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Continuity of weakly monotone Sobolev functions of
variable exponent

Toshihide Futamura and Yoshihiro Mizuta

Abstract.

Our aim in this paper is to deal with continuity properties for
weakly monotone Sobolev functions of variable exponent.

§1. Introduction

This paper deals with continuity properties of weakly monotone
Sobolev functions. We begin with the definition of weakly monotone
functions. Let D be an open set in the n-dimensional Euclidean space
R"™ (n > 2). A function u in the Sobolev space VVlig (D) is said to be
weakly monotone in D (in the sense of Manfredi [12]), if for every rela-
tively compact subdomain G of D and for every pair of constants k < K
such that

(k —u)* and (u—K)t e Wp (@),

we have
k<u(z)<K for a.e. z € G,

where vT (z) = max{v(z),0}. If a weakly monotone Sobolev function is
continuous, then it is monotone in the sense of Lebesgue [11]. For mono-
tone functions, see Koskela-Manfredi-Villamor [9], Manfredi-Villamor
(13, 14], the second author [17], Villamor-Li [20] and Vuorinen [21, 22].

Following Kovacik and Rékosnik [10], we consider a positive contin-
uous function p(-) : D — (1,00) and the Sobolev space W1P()(D) of
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all functions u whose first (weak) derivatives belong to LP()(D). In this
paper we consider the function p(-) satisfying

alog(log(1/|z - y|)) b
log(1/|z — yl) log(1/]z — yl)

whenever |z —y| < 1/2, for a > 0 and b > 0.

Our first aim is to discuss the continuity for weakly monotone func-
tions u in the Sobolev space W1P()(D). For the properties of Sobolev
spaces of variable exponent, we refer the reader to the papers by Diening
(2], Edmunds-Rékosnik [3], Kovacik-Rékosnik [10] and Ruzicka [19].

We know that if p(z) > n for all z € D, then all weakly mono-
tone functions in W1*()(D) are continuous in D (see Manfredi [12] and
Manfredi-Villamor [13}). We show that u is continuous at zo € D when
p(-) is of the form

Ip(z) — p(y)| <

_ alog(log(1/|z — zol))
log(1/]z — zol)

p(z) = (p(zo) = n)
for x € B(xp,ro), where 0 <19 < 1/2 and a < 1.

Our second aim is to prove the existence of boundary limits of weakly
monotone Sobolev functions on the unit ball B, when p(-) satisfies the
inequality

[ alog(e +log(1/p(x))) b
"’(””) {+ og(e/p(@)) }'Slog@/p(z))

for @ > 0 and b > 0, where p(x) = 1 — |z| denotes the distance of « from
the boundary dB. Continuity of Sobolev functions has been obtained by
Harjulehto-Hastd 7] and the authors [4]. Of course, our results extend
the non-variable case studied in [17].

§2. Weakly monotone Sobolev functions

Throughout this paper, let C denote various constants independent
of the variables in question.

We use the notation B(z,r) to denote the open ball centered at z of
radius r. If u is a weakly monotone Sobolev function on D and ¢ > n—1,
then

(1) lu(z) - u(z)|" < Crin /A RO
y,2r
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for almost every z,z’ € B(y, ), whenever B(y,2r) C D (see [12, Theo-
rem 1]) and A(y,2r) = B(y,2r) \ B(y,r). If we define u*(z) by

u*(z) = limsup u(y)dy,

r—0 |B(1"’ T)l B(z,r)
then we see that u* satisfies (1) for all 2,2’ € B(y,r). Note here that
u* is a quasicontinuous representative of u and it is locally bounded on
D. Hereafter, we identify u with u*.

EXAMPLE 2.1. Let 1 < g < ooand A: R"xR"™ — R" be a mapping
satisfying the following assumptions for some measurable function « and
constant 3 such that 0 < a(z) < 8 < oo for a.e. x € R™

(i) the mapping = — A(z,§) is measurable for all £ € R™,
(ii) the mapping £ — A(z, &) is continuous for a.e. z € R",

(iii) A(z, ) - € > a(x)|€|? for all ¢ € R™ and a.e. € R™,

(iv) |A(z,&)| < Bl€]971 for all £ € R™ and a.e. x € R™.
Then a weak solution of the equation

(2) —divA(z, Vu(z)) =0

in an open set D is weakly monotone (see [9, Lemma 2.7]). In the special
case a(r) > a > 0, according to the well-known book by Heinonen-
Kilpeldinen-Martio [8], a weak solution of (2) is monotone in the sense
of Lebesgue.

§3. Continuity of weakly monotone functions

For an open set G in R", define the LP()(G) norm by

)
f) [P dygl}

B

and denote by LP(')(G) the space of all measurable functions f on G
with || f]lp) < co. We denote by W1P()(G) the space of all functions
u € LP1)(G) whose first (weak) derivatives belong to LP()(G). We define
the conjugate exponent function p’(-) to satisfy 1/p(x) + 1/p'(z) = 1.

Let B(z, ) be the open ball centered at x and radius r > 0, and let
B = B(0,1). Consider a positive continuous function p(-) on [0, 1] such
that infrcpo,1;p(r) > 1 and

o {o- Sl

1oy = 1. = in {)\ so: [
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fora>0and b > 0.

Our aim in this section is to prove that if @ < 1, then functions in
Wr()(B) are continuous at the origin, in spite of the fact that p_(B) =
inf,c g p(z) < n. For this purpose, we prepare the following result.

LemMMmA 3.1. Let p(z) = p(jz|) for x € B. Let u be a weakly
monotone Sobolev function in W1P()(B). If a < 1, then

[u(z) — u(0)|* < C(log(1/r))*" /B o |Vu(y)|PYdy,

and if a = 1, then

[u(z) — u(0)|" < C(log(log(1/7)))~* ‘/B(0 o [Vu(y)[P®dy

whenever |x| < 7 < 1/4, where R = /7 when a < 1 and R = e~ V1°8(1/7)
when a = 1.

PROOF. Let u be a weakly monotone Sobolev function in W1-P()( B).
Set p1(r) = p(r)/q, where n — 1 < ¢ < n. Then, as in (1), we apply
Sobolev’s theorem on the sphere S(0,7) to establish

[u(z) — u(0)[7 < Cra—(n=D /S o, [TuOS Q)

for |z| < r. By Holder’s inequality we have

1/p ()
Cre-tn=1) ( / s (y)>
S(0,7)

1/p1(r)
x ( / |w<y>|qm<r>d5(y>>
S(0.r)

1/p1(r)
Cipa—(n=1)/p1(r) / [Vu(y)[PdS(y) v
S(0,r)

lu(z) —u(0)|®

IN

IN

which yields

Ju(z) — u(0)P) < C?"(log(l/r))“/ |Vu(y)P¥dS (y)
S(0,7)
for |z} < r. Since v is bounded on B(0,1/2), we see that

lu(z) - w(0)|" < Cr(log(L/r))* /S o [THPS ).
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Hence, by dividing both sides by r(log(1/r))* and integrating them on
the interval (r, R), we obtain

ju(a) ~ u(O)]" < Cllog(1/r)** [

|Vu(y)|P¥dy when a < 1
B(O,R)

and

[u(@) ~ u(O)" < Clogllog(1/r)~" | o THOPV Y whena =1

whenever |z] <r < 1/4. O
Lemma 3.1 yields the following result.

THEOREM 3.2. Let u be a weakly monotone Sobolev function in
WL1P()(B). Ifa < 1, then u is continuous at the origin and it satisfies

}cigtl)(log(l/lxl))(l'“)/"IU(x) — u(0)] = 0;
ifa=1, then
;{I})(log(log(l/lwl)))”"|U(fv) —u(0)] =0.

REMARK 3.3. Counsider the function
Tn

u(r) = —

|z|

for ¢ = (x1, ..., 25 ). If we define u(0) = 0, then u is a weakly monotone
quasicontinuous representative in R™. Note that u is not continuous at
0 and if @ > 1, then

/ |Vu(z)|P®dx < oo;
B

if @ <1, then
/ |Vu(z)[P®dz = cc.
B

This shows that continuity result in Theorem 3.2 is good as to the size
of a.

REMARK 3.4. Let ¢ be a nonnegative continuous function on the
interval [0, rg] such that

(i) ¥(0)=0;
(i) ¢'(t) >0for 0 <t <y ;
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(i) ¢"(t) <0for0<t <y .
Then note that

3) w(s+1t) < p(s)+ (1)
for s,t > 0 and s +t < rg. Consider
log(log(1/r 1
(s  losllog(1/7)

log(1/r) " log(1/r)

for 0 < r < 7g; set p(r) = @(ro) for r > ro. Then we can find 79 > 0
such that ¢ satisfies (i) - (iii) on [0, rg], and hence (3) holds for all s > 0
and t > 0. Hence if we set

B alog(e + log(1/r)) b
PO =0 " logle/r) T loale/r)

then we can find ¢ > 0 and r9 > 0 such that

|a| log(log(1/]s — t)) ¢
log(1/]s —t)) log(1/ls —t)

Ip(s) —p(B)| <
whenever |s — t| < ro.

§4. 0-Holder continuity of continuous Sobolev functions

Consider a positive continuous function p(-) on the unit ball B such
that p_(B) = infzep p(x) > 1 and

alog(e +log(1/p(x))) H < b
log(e/p()) ~ log(e/p(z))

for all z € B, where 1 < pg < 00 and p(z) = 1 —|z| denotes the distance
of z from the boundary dB. Then note that

’P(ﬂﬁ) - {po +

/ o p(x) — po
P@ =P = oG - D -1
) —po . (p(e) - po)?

(po—1)?%  (p(z) — 1)(po — 1)’

where pg = pg/(po — 1). Hence we have the following result.

LEMMA 4.1. There exist positive constants ryg and C such that

IP'(z) — {pb — w(p()} < C/log(1/p(=))



Weakly monotone Sobolev functions of variable exponent 133

for z € B, where w(t) = (a/(po — 1)?)log(log(1/t))/log(1/t) for 0 < r <
ro < 1/e; set w(t) = w(re) for r > 9.

We see from Sobolev’s theorem that all functions u € W1*()(B) are
continuous in B when p(z) > n in B. In what follows we discuss the
0-Holder continuity of u. Before doing so, we need the following result.

LEMMA 4.2. Let pg = n and let u be a continuous Sobolev function
in WhP()(B) such that |||Vul||p.) < 1. Ifa > n — 1, then

[ eyl nivut) < cllog(1/m) 4,
BnB(z,r)

where A =(a —n+1)/n.

PrOOF. Let f(y) = |Vu(y)| for y € B and f = 0 outside B. For
0 < p <1, we have

/ o~y F(y)dy
B(x,r)

p {/ (Jz — o'~/ Vdy + / f(y)”(y)dy}
B(z.,r)NB B(z,r)

u {M—n/m-l) / Iz — y|=mP @) gy 1 1} '
B(z,r)NB

Applying polar coordinates, we have

/ |z — y|(1*n)p'(y)dy
B(xz,r)NB

C |p(CL‘) _ tl(l—n)(n’—wg(t))+n—1dt
{tlt-p(z)|<r} |

- ¢ Ip(z) — e" D01

{t:lt—p(z)|<r}

where wy(t) = w(t) — C/log(1/t). If v < p(x)/2 and |p(x) — t| < p(z)/2,
then

IN

IA

IN

wo(t) 2 w(r) — C/log(1/r),
so that

/ lo(z) — | "D ®=1dt < C(log(1/r)) ~*/ (71,
{t:]t—p(2)|<r}
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If r > p(z)/2, then |t| < 3|p(z) — t| when |p(z) — t| > p(z)/2. Hence, in
this case, we obtain

/ lpa) — g Dn(0-1 gy
{t:lt—p(z)|<r}

< p(CL‘) _tl(n—l)wo(t)—ldt

/{t:|t—p(m)<p(w)/2}

+ c/ || (n= Dol =1 gy
{t:]t|<3r}

< Clog(1/r)t=e/r=1),

so that
[l ul0mm 0y < Clogu/my /0,

B(z,r)NB

Consequently it follows that

/ o — " f(y)dy < (O™ ™=V (log(1/r)) /"D 4 1).
B(z,r)

Now, letting =™/ (=D (log(1/r))!=¢/ (=1 = 1, we establish

[ e vy < Cllog(a/m) 00,

as required. |

Now we are ready to show the 0-Holder continuity of Sobolev func-
tions in W1P()(B) .

THEOREM 4.3. Let pg = n and u be a continuous Sobolev function
in WPO)(B) such that |||Vul||p() < 1. Ifa > n — 1, then

|u(z) — u(y)| < C(log(1/[z —yl))™*
whenever x, y € B and |z — y| < 1/2.

PROOF. Let z, y € B and r = |z — y| < p(z). Then we see from
Lemma 4.2 that

|u(z) — u(y)| < C/B( : |z — 2" Vu(2)|dz < C(log(1/r)) .
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Ifr =|z—y| < 1/2, p(z) < rand p(y) < r, then we take z, = (1—7)z/|z|
and y, = (1 — r)y/|y| to establish

Juz) —u@)] < fuz) - ulz)]| + [ulz) — )] + u() — uy)]
< CO(log(1/r)~4,

which proves the assertion. O

REMARK 4.4. Let p(-) be as above, and consider the function

u(z) = [log(e + log(1/|z — &)))]°,

where £ € 0B and 0 < 6§ < (n — 1)/n. We see readily that u(§) = oo
and it is monotone in B. Further, if a < n - 1, then

/ |Vu(z)|P®dz < oo,
B.
so that Theorem 4.3 does not hold for a <n - 1.

§5. Tangential boundary limits of weakly monotone Sobolev
functions

Let G be a bounded open set in R™. Consider a positive continuous
function p(-) on R" satisfying
(p1) p-(G) = infe p(z) >(1 and/ |10+(G) = supg p(r) < o0;
alog(log(1l/|x — y b
(2) [p(z) ~ ply)| < (ke — s}

log(1/]z — yl) log(1/z —y])
whenever |z — y| < 1/e, where a > 0 and b > 0.

For E C G, we define the relative p(-)-capacity by
Cy(B:G) =inf | f(y)" P
G

where the infimum is taken over all nonnegative functions f € LP()(G)
such that

/ |z —y* "f(y)dy >1  for every z € E.
G

From now on we collect fundamental properties for our capacity (see
Meyers [15], Adams-Hedberg [1] and the authors [6]).
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LEMMA 5.1. For E C G, Cp()(E;G) = 0 if and only if there exists
a nonnegative function f € LP*)(G) such that

/ |z —y|* " f(y)dy =00  for every x € E.
G

For 0 < r < 1/2, set

=P (log(1/r))*  if p(z) < n,
h(r;z) = log(1/r))e~(™1  ifp(z) =nanda <n -1,
’ (log(log(1/r)))~* ifp(z)=nanda=n—1,
1 ifp(z) >norp(x)=n,a>n—-1

LEMMA 5.2. Suppose p(zo) <n and a < n—1. If B(zo,r) C G and
0 <r<1/2, then

Cp()(B(xo,7); G) < Ch(r; x0).

LEMMA 5.3. If f is a nonnegative measurable function on G with
||pr(.) < 00, then

lim h(r;z)~? / fW)PPdy =0
r—0+ B(z,r)

holds for all x except in a set E C G with Cp()(E;G) = 0.
Let p(-) be as in Section 4; that is, we assume that p(z) > n and

alog(e +log(1/p(x))) }l < b
log(e/p(x)) ~ log(e/p())

for x € B, where a > 0 and b > 0. Then p;(z) < p(z) < p2(x) for z € B,
where

(4)

p(z) — {n +

o = alog(e +log(1/p(x))) b
n) = n log(e/p(@)) Tog(e/p(2))’
pa(z) = n alog(e + log(1/p(z))) b

log(e/p(z)) og(e/p(@))

For simplicity, set
p(z) = p1(z) = p2(z) =n
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outside B. Then we can find &’ > b such that for i = 1,2

R alog(e +log(1/|z — y|)) b
S Ay ey Tog(e/lz — o)
alog(log(1/|z — y])) %
log(1/|z — y|) log(1/|z — yl)

whenever |x — y| is small enough, say |z — y| < rg < 1/e.
Since G has finite measure, we find a constant K > 0 such that

(5) Cp(.)(E; G) < KCp,(y(E;G)
whenever E C G. Hence, in view of Lemma 5.2, we obtain
(6) Cp(y(B(zo,7);2B) < Ch(r;20)

for x¢ € 0B, where 2B = B(0, 2).

COROLLARY 5.4. If f is a nonnegative measurable function on 2B
with || f||p..) < oo, then

lim h(r; x)’l/ f(y)PWdy =0
B(z,r)

r—0+

holds for all z € OB except in a set E C OB with Cp(.)(E;2B) = 0.

If u is a weakly monotone function in W1 () (B), then, since p(z) >
n for £ € B by our assumption, we see that u is continuous in B and
hence monotone in B in the sense of Lebesgue. We now show the exis-
tence of tangential boundary limits of monotone Sobolev functions v in
B whena<n-1.

For £ € 0B,y > 1and ¢ > 0, set

T,(6¢) = {z € B: |z — & < cp(a)}.

THEOREM 5.5. Let p(-) be a positive continuous function on 2B
such that p(z) > n for x € 2B and

alog(e + log(1/p())) }' < b
log(e/p(x)) ~ log(e/p(z))
for x € B, where a > 0 and b > 0. If u is a monotone function in

W1P(O)(B) (in the sense of Lebesgue), then there exists a set E C OB
such that

(i) Cp()(E;2B) =0;

p(z) — {n +
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(ii) if ¢ € OB\ E, then u(x) has a finite limit as x — £ along the
sets T (&, c).

If a > n — 1, then the above function u has a continuous extension
on B = B UGB in view of Theorem 4.3, and hence the exceptional set
FE can be taken as the empty set.

To prove Theorem 5.5, we may assume that

__ alog(e+log(e/p(z))) b
PO = T o) Tosle/o@)

for z € B.
We need the following two results. The first one follows from in-
equality (1) (see e.g. [9] and [5]).

LEMMA 5.6. Let u be a monotone Sobolev function in W'*()(B).
If¢ € 0B,z € Bandn —1< g <n, then

) ~ (@) < Clogr/p@)™ [ VU@

where & = (1 —r){, r = |{ — z| and E(z) = U,7zB(y,p(y)/2) with
T ={tr+(1-t):0<t <1}

LEMMA 5.7. Let u be a monotone Sobolev function in W'?()(B).
Let £ € OB and a > 0. Suppose

(log(1/r))"~1-2 / Vu(y)P®dy < 1.
BNB(&,2r)

IfzeT,(&¢c),Z=(1~r) andr = |{ — x|, then

lu(z) — u(Z)|™ < Clog(1/r))" 12 /BQB@ . )|Vu(y)|”<y)dy.

ProOF. First note that

ply) = Clp(z) + |z —yl)  forye E(x).
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Take g such that n — 1 < ¢ < n; when a > 0, assume further that
a > (n—q)/q. Set p1(x) = p(x)/q. Then we have for u > 0

/ Vu(y)|p(y) " dy

i [ ) Oy + [ lw<y>|qm<y>dy}
E(z) E(z)

= p {/ (o)™ /w1 W dy + F} :

IN

where F = fE(m) |Vu(y)[P®dy. Note from Lemma 4.1 that
IPi(y) —{n/(n—q) —w(p(y)}| < C/log(1/p(y))
for y € E(z), where w(t) = (ag?/(n — q)?) log(log(1/t))/log(1/t). Hence
n/(n—q) —wi(p(y)) < pPi(y) < n/(n—q) —w2(p(y)),
where wi (t) = w(t)+C/ log(1/t) and wa(t) = w(t)—-C/log(1/t). Suppose
(log(1/r))~ttea/(n-dp > 1,

Since pi(y) < n/(n — ¢), we have for 0 < p < 1,

/ (p(y) @™ /P @ dy
B(2)

IA

c,r"ﬂ"—q)/ (p(@) + [z — y) T/ (=0 =2 (W) gy

< opm0) / 7 (pla) + 1" Qos(1/ o(x) + 1)~/ gy
< Cu’”/("”‘”(lzg(l/r))l_“q/("_q)
whenever z € T,,(§, ¢). Considering
p~ (=9 (log(l/r))l_“Q/("_q) =F,

we obtain

[ vuwiteway
E(x)

IN

—(n~q)/n
¢ {(og(1/r))~Hrea/m-a pl T R

c{ gl /a2 [

I

/n
(Vuy)Pdy} "
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Consequently it follows from Lemma 5.6 that

[u(z) — u(Z)|™ < Clog(1/r))* /B s )|Vu(y)|”(y)dy

whenever z € T, (&, ¢).
Next consider the case when (log(1/r))~1Ted/("=O F < 1. Set p* =

SuPBnB(g,zr)P(y) and and pIL = SUDPBNB(¢,2r) p1(y) = p*/q. For p > 1,
we apply the above considerations to obtain

[ e @y
E(z)

IN

Cu- 1) /E( )(p(x) |z — y]) @/ (n-0)=w2(6w) gy
x

Cp~ @) (log(1/r)) 29/ (n=a),

IA

If we take p satisfying ,u_(p;r)/(log(l/r))l‘a‘I/("‘q) = F, then we have
[ 1vuwieway
E(x)
—a)/a— 1/pf
< c{tog/mm-aiee [ (vuwrva}

Since (log(1/7))*(") is bounded above for small r > 0, Lemma 5.6 yields

[u(e) ~ u@P < Clog/myr [ [Tu)PVdy
BNB(¢,2r)
whenever z € T, (£, ¢), which proves the required assertion. O

PROOF OF THEOREM 5.5. Consider E = E; U Fs, where
By ={§ 0B [ |-yl Vul)ldy = o0)
and
E,={£€dB: limsup(log(l/r))"_l_a/ |Vu(y)|P®dy > 0}.
r—0+ B(¢,r)
We see from Lemma 5.1 and Corollary 5.4 that E' = Ey U E; is of Cp()-
capacity zero. If £ € F, then we can find a line L along which u has a

finite limit ¢. In view of inequality (1), we see that u has a radial limit ¢
at &, that is, u(rf) tends to £ as r — 1 — 0. Now we insist from Lemma
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5.7 that if £ € OB\ E, then u(x) tends to £ as z tends to £ along the
sets T, (&, ¢). O

REMARK 5.8. If a > n — 1, then we do not need the monotonicity
in Theorem 5.5, because of Theorem 4.3.

Finally we show the nontangential limit result for weakly monotone
Sobolev functions. Recall that a quasicontinuous representative is locally
bounded.

THEOREM 5.9. Let p(-) be a positive continuous function on B such
that

p(z) — {p0+ alog(e+log(1/p(x)))}‘ < ( b
og

log(e/p(z)) e/p(x))’

where —00 < a < 00, b > 0andn—1 < py < n. If uis a weakly
monotone function in W'P()(B) (in the sense of Manfredi), then there
exists a set £ C OB such that

(i) Cpy(E;2B) =0
(ii) if & € OB\ E, then u(x) has a finite limit as ¢ — & along the
sets Ty (&, ¢).

To prove this, we need the following lemma instead of Lemma 5.7,
which can be proved by use of (1) with ¢ = p_ = inf,¢p(z p(z)/2) P(2)-

LEMMA 5.10. Let p and u be as in Theorem 5.9. If y € B(x,r) with
r = p(z)/4, then

lu(z) — u(y)|P- < CrPo~"{log(1/r))~° (r" + /B |Vu(z)|p(z)dz) )

(z,2r)
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