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Dissipative delay endomorphisms
and asymptotic equivalence
Christian Pétzsche!
Abstract.

Using an invariant manifold theorem we demonstrate that the
dynamics of nonautonomous dissipative delayed difference equations
(with delay M) is asymptotically equivalent to the long-term behavior
of an N-dimensional first order difference equation (with N < M) —
assumed the nonlinearity is small Lipschitzian on the absorbing set. As
consequence we obtain a result of Kirchgraber that multi-step meth-
ods for the numerical solution of ordinary differential equations are
essentially one-step methods, and generalize it to varying step-sizes.

81. Motivation and introduction

Scalar real delay (or higher order) difference equations appear in a
variety of applications, ranging from biosciences (Mackey-Glass, Wazewska-
Crzyzewska and Lasota equation, etc.) to numerical analysis (multi-step
methods for the numerical solution of ordinary, or discretizations of de-
lay differential equations). Provided their delay is M (or equivalently,
their order is M + 1), they can be formulated as first order equations
in RM+! and become accessible to the theory of discrete dynamical sys-
tems. It is well-known that the possible complexity of their long-time
behavior depends on the dimension of the state space, i.e., the size of
M. Ideally, one wants to keep M as small as possible, but frequently
the delay is dictated from the given model.

In this article the geometry of delay difference equations is studied
using invariant manifold theory. The problems under consideration are
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assumed to be dissipative with contractive linear part and a locally Lips-
chitzian nonlinearity. Provided the Lipschitz constants on the absorbing
set are small, we can associate an asymptotically equivalent lower dimen-
sional equation to the original problem. Hence, we are able to reduce
the dimension of the state space for a delay difference equation without
loosing information on its long-time behavior.

Such a global reduction principle is well-known in the area of dis-
sipative evolutionary partial differential equations. Here the existence
of a so-called inertial manifold ensures that the corresponding infinite-
dimensional semiflow asymptotically behaves as the solutions of a finite-
dimensional ordinary differential equation (the inertial form; cf., e.g.,

[SY02, pp. 5691, Chapter 8]). In order to study the persistence of iner-
tial manifolds under (numerical) discretizations one needs flexible invari-
ant manifold theorems for mappings. Such results have been derived for
instance in [P6t07a, P6t07b] and can be simplified to Theorem C.1 of this
paper, allowing an application to delay difference equations. Attractive
invariant manifold theorems for mappings already date back to [Har64]
and were also considered by [KS78] with generalizations in [NS92]. Dif-
fering from center-unstable manifolds they provide a reduction principle
on the whole absorbing set and not only in a small neighborhood.

Our basic contribution is to discuss nonautonomous difference equa-
tions instead of discrete dynamical systems (mappings). Dissipativity is
understood in the sense of pullback convergence (cf., e.g., [Klo00]) and
invariant manifolds generalize to invariant fiber bundles.

After some necessary terminology is presented in Section 2, we pro-
vide a simple criterion for dissipativity in Section 3 and demonstrate
its applicability to nonautonomous versions of various well-studied de-
lay difference equations. The following Section 4 equips us with suffi-
cient conditions that delay difference equations (with delay M) feature
asymptotically the same dynamical behavior as first order difference
equations in RY with N < M. As an application we show in the final
Section 5 that strongly stable multi-step methods for the numerical in-
tegration of ordinary differential equations are conjugated to one-step
methods. In the autonomous constant step-size setting this is a re-
sult due to [Kir86] with generalizations to general linear methods by
[Sto93]. Our approach is intended to demonstrate how such results can
be lifted to schemes with varying step-sizes and nonautonomous ordinary
differential equations. Due to the lack of space, our analysis is some-
how crude neglecting convergence issues; for that we refer the interested
reader to the nice and comprehensive discussion in [Sto93]. Finally, for
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the reader’s convenience, the Appendix contains some notions impor-
tant for our nonautonomous perspective, namely nonautonomous sets,
exponential dichotomies and invariant fiber bundles.

Concerning terminology, Z := [k,00) N Z for integers k € Z.
We index real N-tupels z € RY according to z = (z_n41,---,%0)
and to provide largely explicit assumptions we use the norm ||z|| =
max)__ ., |z;| throughout. For the open ball in RY centered in 0 with
radius r > 0 we simply write B,. Given a matrix A € RV*M we denote
its transpose by ATA € RMXN  the ith row, jth column element by
A;; € R, and obtain the induced norm

0
0
Al = max S Al
j=—M+1

Moreover, im A denotes the range (image) and ker A the kernel (nullspace)
of A. The identity matrix on R¥ is Iy and Oy the zero matrix.

§2. Delay difference equations versus delay endomorphisms

This paper deals with scalar nonautonomous M + 1-th order differ-
ence equations

(2.1) [2(k+1) = f(k,2(k — M), ..., z(k — 1),2(k)),

where M € Z(J{ is interpreted as delay, f : Z x IM+1 — I is the right
hand side and I C R an interval. Given an initial time k € 7Z, a solution
of the delay difference equation is a sequence ¢ : Zi_ o — 1 satisfying
the identity (2.1) and initial value problems are well-posed, if beyond
¢(k) € I also supplementary values ¢(k — M),--- ,¢(k — 1) € I are
known. The unique solution ¢(;k,&_pr,...,&) : ZT_,, — I starting
at time x € Z with initial values z(k + j) = §; for —M < j < 0 is the
general solution of (2.1). It satisfies the cocycle property

o(k;l, ol — M; K,€),...,0(;k,€)) = p(k; &, £)
foral k>1—-M,l >k — M,

where we have abbreviated £ = (£_ys,...,&) € M+,
From the above it is clear that the natural state space for (2.1) is
M + 1-dimensional. In order to make this more precise, we introduce
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the mapping f : Z x IM+1 _ [M+1
T—M+1

f(kax—Ma"'axO) = : )
Zo

f(kax—M7"~)x—~lax0)

denoted as delay endomorphism associated with (2.1). Having this no-
tion at hand, the delay difference equation (2.1) is equivalent to the first
order difference equation

(2.2) a(k +1) = f(k, z(k))

in the higher dimensional set I**! C RM*" in the following sense: The
solutions ¢ : Z1 ,, — I of (2.1) and ¢ : ZF — IM*! of (2.2) are related
by the identities

(2.3)  ¢j(k) = do(k+j) forall —M <j<0, ¢ok)=do(k)

and the general solution ¢ of (2.2) can be interpreted as discrete (2-
parameter) semiflow of the delay difference equation (2.1).
In case the mapping f is linear, we can write (2.1) as

(2.4) z(k4+1) = Z i(k)z(k + j)

with sequences £_ps,...,¢ : Z — R, and borrowing terminology from
[HNW93, pp. 402ff] we denote the delay endomorphism associated with
the linear equation (2.4) as companion matriz

(2.5)
0 1
0 1
L(k) := for all k € Z.
0 1
C_pr(k) Copr(k) ... £_1(k) Lo(k)

The equivalence between (2.1) and (2.2) enables us to apply many re-
sults from the theory of nonautonomous dynamical systems to delay
difference equations (see Appendix A for some terminology needed in
the following). Here, due to the special algebraic structure of the delay
endomorphism f , certain assumptions can be simplified.
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For the purpose of studying the dynamical behavior of (2.1) we re-
strict to a class of delay difference equations, whose solutions eventually
enter a bounded set.

Definition 2.1. A delay difference equation (2.1) is said to be pull-
back dissipative, if I has a bounded subset A C I such that for all
bounded B C I there exists a N = N(B) € Z{ such that

olksk—n,6)€ A forallk€Z, n> N, £ € BMTL

One denotes A as absorbing set of (2.1).

Remark 2.2. (1) The existence of an absorbing set A C I has far reach-
ing consequences. For a continuous right hand side f : Z x IM+*1 — T
one can prove the existence of a global pullback attractor A for (2.1)
(cf. [Klo00, Theorem 3.6]). This is a uniquely determined nonautonomous
set A C Z x AM*! with the following properties:

(a) A(k) is compact,

(b) A(k) = ¢(k; &, A(k)) for all k < k (invariance), and

() limy, oo dist(P(k, k—n, £), A(k—n)) = Oforallk € Z, £ € TMH1

(attractivity).

Dynamically the pullback attractor A consists of all pairs (x,&_ar, - - -, &0)
€ A such that there exists a bounded solution ¢ : Z — I of (2.1) with
¢k~ M) =E€_p,...,0(k) = &. In particular, A contains stationary,
periodic, homoclinic and heteroclinic solutions of (2.1).

(2) For bounded intervals I the delay difference equation (2.1) is
trivially pullback dissipative with absorbing set I. ‘

83. Dissipative delay difference equations
For the specific scalar delay difference equation

31) |2k +1) = xak) + gk, 2k = M), ..., z(k — 1), 2(k)), |

we can deduce dissipativity criteria under the assumption A € (0,1) and
g :7Zx IM*l . They are based on a simple lemma guaranteeing
forward boundedness of solutions.

Lemma 3.1. For each k € Z the following holds:

(a) If there exists a K > 0 such that g(k,z_p,...,20) < KT for
allk €ZY and x_py,...,x6 € I, then the general solution ¢ of
(3.1) satisfies

+

K
o(k; Ky E_pgy .., &) < Nergg+ forallk e ZT, € ppy.. . &0 € L

1-X
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(b) If —=I C I and there exists a K~ > 0 such that —K~ <
gk, x_pr,...,30) for all k € Z} and x_p,...,x0 € I, then
the general solution ¢ of (3.1) satisfies

K- .
—)\k—ﬁﬁo - 1__—)\ < QO(k',K/, g—Ma" . 550)
forallk € ZF, &, ..., 6 € 1.

Proof. Let k € Z and abbreviate the tupel £ = (§_u,...,&) €
IM'H.

(a) Define 1(k) := A\*"*p(k, k,£). Then one has
Y@+ =@ = ATl + Lk €) = Me(i k. €))

3.1 =1 (s '
(=) Pk lg(j,w(];ﬁ,,é'),...,go(j"MQK/vé-))
< Kyt

for all j € Z] and summation yields

o

-1

(Y +1) — (@)

(k) — ¥(x)

<.
]
k3

kel e _ ik
= ;0 A= (2T

for all k € Z;}}. The definition of ¢ implies our claimed estimate.
(b) If ©(-; K, £) is the general solution of (3.1), then —p(-; k, —£€) is
the general solution of the transformed delay difference equation

z(k + 1) = dx(k) — g(k, —z(k), —z(k = 1),...,—z(k — M)).

Utilizing this observation we obtain from (a) that —p(k; &, —&) < —\F=*
o+ £ for all k € Z} and this establishes the estimate in (b). Q.E.D.

Proposition 3.2 (pullback dissipativity). (a) IfIC0,00)
and if there exists a K™ > 0 such that 0 < g(k,z_pr,...,%0) <
K* forallk € Z and z_p1,...,20 € I, then (3.1) is pullback
dissipative with an absorbing set A = [0, RT], where Rt > %
(b) If —I C I and if there exist K* > 0 such that —K~
gk, z_pry. .o, m0) < KT for allk € Z and x_p1,...,70 €
then (3.1) is pullback dissipative with an absorbing set A

[R™, RT], where RT > % and R~ < £,

I IIA
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Remark 3.3. (1) In both cases the delay difference equation (3.1)
possesses a global pullback attractor, provided g : Z x IM*! — [ is
continuous (cf. Remark 2.2).

(2) A further dissipativity criterion for (3.1) can be obtained by an
application of [CMO04, Theorem 5.2] to the associated delay endomor-
phism. In addition, this enables us to weaken the boundedness assump-
tion on g.

Proof. Let B C I be bounded, i.e., B C [b_,b4] with reals b_ <
0 < by, and choose the initial state & = (£_ay, ..., &) € BM*L,
(a) The above Lemma 3.1(a) implies
K+ K+

< \" =
I—A“Ab++1—/\

and due to A € (0,1) there exists a N = N(B) € Zg such that \"b, €
[ £5] for n = N, thus g(kik —n, B) C [0, R*] for all k € Z,
n> N.

(b) This can be shown analogously to (a) using Lemma 3.1(a) and
(b). Q.E.D.

Now we present some dissipative delay difference equations. The
Mackey-Glass equation models dynamics of haematopoiesis, i.e., white
blood cell production in the human body (cf. [MG77]).

0 < p(k;k—n,&) <A™ +

Example 3.4 (Mackey-Glass equation). Let I = [0, 00) and (G )kez
be a bounded sequence in I. The discrete nonautonomous Mackey-Glass
equation is given by

z(k+1) = x(k) + m—(l—gf_—]—w—)—p,

where g : Z x I — R, g(k,y) = T%ﬁ and the parameter p > 0. From
Proposition 3.2(a) we obtain that [0, R] is an absorbing set for R >
T%X supgez Bk- A further delay difference equation suggested by Mackey

and Glass reads as

_ Pra(k — M)
z(k+1) = Ax(k) + T+ 2(k = M)’
where g : Z x I — R, g(k,y) := 1—%%, and parameters p > 1. Since
the function y + %5 has the maximal value -0 — -Y/P for y =

(p — 1)~/ we derive from Proposition 3.2(a) that the interval [0, R] is
an absorbing set for R > m(p — 1)V sup, .z Br.
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Another important model fitting into our approach is the discrete
Wazewska- Czyzewska and Lasota equation describing the erythropoietic
(red blood-cell) system (cf. [LWCT76]), i.e., the survival of red blood-cells
in an animal.

Example 3.5 (Wazewska-Lasota equation). Let I = [0,00) and
(Bk)kez, (7k)kez be two sequences in I, where (8 )rez is assumed to be
bounded. We investigate the equation

z(k +1) = Ax(k) + BreVeek=M),

where g : Z x I — R, g(k,y) := Bre 7. From Proposition 3.2(a) we
deduce that [0, R] is an absorbing set, if one has R > X5 supycy k-

Our final example will be a delay difference equation defined on the
reals. It is a discrete model for the behavior of a single, self-excitatory
neuron with graded delayed response (cf. [Her94]).

Example 3.6. Let I = R and (8x)kez, (7k)kez be real sequences
with bounded (B)xez. Consider the discrete delay difference equation

x(k + 1) = Ax(k) + Bx tanh(ypz(k — M)),

where g : Z x R — R, g(k,y) := B¢ tanh(yry). Using Proposition 3.2(b)
we see that the compact interval [—R, R] is an absorbing set, if R >

’1{7 SUPgkez |5k|-

Remark 3.7. For the autonomous version of the delay difference equa-
tions introduced in Example 3.4-3.6 one can use a criterion of [Iva94,
Invariance property] to show that the respective minimal absorbing in-
tervals are invariant.

84. Asymptotic equivalence for delay difference equations

In this section we consider delay difference equations

0
(4.1)  Jz(k+1) = ‘Z 0 (k)z(k + ) + g(k,2(k — M),..., z(k))

with £_37,...,4 : Z — R and a function ¢ : Z x RM+1 — R. The
linear part (2.4) is said to have an ezponential dichotomy, if the asso-
ciated companion matrix L (see (2.5)) satisfies the conditions given in
Definition B.1. In particular for an autonomous linear part (2.4), an
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exponential dichotomy is determined by the roots of the characteristic
polynomial

0
zM+1 _ Z esz-i-j =0
=M

(cf. Appendix B), which are the eigenvalues of the constant companion
matrix L.

Now we are in a position to state our main result. Its assump-
tions guarantee the existence of an exponentially attractive positively
invariant submanifold of the state space for (4.1), which dominates the
dynamical behavior. At first glance Theorem 4.1 seems technical, but
an interpretation will be given below before we prove it.

Theorem 4.1 (asymptotic equivalence). Assume the following holds
for (4.1):

(i) The linear delay difference equation (2.4) admits an exponential
dichotomy with growth rates 0 < A < A < 1, constants K* > 1
and projectors Py with Ny = dimim Py (k).

(ii) One has supyey |9(k,0,...,0)] < oo and with functions I* :
[0,00) — [0,00) the following local Lipschitz conditions hold
forallk e Z, r > 0:

(4.2)

whie |Pa(k + 1);0ll9(k, 2) = gk, 2)| < 15(r) |z = 3]|  for all 2,2 € B.
s

(iii) The nonlinear delay equation (4.1) is pullback absorbing with
absorbing set A C R.
Choose p > 0 so large that AM*+1 C B, and suppose the following spec-
tral gap condition:

(43) KU (p)+K*H(p) + max {K 1 (p), K+ (o)} < 222,

4
(4.4) AK ™1 (p) < .

Then there exists a Lyapunov transformation T : 7 — RMTD)X(M+1) -4
nonempty open nonautonomous set O C P_ and a continuous function
w: O — RMHL with w(k, z) € Py(k), Lipyw < 1 such that the following
holds:
(a) For every solution ¢ : Zt_,, — I of the delay difference equa-
tion (4.1) there exists a constant C > 0 and a further solution
¢* : ZF. 4 — I of (4.1) satisfying

(4.5) lg(k) = " ()| < CY*=* for all k € ZL.,
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where v € (A1), & < &* and (¢*(5* — M),...,¢*(s*))T =
N+ w(k,n) with n € O(k*).
(b) The solution ¢* allows the representatzon

9™ (k — M)
: = T(k) " p(k; £, T(x*)n)+w(k, T (k) " (ks 6%, T (5")n))
¢* (k)
for all k > x*, where v is the general solution of the reduced
equation
y-m(k+1)
y-~n_(k+1)
(4.6) v (k1)
yo(k +1)
0
0

= T(k+ 1)L(k) v (B) + Gk, y1-n_(k), - - ., yo(k))

yo&k)

and using S(k) := T(k)~! we have defined the nonlinearity
G(k, Y1=N_,5--+ yU)
0 0 0
0 0 0
=gk, Sk k,S(k
g (k) Y1-N_ +w (k) Y1-N_ S_(k+1)i-n_p
Yo Yo S—(k+1)o,

In order to provide an interpretation of Theorem 4.1 we remark
that the canonical state space for the reduced equation (4.7) is RM-,
since its solutions are uniquely determined by N_ initial values. The
relation (4.5) guarantees that every solution ¢ of (4.1) is asymptotically
equivalent to another solution ¢* of (4.1), which is uniquely driven by
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the first order difference equation (4.7). Consequently, the long-term
behavior of the delay difference equation (4.1) with state space RM*1 is
ultimately determined by the N_-dimensional problem (4.7).

Remark 4.2. While it is a problem of linear algebra to construct the
Lyapunov transformation T : Z — R(M+Dx(M+1) from the dichotomy
data for L (see [P6t98, p. 166, Lemma A.6.1]), it is practically impossible
to derive an explicit expression for the mapping w, which satisfies the
invariance equation (cf. (C.5)) for k € Z, n = (N—m,...,M0) € P_(k)
given by

0
w(”+1an—M+17---77707 Z fj(’i)nj+g(’{'7/’7+w(’ian)))
j=—M

=w(K,n)i+1 forall — M <i<0,

2

0
w(+ Loseenscoom, 3 (6 + v+ )
j=—M 0

= > Li(r)w(s,n); +glsn+ws,n) > Pulk+1)j0.
j=—M j=—M

Nonetheless, under differentiability assumptions on the nonlinearity g
one can use this functional equation to compute Taylor approximations
to w. It is worth to point out that is a dynamical and not an algebraic
problem (see [PRO5b, PRO5b]). Such approximations seem of little use
in the present more global setting. Therefore, Theorem 4.1 is a primarily
theoretical result.

Proof of Theorem 4.1. We successively establish both assertions.

(a) Our main technical tool in the proof will be Theorem C.1.
Thereto, in this first step we are going to show that the delay endomor-
phism associated with (4.1) satisfies its assumptions. We consider the
first order difference equation (C.1), where L(k) is the companion matrix
of (2.4) and nonlinearity F'(k,z) := (0,...,0,9(k,x_n,...,70))T.

e ad (H)i: This is just the present assumption (i). Note that we
have A < 1.

e ad (H)a: Obviously, (C.2) is satisfied and, thanks to the partic-
ular algebraic structure of the mapping F', the local Lipschitz
estimate (C.3) reduces to (4.2).

o ad (H)s: From (iii) it is easy to see that the nonautonomous
set Z x AM*! is uniformly pullback absorbing w.r.t. (C.1).
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Consequently, Theorem C.1 guarantees the existence of an attractive
nonautonomous set W C Z x RM+1 being graph of a function w with
properties stated in Theorem C.1(a). Let ¢ : Z}_,, — I be a solution of

(4.1) and ¢ be the associated solution of (C.1) by virtue of the identities
(2.3). Referring to Theorem C.1(b) there exist x* € ZT, n* € P_(x*)
such that (C.6) holds with £&* = n*+w(x*,n*). Then the last component
¢* = @(-; K%, %) is a solution of (4.1) and the asymptotic equivalence
(4.5) holds true. Thus, we have shown assertion (a).

(b) Reflecting our above construction, the solution ¢* allows the
representation (cf. (2.3))

(¢*(k—M),...,¢" (k)" = @(k; %, 0" )+w(k, 3(k; *,n*)) for all k > &*,

where ¢ is the general solution of the reduced equation (C.7) in the
pseudo-unstable bundle P_. Referring to, for instance [P6t98, p. 33,
Satz 1.5.7], we know from the exponential dichotomy assumption (i)
that the companion matrix (2.5) is kinematically similar to a block-
diagonal matrix. In particular, there exists a bounded sequence T :
Z — RMAD)X(M+1) of invertible matrices, such that also the sequence
of inverses T'(-)~! : Z — RM+1D)X(M+1) is hounded, and one has

T(k)P_(k)T(k)_1§(0N+ IN_) on 7.

Thus, the transformation y = T'(k)x brings (C.7) into the form (4.7)
and the general solution v of this N_-dimensional equation satisfies
Y(k; *, T(k)n*) = T(k)@(k; *,n*) for all k > x*. Q.E.D.

As further illustration of Theorem 4.1 we discuss a class of examples
sufficiently large to include the Examples 3.4-3.6. On the other hand, it
is simple enough to illuminate our lengthy, but quantitative assumptions,
in particular on the exponential dichotomy.

Example 4.3. Let A € (0,1) and go : Z x R — R be a function
such that the following holds:

® go is bounded, i.e., |go(k,z)]| < K for all k € Z, z.€ R,
e the partial derivative Dygg exists and with some R > % one
has
[ :=sup sup |Dago(k,z)| < co.
kEZ |z|<R
These assumptions and Proposition 3.2(b) guarantee that the single de-
lay difference equation

(4.7) z(k +1) = Az(k) + go(k, z(k — M))
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is pullback dissipative with absorbing set [—R, R]. The associated con-
stant companion matrix!

0 1

I = e RIM+1)x(M+1)
1
A

has the spectrum o (L) = {0, A}, which implies that L possesses a (A, \)-
decomposition for any real A € (0, \). Moreover, L admits an exponen-
tial dichotomy with growth rates A, \, constants K+ = 2(1+ A~ M)A~-M
and constant projectors

10 . =AM 00 . AT™M
1 0 ... =AM+ 0 0 ... o ATMH

Py = T : , Po= . . :
1 —\1 0 AL

0 1

with dimim P_ = 1. Having this information available, it is not difficult
to verify that our spectral gap conditions (4.3) and (4.4) reduce to

A8A+XMYAN) ™M < A=A, 8L+ XMAN) M < ),

respectively. Provided these conditions hold, Theorem 4.1 ensures that
the dynamical behavior of the delay difference equation (4.7) is asymp-
totically equivalent to a scalar first order difference equation (note dim
im P_ = 1). However, this example clearly demonstrates that the as-
sumptions (4.3)—(4.4) are rather restrictive and indicates that large de-
lays require very weak nonlinearities, i.e., small local Lipschitz constants
for gg.

§85. Strongly stable multi-step methods

Our second application of Theorem C.1 comes from the numerical in-
tegration of ordinary differential equations (see, for instance, [HNW93]).
Thanks to a theoretically interesting result of Kirchgraber (cf. [Kir86],

!Note that this particular splitting of (4.7) into linear part and nonlinearity
is quite arbitrary and not required from Theorem 4.1. Another choice would
be writing (4.7) as z(k + 1) = Aoz (k) + g(k,z(k — M), z(k)) with nonlinearity
gk, z_p, o) = (A — Xo)xo + go(k, z_pr), where A\g € (0,1). Then we obtain a
different gap condition.
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see also [Sto93]) we know that strongly stable multi-step methods are
asymptotically equivalent to one-step methods, hence essentially one-
step methods. Here we will indicate how to generalize this to multi-step
methods with varying step-sizes.

To keep our presentation accessible and simple we restrict to scalar,
yet nonautonomous ordinary differential equations

(5.1) &= f(t,z),

equipped with an initial condition z(7) = & with 7,£ € R. For further
simplicity let us suppose f: R x R — R is continuous with

Lip, f < oo, sup |£(£,0)] < oo
teR

then the general solution x(;7,£) : R S R of (5.1) is well-defined (cf.
e.g., [Har64]).

In order to discretize the problem (5.1) we prescribe a discrete set
of time steps {tk}keZ satisfying tg = 7, tr < tgy1 for all & € Z and
define the ratios wy = E:J“Tlt;_t—’; Note that for constant step-sizes one
has the identity wx = 1 on Z. Following [HNW93, p. 396, Section IT1.5],
a linear variable step-size multi-step method to solve (5.1) is a difference

equation

k+l) Z OAM+J Wiy - - ,wk_M):c(k+j)

(5.2) + (tkr1 — tr) Z Bra+j (W, - - -y wi—nr) f (trrs 2(k + ),
j=—M

which obviously fits in the framework of our delay difference equation
(4.1) with

Li(k) = — apmtj(wk, ... ,we—pn) forall —M <j<O0,keZ,
0

gk, xnry .., m0) = (ter1 — tr) Z Bty (Wes - -y Wr—nr) f (bt T5)-
j=—M

Then the values p(k;0,&_,-,&-1,&) obtained from (5.2) approximate
the solution x(-;7,&) of the ordinary differential equation (5.1) at times
t=1tk.

For explicit examples of variable step-size multi-step methods we
again refer to [HNW93, p. 396, Section I11.5] and remark that the fol-
lowing Hypothesis is typically satisfied.
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Hypothesis 5.1. Suppose the multi-step method (5.2) satisfies:
(0) There exists a H > 0 and a neighborhood Q C (0,00) of 1 such

that
0<tgy1—te < H, wr €Q for all k € Z,
() ao,...,on : QML 5 R are continuous and fo,...,Bm :

QM+1L R are bounded,
(i) the method (5.2) is of order p > 0, i.e.,

0

1+ Z aM+j(wk,...,wk_M)EO on 7Z,
j=—M

(iif)  for wr = 1 the method (5.2) is strongly stable, i.e., all roots
Z_M,---,20 €C of

0
M4 Z ani(1,...,1)2M =0
j=—M

lie inside the open unit disc By C C except the simple root
zy = 1.

Remark 5.2. Let Ly € RM+Dx(M+1) 1o the companion matrix of the
constant step-size formula (where wy = 1). By Hypothesis 5.1(iii) we
can transform L into block diagonal form

Z_M E—-M

T~ LT = (LO 1) , Lo= R € RM*M
e,
Z-1

with an invertible matrix 7' € RM+DX(M+1) “where |e;| < 1 — |2;| for
all -M <j<0and

(5.3) | Lo|| < 1.

This is an easy consequence of the Jordan canonical form (yielding a
transformation Ty and values €; € {0,1}) and an appropriate multipli-
cation of the columns of Tj (yielding that (5.3) holds).

The following perturbation result ensures that the linear part of
(5.2) admits an exponential dichotomy for weakly varying time steps.
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Lemma 5.2. Assume Hypothesis 5.1 holds and choose A € (HEO”, 1).
Then there exists a neighborhood Qg C Q of 1 such that wy € Qo for all
k € Z implies that (2.4) admits an exponential dichotomy with growth
rates A, 1, constants K* = |T||||T~|| and constant projectors

P, =T (IM 0) Tt P.=T (OM 1) 7!

with dimim P_ = 1, where T € RM+D*XM+Y) s the transformation
matrix from Remark 5.2.

Proof. Note that the last column of T, the eigenvector of Ly corre-
sponding to the eigenvalue 1, is given by eg = (1,...,1)T. In addition,
by Hypothesis 5.1(ii) this vector eg € RM*! is also an eigenvector of
each companion matrix L(k), k € Z. Therefore, T transforms every
L(k) into block diagonal form

T'L(E)T = (L(k) 1) for all k € Z,

RMXM

where the matrix sequence L:Z— satisfies

IZG < |[Lol| + [[E(k) = Lol| < [[Loll + |7~ [E(k) = Lol 7|

0
<N\ Lol| +ITINT7 D laswrs - -y whenr) — as(1,..., 1))
j=—M
for all k € Z.

Thus, by continuity of the functions a; : QM+ — R (cf. Hypothe-
sis 5.1(1)) and (5.3) we know that for each A € (||Lo|,1) there exists
a neighborhood Q¢ C Q of 1 such that Hi(k)” < A, provided wi, € Qg
holds for all k£ € Z. Now it is straight forward to verify that the sequence
L satisfies the dichotomy estimates (B.1). Q.E.D.

For the initialization of a multi-step method (5.2), one needs a starting
procedure S. This is a mapping S : Z x R — RM™*! providing starting
values £_pr,...,& € R for (5.2) according to

5(%,8) = (6~ -+ -, %0);

i.e., for each incomplete initial condition x(k)} = £ for (5.2) the starting
procedure S delivers a full set of initial values £_py, .. ., &. Typically the
value of a starting procedure will be the iterates of a one-step scheme to
integrate (5.1).
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Hypothesis 5.3. Suppose the starting procedure S : ZxR — RM+1
satisfies for all k € Z that P_S(k,-) : R — im P_ is a homeomorphism.

_Theorem 5.4. Assume that Hypotheses 5.1, 5.4 hold, choose A €
(HLQ”, 1) and that the discrete time steps are small and weakly varying
in the sense of

(5.4)
0 1—A

sup |8 (0o, ..., 06m)|Lipy fH < ————, wi €8
(00,...,9M)€Qéw+l ]——ZM 6K+K

with constants K* > 1 and the neighborhood Qo C Q of 1 from Lemma
5.8. Then there exists a continuous function w : Z X im P_ — im Pt
with Lip, w < 1 and graph

W= {(k,n+w(x,n) €ZXR"*': neimP_},

as well as a scalar nonautonomous difference equation

(5.5) z(k +1) = G(k, 2(k)) |

with continuous right hand side G : Z x R — R such that the following
holds for oll k € Z:

(a)  The multi-step method (5.2) (with starting procedure S) and the
scalar difference equation (5.5) are conjugated on W, i.e., their
general solutions p and V¥, respectively, satisfy

QO(k“M;K/,‘)OSK
Sko(k;k, ) = forallk € ZF
p(k; K, ) © Sk
with a homeomorphism Sk : R — W(k),

(b) there is a v € (A, 1) such that for all €_p,...,&0 € R there
ezist a constant C > 0 and an initial value n € R with

(p(k_M;Rag—Mv'“aé'O)
: — Spp(k; k)| < CY*"  for all k € ZF.
(P(k?, K’?&-—Mi e ’50)

Proof. 1In this proof we can use the global version of Theorem C.1
described in Remark C.2. Thereto, let L be the companion matrix
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associated with the multi-step method (5.2), define the mapping F' :
Z x RM+1 _, RM+1 1y

T

F(k,z) = [0,...,0,(tksr — ) Y Brrag(@hy- s wr-n)f (thrs, z5)
=M

and ¢ is the general solution of (C.1). The assumptions of Theorem C.1
(or Remark C.2.) hold:

e ad (H);: By Lemma 5.3 the companion matrix L admits an
exponential dichotomy with A,1 and dimim P_ = 1.

e ad (H)2: An easy estimate shows that (5.4) implies (C.2), while
the other assumptions are not necessary in the present global
setting.

Thus, there exists a function w with graph W as claimed above. Let
K € Z be given.

(a) With the starting procedure S from Hypothesis 5.4 we define
the mapping S, : R — W(k) by Sk(z) := P_S(x,z) + w(k, P_S(k,x)).
Thanks to Hypothesis 5.4 and Lip, w < 1 we know that S, is a home-
omorphism. Thus, let us define the right hand side G : Z x R — R of
(5.5) as G(k,z) := S} (L(K)Sk(z) + F(k, Sk(x))), which is obviously
continuous. Mathematical induction yields Sy o (k; ,-) = @(k; k, )0 Sk
for k € Z;} and using (2.3) we get assertion (a).

(b) Let &—pr,.--,&0 € R and set £ = (_p,-..,&0). Referring to
Theorem C.1(b) there exists a unique initial value £* € W(k) such that

1B (ks 5, €) — G(k; 5, €| < C*~ for all k € Z
(due to our global assumptions we have £* = k). Then (b) follows with
= S-1(g). QE.D.
§Appendix A. Nonautonomous dynamics

Let D C R be nonempty. We consider a first order nonautonomous
difference equation

(A1) [ 2(k+1) = f(k,2(k))]

with right hand side f : Z x D — D. A sequence ¢ : ZT — D, k € Z,
satisfying the identity ¢(k + 1) = f(k,#(k)) on ZF is called solution
of (A.1). We define the general solution ¢(-;k,£), &€ € D, of (A.1) as
unique solution satisfying the initial condition z(k) = &. VVe remark
that in general (k; k,-) does not exist for k < .
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A set A C Z x D is called nonautonomous set with k-fiber A(k) :=
{z € D: (k,z) € A} for k € Z. Such a set A is said to be positively
invariant w.r.t. (A.1), if f(k, A(k)) € A(k + 1) holds, and it is called
invariant, if one has equality f(k, A(k)) = A(k+1) for k < k. Moreover,
we denote (A.1) as difference equation in A, if A is positively invariant.

§Appendix B. Discrete dichotomies

We deal with matrix-valued sequences L : Z — RN*N with evolution

operator
B Iy fork=x
@(k,n).—{ L(k—1)---L(k) fork >k’

if the linear mapping L(k) : RN — RY, k € Z, is invertible (possibly
between appropriate subspaces of RY), then ®(k, x) := L(k)™!--- L(k—~
1)~ for k < K.

Definition B.1 (exponential dichotomy). Let 0 < A < Aand K+ >
1 be given. Then a matrix sequence L : Z — RNV*¥ ig sajd to possess
an exponential dichotomy, if there exist complementary projections Py :
Z — RM*N with P_(k + 1)L(k) = L(k)P-(k), the mappings

L(K)|im p_ (k) : im P—_(k) — im P_(k + 1)

are invertible with associate evolution operator ®(k,x), and the di-
chotomy estimates hold:

(B.1) :
1@k, )P ()] < KTAML || 8L E)P_(k)|| < K~AF forall I < k.

Of particular importance are the two nonautonomous sets

P_ = {(k,z) eRY : z € im P_(k)},
Py = {(k,z) e RN : z € im Py (k)},

denoted as pseudo-unstable and pseudo-stable bundle, respectively.

In general it is difficult to determine wether a given matrix sequence
admits an exponential dichotomy. Nonetheless, for the special cases
of constant and periodic matrices a dichotomy is fully determined by
spectral properties.. Thereto, we need certain preliminaries from linear
algebra (cf. [HS74, pp. 109-133)).

For given 0 < A < X\ we say a matrix T € RV*N possesses a
(A, \)-decomposition, if the disjoint sets ot = {v € o(T) : |v| < A},
o~ = {veao(T): X< |v|} are nonempty with o(T) = o™ Uo7, ie,
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o(T) can be separated by an annulus with center 0 and radii A < A
This at hand, we introduce the direct sums

ViE = @ ker (T —vIn)¥ & @ ker (T2 —2RUT + v IN>N

veok, veodk,
Sv=0 Sv>0
s e A3 + + + : f V:t U
and integers ny := dim V. Let {xl ,...,xni} be a basis of V. Us-
ing the invertible matrix C := («f,..., a7}, ,27,...,2;_ ) € RVN we

introduce the complementary projections

Qf=C (I”+ 0 ) ct, Qp:=C <O"+ I ) c,
n— n—

fulfilling ker Q% = V, and im Q% = V.

Constant matrix sequences: Suppose L(k) is independent of
k € Z,ie., L(k) = L. An eigenvalue v of L € RV*¥ is said to be
semisimple, if its algebraic and geometric multiplicities coincide. If
the matrix L possesses a (A, A)-decomposition and eigenvalues of L
with modulus A and A are semisimple, then L possesses an exponen-
tial dichotomy with growth rates A, A and constant invariant projectors
Py = Q% (cf. [PRO5a, Proposition 2.1]).

Periodic matrix sequences: Suppose L(k) is w-periodic, i.e.,
L{k) = L(k + w) on Z. Note that the matrix M, (k) := ®(k + w, k),
k € Z, has the same eigenvalues as the so-called monodromy matriz
M,,(0). They are the Floguet multipliers of L. If the monodromy ma-
trix M,,(0) possesses an (A¥, \*’)-decomposition and the Floquet mul-
tipliers with modulus A“ and A\ are semisimple, then L possesses an
exponential dichotomy with growth rates A, A and w-periodic invariant
projectors Py (k) := Qﬁw(k) for all k € Z (cf. [PRO5a, Proposition 2.2]).

SAppendix C. Attractive fiber bundles

Now we turn to nonlinear first order difference equations

(C.1) |2k +1) = Lk)a(k) + F(k, z(k)), |

where L : Z — RV*N and F : Z x RV — R¥ specifies the nonlinearity.
For the general solution of (C.1) we write ¢. Then our invariant manifold
theorem reads as follows:

Theorem C.1 (attractive fiber bundles). Assume the following
holds for (C.1):
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(H); The sequence L : Z — RN*N has an exponential dichotomy
with projectors Py, growth rates 0 < A < \ and constants K*.
(H)2 One has the growth condition

(C.2) sup ||F(k,0)[| \** < oo forallk € Z
k<k

and there exist functions I* : [0,00) — [0,00) such that for all
r >0, k € Z we have
(C.3)
|Pe(k +1) [F(k,x) — F(k,3)]|| <IE(r) ||z — || for all 2,% € B,.

(H)s The difference equation (C.1) possesses a uniformly pullback
absorbing set A C Z x RY, i.e., A is bounded and for every
nonempty bounded subset B C ZxRY there exists N = N(B) €
Z§ such that

@(k;k —n,B(k —n)) C A(k) for allk € Z, n > N.

Choose p > 0 so large that A C Zx B, and suppose the following spectral
gap condition:

K1 (p)+K 11t (p) + max {K~17(p), K*1*(p)} < 272,
(C.4) 4K (p) < A

Then there exists a nonautonomous set W C Z x RN (denoted as at-
tractive invariant fiber bundle), which is positively invariant w.r.t. (C.1),
and possesses the following properties:
(a) W is graph of a function w: O — RY over a nonempty open
nonautonomous set O C P_, i.e.,, W = {(k,n+ w(k,n)) :
(k,m) € O}, the functions w(k,-) : O(k) — Py(k) are well-
defined and satisfy:
(a1) They are globally Lipschitzian with Lipo,w < 1,
(az) one has the functional equation (invariance equation)

(05) w(k+1,m) = L(H)'w(lﬁ, n) + P+(K' + 1)F(ﬁa n + w(k, 77)),

for all (k,m) € O such that 7y = L(k)n + F(k,n +
w(k,n)) € O(k+1),
(b) W is asymptotically complete, i.e., for every pair (k,£) € Z x
RY there exists a point (k*,£*) € W with k < k* such that

(C.6) 6(K; 5, €) — ks &%, €7)| < CY*™° for all k € Z.,

and a v € (A, )\), where the real C > 0 depends boundedly on
K, €.
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(¢) The nonautonomous difference equation
(C.7)  =z(k+1)= Lk)z(k) + P_(k + 1)F (k, z(k) + w(k, z(k)))

in the pseudo-unstable bundle P_ is denoted as reduced equa-
tion of (C.1) and the general solution ¢ of (4.7) is related to @

by
@(k; &, 1+ w(k,n)) = pk; k,n) +w(k, @(k; k,m)  for all n € O(k).

Remark C.2. If the Lipschitz constants I* : [0,00) — [0,00) are
bounded, it is possible to disclaim assumptions (H)s, (C.4) and to de-
duce a stronger global version of Theorem C.1: Then the function w is
defined on P_ and in Theorem C.1(b) the point (x*,£*) € W is uniquely
determined with £* = « (cf. [P6t07a, Proposition 2.1 and Theorem 2.5]).

Proof. The above theorem is a special case of [P6t07b, Theorem 4.1].
Q.E.D.

References

[CM04] D. N. Cheban and C. Mammana, Invariant manifolds, global attractors
and almost periodic solutions of nonautonomous difference equations,
Nonlinear Anal., 56 (2004), 465-484.

[Har64] P. Hartman, Ordinary Differential Equations, John Wiley & Sons, New
York, 1964.

[Her94] A.V. M. Herz, Global analysis of recurrent neural networks, In: Models
of Neural Networks, Vol. 3, (eds. E. Domany, J.L. van Hemman and
K. Schulten), Springer, New York, 1994.

[HNWO3] E. Hairer, S. P. Ngrsett and G. Wanner, Solving Ordinary Differen-
tial Equations I — Nonstiff Problems, 2nd revised ed., Springer, Berlin-
Heidelberg-New York, 1993.

[HS74] M. W. Hirsch and S. Smale, Differential Equations, Dynamical Systems,
and Linear Algebra, Academic Press, Boston-New York-San Diego, 1974.

[Iva94] A.F.Ivanov, On global stability in a nonlinear discrete model, Nonlinear
Anal., 23 (1994), 1383-1389.

[Kir86] U. Kirchgraber, Multi-step methods are essentially one-step methods,
Numer Math., 48 (1986), 85-90.

[K1o00] P. E. Kloeden, Pullback attractors in nonautonomous difference equa-
tions, J. Difference Equations Appl., 6 (2000), 33-52.

[KS78] U. Kirchgraber and E. Stiefel, Methoden der analytischen
Stoérungsrechnung und ihre Anwendungen (in German), B. G. Teubner,
Stuttgart, 1978.



Delay endomorphisms and asymptotic equivalence 259

[LWCT76] A. Lasota and M. Wazewska-Czyzewska, Matematyczne problemy dy-
namiki ukladu krwinek czerwonych (in Polish), Mat. Stosowana, 6 (1976),
23-40.

[MGT77] M. C. Mackey and L. Glass, Oscillation and chaos in physiological con-
trol systems, Science, 197 (1977), 287-289.

[NS92] K. Nipp and D. Stoffer, Attractive invariant manifolds for maps: Ex-
istence, smoothness and continuous dependence on the map, Research
Report 92-11, Seminar fiir Angewandte Mathematik, ETH Ziirich, 1992.

[P5t98] C. Pitzsche, Nichtautonome Differenzengleichungen mit invarianten
und stationdren Mannigfaltigkeiten (in German), thesis, Univ. Augsburg,

1998.

[P6t07a) , Attractive invariant fiber bundles, Appl. Anal., 86 (2007),
687-722.

[P5t07b] , Discrete inertial manifolds, submitted (2007).

[PRO5a] C. Potzsche and M. Rasmussen, Local approximation of invariant fiber
bundles: An algorithmic approach, In: Difference Equations and Discrete
Dynamical Systems, (eds. L. J. S. Allen, B. Aulbach, S. Elaydi and R. J.
Sacker), World Scientific, New Jersey, London, 2005, pp. 155-170.

[PRO5D] , Taylor approximation of invariant fiber bundles, Nonlinear
Anal., 60 (2005), 1303-1330.

[Sto93] D. Stoffer, General linear methods: connection to one step methods and
invariant curves, Numer. Math., 64 (1993), 395-407.

[SY02] G.R. Sell and Y. You, Dynamics of evolutionary equations, Appl. Math.
Sci., 143, Springer, Berlin-New York-Heidelberg, 2002.

Christian P6tzsche
School of Mathematics
University of Minnesota
Minneapolis MN, 55455
USA

E-mail address: christian.poetzsche®@ma.tum.de



