.19) Y (VEIOCLIF(u)(t): L ()

|| <2N -6
< C(e? +log(2 + t) e(T)?),

since 0 < € < 1. We see from (2.7) that (5.19) follows from

(5.20) IF(u)(t): Nan—-3(1/2,1)|| < Ce(T)?,
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since 6,,-1(t, z) is equivalent to (t)*~! when x € Q,. By (3.24) we get

(5.21) Y lallDP8u(t,2)| < Clldu(t): HINH(Q)]|
|81<2N -3

< )2 e(T).
While, from (2.4) we have
(5.22) |u(t,z)|ny < C{t+r) T W(t,r)"Le(T).

Since (5.21), (5.22) imply (5.20), we thus obtain (5.16).
We now prove (5.15). Since ||8u(t): H2N-8(Q)|| < log/?(2+1) e(T),
by using (5.16) and (5.13), we get

%E(I‘au; t) < C{t) tlog(2 +t)e(T)® + C{t)~ (e + D(T))?

for all a with |a] < 2N — 8. Hence
E(I%u;t) < Ce? + Clog?(2 +t)e(T)3 + Clog(2 + t) (¢ + D(T))?
< Clog(2 +1t) (€% + log(2 + t) e(T)® + D(T)?)
< Clog(2 +t) (e2 + D(T)?),

which implies (5.15).
Next we deduce

(5.23) [Qu(t): H2V*(Q)|| < C(e + D(T))
for t € [0,T'). To this end, it suffices to prove

(5.24) Y [0%0u(t): L) < C{t)7 (e + D(T))
[B|<2N-14

for v with 1/2 < v < 1. In fact, assuming this estimate and using
|Ou(t): H2N-15(Q)|| < e(T) and (5.13), we obtain

& B(Tust) < O~ e(T)° +Clt) ™ (e + D(T))?

for all o with |a] < 2N — 15. Hence, by 2v > 1 we find

E(T%u;t) < Ce? + Clog(2 +t)e(T)® + C(e + D(T))?
< C(e* + D(T)?),

which implies (5.23).
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Finally, we show (5.24). By (5.18) it is enough to prove

Yo OVIOLIF(8w)(t): L*(Q)]| < C(e* + D(T)).

la|<2N—13
We see from (2.7) that this estimate follows from
(5.25) |F(8u)(t): Nan—10(v, 1) < Ce(T)?,
as before. It follows from (3.24) that

ST z|lTPdult, )| < Cllau(t): HZN3(Q))|
|8]<2N-10
< Clog'?(2 + t) e(T).

Combining this with (5.22), we get (5.25) for v < 1. Thus we find (5.24),
hence (5.23).

4th Step. On the pointwise decay estimates.
We shall show

(5.26) (z){t — |=[) |Ou(t, z)|n < C(e + D(T))
for (t,2) € [0,T) x . In order to get this estimate, it suffices to prove
(@)(t — |z} |OL[F (duw)](t, )| < C(* + D(T)),

thanks to (5.17) and (2.5). We see from (2.8) that the above estimate
follows from

(5.27) | F(9u)(8): Nuv4a(L, 1)]| < Ce(T)?.

Observe that when N > 21, we have [(N +4)/2] < N, N+6 < 2N —15.
Therefore, by (5.22) we get

|Ou(t, )| [(nyay/2) < C(t + r)'l Wi(t,r)"e(T).
While, by (3.24) we obtain
|z]|8u(t, z)[n+a < CllBu(t): HY(Q)] < Ce(T).

From these estimates we arrive at (5.27), hence (5.26).
Final Step. End of the proof of Theorem 5.1.

It follows from (5.12), (5.14), (5.15), (5.23) and (5.26) that (5.7)
holds for N > 21 and 0 < £ < 1. Now, we take a positive number M
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to be M > 3Cy, €(0) < Me/2. Suppose that e(T) < Me. Then we find
from (5.7) that

(5.28) e(T) < Coe + (Co(Melog(2 + T))'/?
+CoMelog(2 +T)) Me.

Without loss of generality, we may assume Cy > 1. Then, as long as T
satisfies

(5.29) C2Melog(2+T) <1/9

for given e, we see from (5.28) that

M 1 1 7
< eq(=+= — _
e(T) < 36+(3+9)]We 9M€<M€
This means that the solution of the problem (5.1)—(5.3) can be continued,
provided (5.29) holds. Thus we have shown the theorem. Q.E.D.
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