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Differential characters and the Steenrod squares

Kiyonori Gomi

Abstract.

The groups of differential characters of Cheeger and Simons admit
a natural multiplicative structure. The map given by the squares of
degree 2k differential characters reduces to a homomorphism of ordi-
nary cohomology groups. We prove that the homomorphism factors
through the Steenrod squaring operation of degree 2k. A simple ap-
plication shows that five-dimensional Chern-Simons theory for pairs of
B-fields is SL(2,Z)-invariant on spin manifolds.

§1. Introduction

The group of Differential characters, introduced by Cheeger and Si-
mons [1], is a certain refinement of ordinary cohomology involving infor-
mation of differential forms. From the beginning, differential characters
enjoy numerous applications to geometry, topology and mathematical
physics.

We recall the definition here: let X be.a smooth manifold. We de-
note the group of singular p-chains with coefficients in Z by C,(X) =
Cp(X;Z), and singular p-cycles by Z,(X) C Cp(X). A differential char-
acter of degree ¢ is defined to be a homomorphism x : Z,(X) — R/Z
such that there exists a differential (£+1)-form w satisfying x(97) = [ w
mod Z for all 7 € Cp+1(X). The group of differential characters of de-
gree £ is denoted by HY(X,R/Z).

It is known [1] that there is a bilinear map on differential characters:

U: HY(X,R/Z) x H®(X,R/Z) — HO (X R/Z).

The bilinear map U, which we call the cup product, is associative. The
cup product is also graded commutative in the sense that x1 U x2 =
(-1)EADE+ N0 Uy for x; € HY (X, R/Z).
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Now we consider the quadratic map
¢ : HY(X,R/Z) — H**'(X,R/Z)

defined by ¢*(x) = xUx. If we take an even integer £ = 2k, then §?* gives
rise to a homomorphism by the graded commutativity. Moreover, §2*
descends to give the following homomorphism of ordinary cohomology
(see Lemma 3.8):

% H*Y(X;7) ® Zy — Hom(Hypy1(X;7Z),Z2).

In the case of k = 0 and X = S, an explicit formula of the cup product
in 1] leads to ¢° = 1, so that ¢®* is non-trivial in general.

The homomorphism ¢? has a relationship with the 5-dimensional
topological field theory with Chern-Simons action studied by Witten in
[10]. To be more precise, we assume for a moment that X is a compact
oriented 5-dimensional manifold. We take Brr X Bns = H 2(X,R/Z) x
H2(X,R/Z) to be the space of fields (modulo gauge transformation),
and consider the action functional Ics : Brr X Bns — R/Z given by
Ics (BRR, BNS) = —(BRRUBNs)(X). Notice that SL(?, Z) acts on Brg X
Bns in the standard manner, however, Ics is not generally invariant
under the action. This is the point ¢? appears: Icg has the SL(2,Z)-
invariance if and only if ¢2 = 0. In the case where X is the direct
product of a 4-dimensional spin manifold and S, it is shown [10] that
Ics acquires the SL(2, Z)-invariance on a certain subgroup in Brr X Bys.

In the present paper, we prove generally that the homomorphism
q* factors through the Steenrod squaring operation ([9], see [7, 8]):

Sq? . HMHY(X:Z,) — H¥L(X,Z,).
Let ¢ and 7 be the homomorphisms in the universal coefficients theorems:
0 — H*YX,7Z)® Zy 5 H* T (X; Zy) — Tor(H*+2(X; Z),72) — 0,
0 —Ext(Hux(X;7Z), Zo) — H¥* (X Zy) 5 Hom(Hypy1(X;Z), Zo) —0.
The main result of this paper is:

Theorem 1. ¢%* = 1058¢%** 0.

As a consequence, we can immediately see that the Chern-Simons
action Icg has the SL(2, Z)-invariance for a compact 5-dimensional spin
manifold X.

As the group of differential characters refines ordinary cohomology
theory, the notion of generalized differential cohomology [6] refines gen-
eralized cohomology theory involving information of differential forms.
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For differential (twisted) K-theory, a quantity similar to ¢2* is shown
to be generally non-trivial [5]. It may be interesting to establish coun-
terparts of Theorem 1 in generalized differential cohomology theories,
which should be answered in a future work.

The present paper is organized as follows. In Section 2, we review
the cup product on ordinary cohomology and the Steenrod squaring
operations. We also review homotopies between the cup product on co-
homology with coefficients in R and the wedge product of differential
forms. Such a homotopy is used in defining the cup product of dif-
ferential characters. In Section 3, we describe the group of differential
characters as a cohomology of a cochain complex, and introduce the cup
product. After a study of the graded commutativity of the cup product,
we prove Theorem 1.

§2. The cup product on ordinary cohomology

2.1. The cup product

Let X be a topological space. We denote by C,(X) = Cp(X;Z)
the group of singular p-chains on X, and by 8 : Cp(X) — Cp—1(X)
the boundary operator. The subgroup of cycles in C,(X) is denoted by
Zy(X) as usual.

We write C\.(X) for the singular chain complex, and Cy(X)®zC4(X)
for the chain complex obtained by the tensor product. Both chain com-
plexes are augmented over the Z-module Z. We introduce a chain map

T: C(X)®z C(X) — Cu(X) Rz Cu(X)

by T(01 ® 03) = (—1)Iolo2lgy @ 0y

By the method of acyclic models ([3], see [4, 8]), we have:

Lemma 2.1. There exists a sequence {D;};>0 of functorial homo-
morphisms D; : Cu(X) — Cu(X) ®z C(X) raising the degree by i such
that:

a) Dyg is a chain map preserving the augmentations;

Eb) oD; — (—1)1Di6 =D; 1+ (—-1)1TDZ‘_1 fori>1.
If {D;} and {D}} are as above, then there exists a sequence {E;}i>o of
functorial homomorphisms E; : C(X) — Cu(X) ®z C(X) raising the
degree by i such that:

C) EO = 0,‘ .

Ed) D; — Di = Ei + (——].)iTEi + 8Ei+1 + (—1)1E¢+16‘ fOT‘ i Z 0.

Proof. We follow [8] (Chapter 5, Section 9). Let R = Z[t]/(t* — 1)
be the group ring of Zs = Z/2Z. We define a chain complex (F,d)
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over R as follows. For i > 0, F; = R(e;) is the free R-module of rank
1 generated by e;. For i < 0, we put F; = 0. The boundary operator
0: F; — F;_1is 9(e;) = (1+ (—1)*t)e;—1. We make Z into an R-module
by letting t € R act as the identity. Note that F, is augmented over
the R-module Z. The R-module structure on F, makes F, ®z Ci(X)
into a chain complex over R. We also make C.(X) ®z C.(X) into a
chain complex over R by letting t € R act as T. Both of these chain
complexes are augmented over the R-module Z. Now, by means of
the method of acyclic models, there exists a functorial chain map D :
F. ®z C(X) — Ci(X) ®z Ci(X) preserving the augmentations, and
such chain maps D and D’ are naturally chain homotopic. Then D
gives the sequence {D;};>¢ of functorial homomorphisms D; : C,.(X) —
Ci(X) ®z Cu(X) stated in the lemma by setting D(e; ® 6) = D;(0).
Similarly, a natural chain homotopy E between D and D’ gives {E;};>0
by setting F(e; ® 0) = E;11(0). Q.E.D.

Let A be either Z,Zs or R. We denote by (C?(X; A),d) the singular
cochain complex with coefficients in A. Let {D;} be a sequence of func-

torial homomorphisms in Lemma 2.1. Using the natural multiplicative
structure on A, we define a homomorphism of A-modules

U: CP(X;A)®5 CP(X;A) — CPYI(X;A)

by fUg = Dj(f ®g). Since Dy : Co(X) — Cu(X) ®z Ci(X) gives a
diagonal approzimation ([8]), U induces the cup product on H*(X;A).

For later convenience, we let {Di}izo be the sequence of functo-
rial homomorphisms D* : C*(X;A) ®4 C*(X;A) — C*(X;A) given by
D'(f ® g) = Di(f ® g). By definition, D* lowers the degree by 4, and
satisfies ' o 4 .

D¢ — (=1)'D' = D! 4 (-1)'D*~IT,

where T : C*(X; A)@aC*(X; A) — C*(X; A)®@AC*(X; A) is the cochain
map given by T(f ® g) = (-1 llslg @ 1.

2.2. The Steenrod squaring operations

Recall that the Steenrod squaring operations [7, 8, 9] are the additive
cohomology operations

Sq' 1 H*(X;Zy) — H*"(X;Z,)

characterized by the following axioms:
(a) Sq° =1,
(b) SqP(¢) = cUc for c € HP(X;Zs),
(¢) Sq*(c) =0 for ¢ € HP(X;Zs) with i > p,
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(d) Sq'(cUe) =3, Sa () USE’ (¢) for ¢, € H*(X;Zo).

We follow [8] to realize the Steenrod squaring operations: let {D;}i>0
be as in Lemma 2.1, and {D'},;>¢ the associated sequence of functorial
homomorphisms D? : CP(X;Z2) ®z, CI(X;Z3) — CPT974(X;Zs). For
i > 0 we define homomorphisms Sq’ : CP(X;Z2) — CPT(X;Z3) by

Sq (C) - { Dp—i(c® C) i S p.

These homomorphisms induce the Steenrod squaring operations Sq* :
HP(X,ZQ) — HP_H(X;ZQ).

2.3. The cup product and the wedge product

Let X be a smooth manifold. The integration on singular simplices
gives a functorial cochain map from the de Rham complex (Q*(X), d) to
(C*(X;R),6). As is well-known, there exists a homotopy between the
wedge product wy A we and the cup product w; Uwsy. In other words,
the diagram:

A

Q' (X)@p (X)  — 0 (X)

l !

C*(X;R) ®r C*(X;R) - C*(X;R)

is commutative up to a homotopy. In this subsection, we review such
a homotopy, since it will be used in defining the cup product on the
groups of differential characters (Definition 3.4).

Lemma 2.2. There exists a sequence {B}i>0 of functorial homo-
morphisms B® : Q*(X) ®r Q*(X) — C*(X;R) lowering the degree by i
such that:

a) BY=0;
gbg anf—aUp = B'd(a®f)+B (a®p) fora,8 € 2 (X);
¢) —D'=B'+ (-1)'B'T+ B™*ld + (-1)i6B**! fori>1.

Proof. The proof is almost the same as that of Lemma 2.1: we put
R' = R[t}/(#* — 1), and regard R as an R’-module by letting t € R’
act as the identity. We define a cochain complex (F*,d) over R’ as
follows. For i > 0, F* = R'(e") is the free R'-module of rank 1. For
i < 0, we put F* = 0. The coboundary operator § : F* — Fitl is
§(e') = (1 — (=1)*)e!*!. Then we have two cochain complexes F* Qg
C*(X;R) and Q*(X) ®r Q*(X) over R’. We define functorial cochain
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maps W, U : Q*(X) Qr Q(X) — F* g C*(X;R) by

W(a®pB) = (1+1)e’ @ (anp),
UleeB) =) (¢®D'(a®p)+te @ D'T(aB)).

i>0

We now appeal to the method of acyclic models. (In particular, Theo-
rem 7B in [4] suits the present case.) Then there exists a natural cochain
homotopy B between W and U. Because B is an R’-module homomor-
phism, we have the following éxpression:

Bla@B) =) (@B (a®p)+te'® BT (awp)).
i>0

We can easily verify that the sequence of homomorphisms {B*} above
has the properties stated in the present lemma. Q.E.D.

§3. Differential characters

3.1. Cohomology presentation
We realize the group of differential characters as a cohomology group
([2, 6]).

Definition 3.1. Let X be a smooth manifold. For a positive integer
p, we define (C(p)*, d) to be the following cochain complex:

Cv( )q” Cq(XaZ) ch—l(X;R), q<p7
T CUX;Z) x CH(XR) x QI(X), ¢q>p,

7 _ (5b7'—b'—6f)7 (b,f)ec’(p),q<p—1
W.0={ G o5k, o< oot
d(c, h,w) = (6c,w — ¢ — bh, dw), (c,h,w) € C(p)!, q¢>p.

We denote the cohomology group of this complex by H(p)? = H(p)4(X).
The following lemma is easily shown.
Lemma 3.2. For a positive integer p, we have the exact sequences:
0 — HP"H(X:R/Z) — H(p)"(X) * Q(X)z — 0,
0 — QP 1(X)/P"N(X)z — H(p)P(X) 3 HP(X;Z) — 0,

where Q4(X)z is the group of closed integral g-forms.
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As in Section 1, we denote by H* (X,R/Z) the group of differential
characters of degree £.

Lemma 3.3. There is an isomorphism:
H(+1)N(X) - HY(X,R/Z).

Proof. For x € H({+1)*1(X), let (¢,h,w) € Z(£+1)*"! be a rep-
resentative of z. Note that h € C*(X;R). We define a homomorphism
X : Ze(X) = R/Z by x(o) = {(h,0) mod Z. Because (c, h,w) is a cocy-
cle, we have w = ¢+ 6h. Hence x(97) = [ w mod Z for 7 € Cpy1(X),
so that x € I/:}Z(X, R/Z). The assignment x — X gives rise to a well-
defined homomorphism H (¢ + 1)¢+1(X) — HY(X,R/Z). 1t is known [1]
that HY(X,R/Z) fits into the exact sequences:

0 — HYX;R/Z) — HY(X,R/Z) 5 Q" (X)z — 0,
0 — QY(X)/Q4X)z — BYX,R/Z) 3 H*Y(X;Z) — 0.
Comparing the exact sequences above with those in Lemma 3.2, we can
see that the homomorphism is bijective. Q.ED.

In the remainder of this paper, we will mean by H(¢+1)¢+1(X) the
group of differential characters H(X,R/Z).

3.2. The cup product

Now we introduce the cup product on H(p)P(X) = HP~1(X,R/Z).
Recall that, by Lemma 2.2, we have a homotopy B! : QP (X)®rQ4(X) —
CzH—q—l(X; R) such that w; Awg —wiUwsg = Bld(wl ®LLJ2)-|-5Bl(UJ1 ®UJ2).

Definition 3.4. We define a homomorphism
U: Cp)? 8z C(q)* — Clp+g)**?
by setting
(c1,h1,wr) U (c2, ha,w2)
= (Cl U ca, (_1)1)01 Uhg +hiUwsy + Bl(wl X wg), w1 N CUQ).

The cup product on vdiﬁerential characters is defined to be the induced
homomorphism U : H(p)?(X) ®z H(q)4(X) — H(p + ¢)PT4(X).
It is known [1] that the cup product is associative and graded com-
mutative:
(z1Uzo) Uzs =21 U (z2 Uzs),

1 UZy = (_1)p1p2m2 Uz,
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where x; € H(p;)Pi(X). The graded commutativity will be shown in the
next subsection.

It would be worth while to describe an example due to Cheeger and
Simons [1]. Notice that H(1)}(X) & H(X,R/Z) = C=(X,U(1)). We
consider the case of X = S. For f : S! — U(1) we can find a map
F : R — R such that f(0) = exp(2nv/—1F()). We define Ay € Z
by F(6 + 2n) = F(0) + Ay. Similarly, we introduce G : R — R to
g:S' = U(1). Then the cup product fUg € H(2)2(X) = HY(S!,R/Z)
is expressed as

27

(fug)(SY) = AsG(0) — Fc—fi%;dﬁ mod Z.
0

3.3. The graded commutativity of the cup product

We here introduce an analogy of the sequence of homomorphisms
{D'}i>0 to the cochain complex (C(p)*,d).

Definition 3.5. Let p, q,p, ¢ be positive integers.
(a) For a non-negative integer ¢, we define a homomorphism
F': C(p)? ©z C(q)? — CPH7"1(X;R)
as follows:

F%((e1, h1,w1) ® (ca, ha,wa)) =
(=1)’D* 7 (hy ® hy) + (—1)’ D% (c; ® ha)
+ D¥ (hy ® wp) + B (w; @ wa),
F ((e1, hy,w1) ® (c2, ho,w2)) =
(=1)?D¥(hy ® hg) — D (h ® c3)
— (=1)PD¥*(w; ® hy) — B¥ 2 (w; ® we),
where D“l(hl ® hy) = 0. When w; or ws is irrelevant, we substitute 0

for it.
(b) We define a sequence {G*};>o of homomorphisms

G': C(p)P @z C(q)7 — C(p+q)Pti "
by setting
G'((c1, h1,w1) ® (2, ho,w2)) =
(D'(c1 ® ), F*((c1,h1,w1) ® (c1, ha,ws)), Wiw @ w2)),
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where W¥(w; ® wy) = 0 for 4 > 0 and WO(w, ®wz) = w1 Awz. When w
or wy is irrelevant, we substitute 0 for it.

Proposition 3.6. The sequence of homomorphisms {G'};>o obeys
(a) G°d=dG° -
(b) Gid— (=1)4dG* = G + (=1)IG*IT fori > 1,
where the cochain map T : C(p)? ®z C(q)? — C(q)? ®z C(p)? is defined
by T(x1 ® z2) = (—1)Pl1y ® 3.
Proof. We can directly prove (a) by Lemma 2.2. The proof of (b)
amounts to showing the following formulae:
FY _ p2iT — _p%+l _ sp2itl sz+1d7
F2H 4 PYHHIT = DYH2 4§22 4 PR+,
where 7 > 0. We can show them by Lemma 2.1 and Lemma 2.2. Q.E.D.
Since G° : C(p)? ®z C(q)? — C(p+ ¢)?*7 induces the cup product,
we have: '
Corollary 3.7. The cup product is graded commutative.
3.4. The main theorem
Recall that we defined ¢* : H(£ + 1)F1(X) — H(2¢ + 2)2+2(X)
by setting ¢‘(z) = z U z.
Lemma 3.8. For k > 0, the map §** induces the homomorphism:
¢ H*Y(X:7Z) ® Zy — Hom(Hypi1(X;7Z), Zs).
Proof. Since the cup product is graded commutative, we have
¢ (z+y) = zUz+aUy+yUz+yUy = sUs+yUy = ¢2(2) + 4> (y).

We focus on the exact sequences in Lemma 3.2. Clearly, we have
61(¢%*(x)) = 61(x) A di(z) = 0. For a € Q%F(X)/Q%*(X)z, we also
have §%*(a) = 3d(a A @) = 0 in Q*F1(X)/Q4%*+1(X);. Hence the ho-
momorphism §%* descends to

G%* . H*+1(M;Z) — HYY(M;R/Z) = Hom(Hy11(M;Z),R/7Z).

Using again the graded commutativity, we have 242*(x) = 0, so that
(¢°*(z))(0) belongs to (1Z)/Z C R/Z. The identification (3Z)/Z =
Z./2Z gives

G% . H?***Y(M;Z) — Hom(Hupy1(M; Z), Zs).

Because (¢2*(22))(0) = 2(§%*(x))(0) = 0, the G** descends to give ¢°*.
Q.E.D.
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We are in the position of proving the main result:
Theorem 3.9. ¢2* = 108q* o..

Proof. For any abelian group A, we have the natural injection
Hom(H**Y(M;Z) ® Zy, A) — Hom(H**1(M;Z), A).

So we will verify the coincidence of ¢?* and 7 o Sq?* o ¢ regarding
them as homomorphisms H2?**1(M;Z) — Hom(Hyk41(X;Z),Z2). Let
z = (¢, h,w) be a cocycle in Z(2k + 1)25%1. Because any cochain with
coefficients in R is divisible by 2, the following formula is derived from
Proposition 3.6:

Uz — (cUQ _%Dl(c(g)c)_&(%Fl(z@:L‘)), 0).

Therefore we have the following expression of ¢2:
(¢®*([d])) (0) = (DY (c®¢),0) mod 2Z,

where ¢ € Zar11(X). This expression of ¢?* coincides with that of
mo Sq% o ¢, by means of the realization of Sq% in Section 2. Q.E.D.

An example of ¢ is given by taking X = S'. Then Sq° = 1 implies
that ¢° : Zy — Zs is the identity map. We can verify this example
directly by using the formula at the end of Subsection 3.2.

In general, for a compact oriented (4k + 1)-dimensional smooth
manifold X without boundary, the Steenrod squaring operation nglc
is expressed as Sq**(c) = var(X) U c for ¢ € H**1(X,;Z;), where
vor(X) € H?*(X;Z5) is the 2k-th Wu class of X, ([7, 8]). Note that, in
this case, the evaluation of the fundamental class [X] € Hyx4+1(X;Z) of
X simplifies ¢?* as

¢ H*UX.Z) ® Zy — Zo.

Corollary 3.10. If X is a compact oriented (4k + 1)-dimensional
smooth manifold without boundary, then ¢** has the expression:

¢ (c) = (vai(X) U e(e), [X]).

For example, when X is 5-dimensional and spin, we have vz(X) =
w2(X) = 0, so that ¢> = 0. As is mentioned in Introduction, ¢* is
the obstruction to the SL(2,Z)-invariance of the Chern-Simons action
functional Ics(Brr, Brs) for pairs of “B-fields” Brr, Bns € ﬁ(3)3(X).
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Thus, if X is spin, then Icg has the SL(2, Z)-invariance. In the case that
X is the direct product of a compact oriented 4-dimensional manifold M
and S*, the SL(2,Z)-invariance was known by Witten [10] for B-fields
corresponding to closed paths in H?(M;R)/H?(M;Z). This fact follows
from our result, since X = M x S! is spin.
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