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Harmonic conjugates of parabolic Bergman functions 

Masahiro Yamada 

Abstract. 

The parabolic Bergman space is the Banach space of solutions 
of some parabolic equations on the upper half space which have fi
nite £P norms. We introduce and study £(<>)_harmonic conjugates 
of parabolic Bergman functions, and give a sufficient condition for a 
parabolic Bergman space to have unique L(a)_harmonic conjugates. 

1. Introduction 

Recently, Nishio, Shimomura, and Suzuki [4] have introduced par
abolic Bergman spaces on the upper half-space and proved many in
teresting properties of these spaces. Parabolic Bergman spaces contain 
harmonic Bergman spaces studied by Ramey and Yi [6]. In this paper, 
we introduce and study £(<>)_harmonic conjugates of parabolic Bergman 
functions, which are a generalized notion of usual harmonic conjugates 
of harmonic Bergman functions. 

We describe the definition of parabolic Bergman spaces. Let H be 
the upper half-space of the ( n + 1 )-dimensional Euclidean space JR. n+l, 

that is, H = {(x, t) E JR.n+l ; x E JR.n, t > 0}. For 1 ::; p < oo, the 
Lebesgue space LP ( H, dV) is defined to be the Banach space of Lebesgue 
measurable functions on H with 

II u lip= (L lu(x, t)IPdV(x, t)) l/p < oo, 

where dV is the Lebesgue volume measure on H. For 0 < a < 1, We 
define £(<>)_harmonic functions on H. For 0 < a < 1, ( -.6.)" is the 
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convolution operator defined by 

(( -~r'cp)(x, t) = -Cn,o lim { (cp(y, t)- cp(x, t))iy- xl-n-20dy 
6~0 }ly-xl>6 

for all cp E C0 (H), where Cn,o = -4°rr-n12r((n + 2a)/2)jr( -a) > 0, . 
and ~ is the Laplace operator with respect to x. For 0 < a ::;: 1, a 
parabolic operator L{o) is defined by L(o) = gt + ( -~)0 • (We note that 
when a= 1, £(1) is the heat operator.) A continuous function u on His 
said to be L(o)_harmonic if L(o)u = 0 in the sense of distributions, that 
is, u.i)o)cp E L 1 (H, dV) and J u-D0 lcpdV = 0 for all cp E C0 (H), where 
j)o) = - gt + ( -~)0 is the adjoint operator of L{o). For 1 ::;: p < oo 
and 0 < a ::;: 1, the parabolic Bergman space b~ is the set of all L(o)_ 
harmonic functions on H which belong to LP(H, dV), and it is a Banach 
space with the LP norm. It is known that ~ c C00 (H) (see Theorem 
5.4 of [4]), and when a = 1/2; bf;2 coincides with harmonic Bergman 
spaces of Ramey and Yi (see Corollary 4.4 of [4]). 

We introduce the definition of L(o)_harmonic conjugates of parabolic 
Bergman functions. For a function u on H such that 8uf8x1 and 8uj8t 
exist at every (x,t) = (xt,•••,Xn,t) E H, we write aXju = 8uj8xj and 
8tu = 8uj8t, respectively. 

DEFINITION 1.1. For a function u E ~, the functions Vt, ... , Vn are 
called L(o) -harmonic conjugates of u if Vt, ... , Vn satisfy the following 
conditions: 

(1) Vt, ... ,vn are L(o)_harmonic on H, 
(2) 8xjVk = 8xk Vj and 8xjU = 8tVj (1:::: J 1 k:::: n). 

Usually, given a harmonic function u on H, the functions Vt, ... , Vn 
on H are called harmonic conjugates of u if ( Vt, ... , Vn, u) = '\1 f for 
some harmonic function f on H. As mentioned above, b'f12 coincide with 
harmonic Bergman spaces, and it is easy to see that when a= 1/2 the 
conditions (1) and (2) of Definition 1.1 are equivalent to the definition 
of usual harmonic conjugates of harmonic Bergman functions. Hence, 
L(o)_harmonic conjugates are generalization of harmonic conjugates. 

Many authors have studied and proved interesting and important 
results concerning properties of harmonic conjugates, (for instance, see 
Chapter ill of [2]). One of the fundamental problems of harmonic conju
gates is the boundedness of the conjugation operator. It is known that 
when a= 1/2 there are unique harmonic conjugates v1 , ... , Vn of a func
tion u E bf;2 such that Vj E bf;2 (see Theorem 6.1 of [6] ), and thus the 
conjugation operator is bounded on the harmonic Bergman spaces for 
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all1 :::; p < oo. In this paper, we prove the following result (see Theorem 
4.1): Let 0 <a:::; 1 and 1:::; p < oo. If>.= p( 2~ - 1) > -1 and u E bf., 
then there exist unique £(<>)_harmonic conjugates VI, ... , Vn of u such 
that Vj E bf.(>.), where bf.(>.) is the weighted parabolic Bergman spaces 
(see section 3 for the definition). Hence, we obtain the conjugation op
erator from bf. into bf.(>.) is bounded whenever>.= p( 2~ -1) > -1. 

Throughout this paper, C will denote a positive constant whose 
value is not necessarily the same at each occurrence; it may vary even 
within a line. 

2. Existence of £(<>)_harmonic conjugates 

When a = 1/2, there are unique harmonic conjugates VI, ... , Vn of 
a function u E bf; 2 such that Vj E bf;2 (see Theorem 6.1 of [6] ). In this 

section, we show that there exist L (a)_ harmonic conjugates VI, ... , Vn of 
a function u E bf. such that t2~-Ivj E LP(H,dV) whenever p( 2~ -1) > 
-1. 

A fundamental solution of the parabolic operator £(a) plays an im
portant role for studying parabolic Bergman spaces. We define the fun
damental solution of£(<>). For x E JRn, let 

(2.1) W (x, t) = 211" }ffi.n (a) { -( 1)n r exp( -tl~l 2a + i X·~) d~ t > 0 

0 t ::::: 0, 

where x ·~denotes the inner product on JRn and 1~1 = (~ · ~)I/ 2 . The 
function w<a) is the fundamental solution of£(<:>) and £(<:>)_harmonic on 
H. We describe some properties of w<al. We note that wral(x, t) ~ 0 
and 

(2.2) r w<al(x- y, s)dy = 1 
}ffi.n 

for all x E JRn and s > 0. If u E bf., then u satisfies the Huygens 
property, that is, 

(2.3) u(x, t) = { u(x- y, t- s)w<al(y, s)dy 
}JRn 

holds for all x E JRn and 0 < s < t < oo ( see Theorem 4.1 of [4] ). 
By (2.1), the fundamental solution w<al is in C 00 (H). Let kENo and 
/3 = (fJI, · · · , f3n) E NS be a multi-index, where No = N U {0}. Then, 
we define af3ak = 8f31 ••• 8f3n8k = alf31+kjaxf31 ·• • 8xf3n8tk Clearly we 

X t Xl Xn t 1 n " ' 

have 
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for all (x, t), (y, s) E H. The following estimate is (1) of Proposition 1 
of [5] : there exists a constant C > 0 such that 

crk+1 
lo.Bakw(al(x t)l < ---....,-,-;e--

x t , . - (t + lxl2"') ntlfl +1 
(2.5) 

The following lemma is an immediate consequence of Theorem 1 of [5]. 

LEMMA 2.1. Let 0 < a :::; 1, 1 :::; q < oo, 0 E JR., {3 E N0 be a 

multi-index, and kEN. If (n~Jfl + k)q- U;. + 1) > 0 > -1, then there 
exists a constant C > 0 such that 

i t9 18~8fW(a)(x- y, t + sWdV(x, t) 

< C -"--+1-( n+!.B! +k)q+ll 
s2o: 2n 

for all(y, s) E H. 

Let Ck = (-~)k. The following lemma is Theorem 6.7 of [4]. 

LEMMA 2.2. Let 0 < a :::; 1 and 1 :::; p < oo. If u E ~ and 
(y, s) E H, then 

u(y, s) = -2cm+J i o;"u(x, t) tm+Jqi+ 1W("'l(x- y, t + s)dV(x, t) 

for all m, j E No. 

PROPOSITION 2.3. Let 0 <a:::; 1 and 1 :::; p < oo. If A= p( 2~ -

1) > -1- 2';. and u E ~' then there exist £("')_harmonic conjugates 
V1, •.. , Vn of u. 

PROOF. For each 1 :::; j :::; n, let VJ be a function on H defined by 

(2.6) Vj(y, s) = 2c1 i u(x, t) t 8x1 8tW(a)(x- y, t + s)dV(x, t). 

Since p( 2~ -1) > _:1- 2';., Lemma 2.1 implies that 

where q is the exponent conjugate to p. Hence, the function Vj is well 
defined for all (y, s) E H when p( 2~ - 1) > -1 - 2';.. We show that 
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VI' ... ' Vn are the L(a)_harmonic conjugates of u. Since wCa) is L(a)_ 

harmonic, so is Vj. Moreover, since (2.4) and Lemma 2.1 imply that 

for all 1 < q :::; oo, we can differentiate through the integral (2.6) with 
respect to Yk· Therefore we obtain aYk Vj = aYi Vk· Similarly, Lemmas 
2.1 and 2.2 imply that 8 8 Vj = 8yiu. D 

REMARK 2.4. We note that when 0 < a :::; ~' the assumption >. = 

p( 2~ - 1) > -1 - 2: of Proposition 2.3 always holds for all 1 :::; p < oo. 

We consider an integrability condition of the function Vj which is 
defined in (2.6). 

THEOREM 2.5. Let 0 <a :S: 1 and 1 :S: p < oo. If A= p( 2~ - 1) > 
-1, then there exists a constant C > 0 such that 

for all u E ~ and 1 :::; j :::; n, where Vj is defined in (2.6). 
PROOF. Let c = ia -1. We suppose that p = 1 (we note that when 

p = 1, >. > -1 for all 0 <a:::; 1). Then, (2.6) and the Fubini theorem 
imply that there exists a constant C > 0 such that 

L lscvj(y, s)ldV(y, s) 

< C L lu(x, t)l t L scl8x1 8tW(a)(x- y, t + s)ldV(y, s)dV(x, t). 

Therefore, Lemma 2.1 implies that II t2;,-lvj II1:S: C II u ll1· 
Suppose that p > 1, and let q be the exponent conjugate top. Then, 

the Holder inequality shows that there exists a constant C > 0 such that 

lvJ(y, s)l 

< r 1 1 1 + 1 
C }H lu(x,t)l tP<i+"P CP<i o 

X l8xi8t W(a)(x- y, t + s)l ~+~ dV(x, t) 
1 

< C (L lu(x, t)IPt~+ll8xjatwCal(x- y, t + s)ldV(x, t)) "P 

1 

X (L c~+ll8xjatw(a)(x- y, t + s)ldV(x, t)) q 
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Since A= p( 2~- 1) > -1, Lemma 2.1 implies that 

Thus, by the Fubini theorem we have 

L lscvJ(Y, s)IPdV(y, s) 

< C L lu(x, t)IPti'H 

XL scp-( 2~' +~-l)~ l8x1 0tW(a)(x- y, t + s)ldV(y, s)dV(x, t). 

Lemma 2.1 also implies that 

Therefore, we obtain II t 2~ -lvJ liP::; C II u llw 

3. Weighted parabolic Bergman spaces 

D 

In Proposition 2.3 and Theorem 2.5, we prove that the function 
v1 which is defined in (2.6) is L(a)_harmonic and in LP(H, t>·dV), where 
A= p( 2~ -1). In order to study the L(a)_harmonic conjugates, we define 
weighted parabolic Bergman spaces. For any A > -1, the weighted 
parabolic Bergman space b~(A) is the set of all L(a)_harmonic functions 
on H which belong to LP(H, t>·dV). We note that any function u E 

LP(H, t>·dV) satisfies u · Dal'P E L1(H, dV) for all 'P E C0 (H). In fact, 
it is known that u · Dali.p E £1(H, dV) for all i.p E C0 (H) if and only if 

1t
2 

{ lu(x, t)l(1 + lxi)-n- 2adV(x, t) < oo 
h }JRn 

for all t 2 > t 1 > 0 ( see Remark 2.2 of [4] ). If u E LP(H, t>·dV) for 
some 1 ::; p < oo and A > -1, then elementary calculations show that 
ftt1

2 JJRn lu(x, t)l(1 + lxl)-n- 2adV(x, t) < oo for all t2 > t1 > 0. Hence, 

u E LP(H, t>·dV) satisfies the integrability condition in the definition of 
L (a l-harmonic functions. 
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We give some properties of the weighted parabolic Bergman spaces. 
When A= 0, the following lemma is Theorem 4.1 of [4]. We claim that 
u E ~(A) also satisfies the Huygens property. 

LEMMA 3.1. Let 0 <a:::; 1, 1:::; p < oo and A> -1. lfu E ~(A), 
then 

u(x, t) = [ u(x- y, t- s)W(a)(y, s)dy 
}JRn 

for all x E lRn and 0 < s < t < oo. 
PROOF. In the proof of Theorem 4.1 of [4], the Huygens property 

for u E ~derives from an £(<>)_harmonicity of u and a local integrability 
of a function U(t) =: fJRn lu(x, t)IPdx on (0, oo). If u E ~(A), then it is 
easy to check that the function U(t) is also locally integrable on (0, oo). 
Therefore, u satisfies the Huygens property. D 

REMARK 3.2. It was known that for u E ~ the function U(t) = 
fJRn lu(x, t)IPdx is decreasing on (0, oo) ( see Lemma 5.6 of [4] ). By 
Lemma 3.1 and the Minkowski inequality, for any A > -1 the same 
result holds for u E ~(A). 

When A = 0, the following lemma is Proposition 5.2 of [4]. 

LEMMA 3.3. Let 0 < a :::; 1, 1 :::; p < oo and A > -1. Then there 
exists a constant C > 0 such that 

1 

lu(x, t) I :::; cc< 2";., +.\+l);; (L lu(y, s )IP s,\dV(y, s));; 

for all (x, t) E H and u E ~(A). 
PROOF. Since the proof of Lemma 3.3 is analogous to that of 

Proposition 5.2 of [4], we describe the outline of the proof. For fixed 
0 < a 1 < a2 < 1, Lemma 3.1 implies that 
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Then, using the Jensen inequality and (2.5), we have 

iu(x, t)l 
1 

< ccC2';,.+1)~ ( r2
t { iu(y,t-s)IPdyds):p 

la1t }JRn 

ccc2: +1)~ ( r2
t (t- s)->..(t- s)>.. r iu(y, t- s)IPdyds) ~ 

la1t }JRn 
1 

< ccC2';,.+A+l)~ ( r 2t(t-s)>.. { iu(y,t-s)IPdyds):p, 
la1t }JRn 

because (1 - a2 )t < t- s < (1 - al)t whenever a1t < s < a2t. Hence, 
we obtain 

D 

By Lemma 3.1, u E ~(A) is in C 00 (H). Thus, as in the proof of 
Lemma 3.3, we have the following lemma, which is Theorem 5.4 of (4] 
when A= 0. 

LEMMA 3.4. Let 0 < a :::; 1, 1 :::; p < oo and A > -1. If f3 E N0 is 
a multi-index and k E N0 , then there exists a constant C > 0 such that 

1 

l8~8fu(x, t)l:::; crCYif+k)-( 2';, +>..+1)~ (i iu(y, s)IPs>..dV(y, s)) :p 

for all (x, t) E H and u E ~(A). 

Foro> 0 and a function u on H, we write u.,(x, t) = u(x, t+o). We 
note that if u E ~(A) then u., E ~(A) for all o > 0. In fact, if u E b~(A), 
then 
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Moreover, Remark 3.2 implies that 

{
1 t>"· { Ju(x, t + o)!Pdxdt :<:; U(o) {

1 
t>"·dt < oo. Jo }JRn Jo 

Hence, we have u0 E ~(A). 
When A= 0, the following lemma is Lemma 6.6 of [4]. 

LEMMA 3.5. Let 0 <a:<:; 1, 1 :<:; p < oo and A> -1. lf u E ~(A) 
and (y, s) E H, then 
(3.1) 

uo(Y, s) = -2cm+J io;"u0 (x, t) tm+Jaf+lW("')(x- y, t + s)dV(x, t) 

for all m, j E No and o > 0. 
PROOF. The proof of Lemma 3.5 is analogous to that of Lemma 6.6 

of [4]. We only show that the integral (3.1) is well defined. By Lemma 
3.4, there exist constants C > 0 and 0 < E < 1 such that 

lof'u,(x, t)i :<:; C(t + o)-m-(2n;,+A+1)* :<:; ccm-E oc-(,';,+.\+1)*. 

Therefore, we have 

l8f'uo(x, t)tm+j of+lw(o:) (x- y, t + s)l :<:; Ctj-Elol+lw(o:) (x- y, t + s)J. 

Hence, Lemma 2.1 implies that 8f'u0 (x, t)tm+Jal+Iw(al(x- y, t + s) E 
L 1(H,dV). D 

THEOREM 3.6. Let 0 <a:<:; 1, 1 :<:; p < oo, and A> -1. lfr > -1 
and non-negative integers £, m satisfy 

(3.2) r+(£-m)p>-1, 

then there exists a constant C > 0 such that 

(3.3) l {Y+(£-m)pJofu6JPdV :<:; C l fYJ8f'u 0 JPdV 

for all u E ~(A) and o > 0. 
PROOF. Suppose that p > 1, and let q be the exponent conjugate 

top. By (3.2), we can choose a constant TJ > 0 such that 

(3.4) 
p 

r+(£-m)p--TJ>-1 
q 

Moreover, let j be a non-negative integer such that 

(3.5) -TJ+£+j > -1 
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£ + j >I'+(£- m)p- Ery. 
q 

Since, as in the proof of Lemma 3.5, there exist constants C > 0 and 
0 < c < 1 such that 

l8;'u.5(x, t)tm+Ja:+J+Iw(a)(x- y, t + s)l 

< ctJ-.sla:+J+lw(al(x- y, t + s)l, 

Lemma 2.1 implies that 

8;'u.5(x, t)tm+Ja:+J+Iw(a)(x- y, t + s) E L 1 (H, dV). 

Therefore, by Lemma 3.5 we have 
(3.7) 

a;uJ(y, s) = -2Cm+j L 8;'uJ(X, t) tm+Ja:+J+lw(a)(x-y, t+s)dV(x, t). 

As in the proof of Theorem 2.5, the Holder inequality implies that there 
exists a constant C > 0 such that 

IB!uJ (y, s )IP 
:e 

< C (i C 17+£+Jia:+J+Iw(a)(x- y, t + s)idV(x, t)) • 
x L l8;'uJ(x, t)IPtPC~+;-n+m+Jia:+J+Iw(al(x- y, t + s)ldV(x, t). 

By (3.5), Lemma 2.1 and the Fubini theorem imply that 

L s'+(f-m)pl8!uJ(Y, s)IPdV(y, s) 

< C L s'+(R-m)p-~1) L l8;'uJ(X, t)!Pt p(~+;-n +m+j 

x 1a:+J+lw(a)(x- y, t + s)ldV(x, t)dV(y, s) 

C L l8;'uJ(X, t)IPtP(~+;-'l+m+j 

x L s'+(R-m)p-~ 17 18:+J+Iw(a)(x- y, t + s)idV(y, s)dV(x, t). 

By (3.4) and (3.6), Lemma 2.1 also implies that 

L s'+(R-m)p-~ 17 18:+J+lw(a)(x- y, t + s)ldV(y, s) 

< Ct'+(R-m)p-~17-(Hj). 
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Hence, we obtain 

We suppose that p = 1. Then, using (3.7) and the Fubini theorem, 
we have 

[ s~'H-mla:u,(y, s)ldV(y, s) 

< C [ l8fuo(x, t)itm+j 

x [ s~'H-mlaf+J+lw(a)(x- y, t + s)idV(y, s)dV(x, t). 

Since we can choose a non-negative integer j such that 'Y- m- j < 0, 
Lemma 2.1 implies that 

Hence, we have the theorem. D 

For a function u E LP(H, t>'·dV), define II u lip,>.= (JH iu1Pt>-dV)11P. 
We have the following inequalities. 

COROLLARY 3.7. Let 0 <a:::; 1, 1:::; p < oo, and,\> -1. Then, 
there exists a constant C > 0 such that 

for all u E ~(..\), b > 0, and£ E No. 

4. Uniqueness of £(a)-harmonic conjugates 

In this section, we show that £(<>)_harmonic conjugates of u E b~ 
are unique whenever ..\ = p( 2~ - 1) > -1. 

THEOREM 4.1. Let 0 < a :'::: 1 and 1 :'::: p < oo. lf ..\ = p( 2~ -

1) > -1 and u E ~~ then there exist unique £(<>)_harmonic conjugates 
v1, ... , Vn of u on H such that Vj E ~(..\). 

PROOF. By Proposition 2.3 and Theorem 2.5, it suffices to prove 
the uniqueness of L(a)_harmonic conjugates of u E ~ that belong to 
~(..\). 
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Suppose that Ut, ... , Un are also £(<>)_harmonic conjugates of u such 
that Uj E ~(>.). Take arbitrary o > 0. Then by Corollary 3.7, there 
exists a constant C > 0 such that 

By the hypothesis and the definition of £(<>)_harmonic conjugates, we 
have 

8t(Vj - Uj)r5 = 8xJUr5- 8xiUr5 =' 0. 

Therefore, (4.1) and the continuity of Vj - Uj imply that Vj(X, t + o) = 
Uj (x, t + o) for all (x, t) E H. Since o > 0 is arbitrary, we obtain Vj = Uj 

as desired. 0 
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